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On September 1, 1944, the railway station of a small Hungarian town col-
lapsed during a bombing raid. An 18-year old girl barely alive and with a
fractured skull was taken out of the rubble. Not only did she survive but
went to medical school and became a leading surgeon of her hometown.
She continued her practice until the age of 75. With utmost respect and
love, this book is dedicated to her, Dr. Gabriella Térok, whom I have come
to know as my mother.
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Introduction and Synopsis

“Spherical soap bubbles,” isometric minimal immersions of round spheres

into round spheres, or spherical minimal immersions for short, belong to
a fast growing and fascinating area between algebra and geometry. This
theory has rich interconnections with a variety of mathematical disciplines
such as invariant theory, convex geometry, harmonic maps, and orthogonal
multiplications.

In the spring of 1994, I began writing up some notes centered around the
DoCarmo-Wallach classification theory of spherical minimal immersions,
and hoped that one day a coherent picture would emerge. Since then I kept
adding more material to my notes, and it soon became apparent that the
accumulated text could fill the pages of a book.

Spherical minimal immersions can be discussed restrictively in their own
realm, but they can also be treated imbedded in beautiful classical math-
ematics. I have chosen the latter (and longer) path. In trying to make this
monograph accessible not just to research mathematicians but mathematics
graduate students as well, I included sizeable pieces of material from upper
level undergraduate mathematics courses. Since 3-dimensional Euclidean
geometry is often neglected in the undergraduate mathematics curriculum,
I have chosen to start with some basic material on the five Platonic solids,
and go on to the classification of finite groups of rotations in R3, and the
classification of finite M6bius groups. The first few sections of Chapter 1
take off where my Glimpses of Algebra and Geometry (Springer-Verlag,
New York, 1998) ended, with occasional overlaps. In trying to keep the
prerequisites to a minimum, especially in the first half of the book, I used
only standard material from undergraduate mathematics courses, notably
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from calculus, geometry, and abstract algebra. More advanced material and
related references appear occasionally. In trying to separate these from the
main text I placed them in “Remarks.” Taking the longer path also resulted
in the “Additional Topics” sections at the end of each chapter. The most
prominent and detailed covers Felix Klein’s classic treatise on the icosahe-
dron. To limit the size of the book I compressed some easier material into
problems at the end of each chapter. Some of these are still challenging,
and this explains the occasionally more than generous hints attached to
the more involved problems.

I believe that a proper introduction to the subject is to give a short guided
tour, and, in doing so here, I take the liberty to leave the full explanation
(and all references) to the main text.

The theory of spherical soap bubbles studies isometric minimal immer-
sions of round spheres into round spheres of different dimensions. The
principal object to study is an isometric minimal immersion f : §7* — Sy
of the Euclidean m-sphere of constant curvature  into the unit sphere Sy
(of curvature 1) of a Euclidean vector space V. (It is of technical conve-
nience to scale the spherical range Sy to curvature 1. In addition, we keep
the linear range V' arbitrary since in naturally occurring examples there is
no a priori basis in V.)

A classical example is the Veronese minimal immersion Ver : Sf 13 = S,
It factors through the antipodal map in Sf /3 and gives an isometric minimal
imbedding of the real projective plane RP? (of curvature 1/3) into the 4-
sphere S* as the Veronese minimal surface (Figure 1 shows various linear
projections of the surface viewed from S* first stereographically projected
to R%).

The general theory first took off in 1966 when Takahashi proved that an
isometric minimal immersion f : S7* — Sy exists iff K = m/\,, where A, =
p(p+m—1) is the p-th eigenvalue of the spherical Laplacian AS™ on S™. He
also showed that, in this case, the components of f are spherical harmonics
of order p on S™ (with the curvature 1 metric), i.e., they are eigenfunctions
of AS™ with eigenvalue Ap- To maintain uniformity, it is convenient to keep
the curvature 1 metric on the domain S™. Our immersions then become
conformal (with conformality factor A,/m), and we arrive at the concept
of a spherical minimal immersion f : S™ — Sy of degree p.

A rich variety of spherical minimal immersions can be obtained by the
“equivariant construction,” first used in this context by Mashimo in 1984,
and then fully exploited by DeTurck and Ziller in 1992. These spherical
minimal immersions are orbit maps f¢ : S3 — Sy, where W is a represen-
tation space of the special unitary group SU(2). (W is endowed with an
SU (2)-invariant scalar product, and £ is of unit length in W.) The image
of fe is the SU(2)-orbit through &. f¢ is a spherical minimal immersion iff
this SU(2)-orbit is minimal. Special choices of W give minimum codimen-
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Figure 1.

sion examples such as Mashimo’s degree 6 spherical minimal immersion
f:8% = 88,

In fact, as J. D. Moore showed in 1976, any spherical minimal immersion
f: 8™ — Sy of degree > 2 satisfies dimV > 2m + 1.

Mashimo’s example shows that Moore’s general lower bound is the best
possible. This settled a number of suggestions made earlier by Chern,
DoCarmo-Wallach, and others.

Choosing ¢ as one of Klein’s polynomial invariants for a finite subgroup
G C SU(2) allows the orbit map f¢ to be factored into a spherical minimal
imbedding of the orbit space S3/G into a sphere. G is either cyclic, or
dihedral, or a binary polyhedral group (the twofold cover of the group
of symmetries of a Platonic solid along the twofold covering projection
7 : SU(2) — SO(3)). The orbit space S3/G is either a lens space, a dihedral
manifold, or a polyhedral manifold.

A careful enumeration of the possible cases led DeTurck and Ziller to
conclude that all homogeneous spherical space forms can be isometrically
and minimally imbedded into spheres. This is the main result in Chapter 1.

Since Klein’s theory of the icosahedron is developed in this chapter as a
technical tool, we include here a solution of the irreducible quintic in terms
of radicals and hypergeometric series. The Additional Topic at the end of
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Chapter 1 is a somewhat simplified treatment of the main results of Klein’s
Icosahedron Book (not using the fairly technical Brioschi quintic).

By Takahasi’s result, the problem of “classifying” spherical minimal im-
mersions f : §™ — Sy has two natural parameters; the domain dimension
m, and the degree p (the range V is kept arbitrary).

To construct a reasonable “moduli space”, we make two reductions. First,
we assume that f : 5™ — Sy is full. Geometrically, the image of f is not
contained in a proper great sphere of Sy. Second, we do not distinguish
between congruent maps; maps that differ by an isometry between their
ranges.

The universal example for a spherical minimal immersion of degree p is
the standard minimal immersion f, : S™ — Sy», where HP is the space
of all spherical harmonics HP of order p on S™. It is uniquely defined
(up to congruence) by the requirement that, relative to a (suitably scaled)
Ly-orthonormal basis in H?, the components of f, are orthonormal. The
Veronese map Ver : 52 — S* mentioned above is actually the standard
minimal immersion in degree 2. In fact, as follows from the work of Cal-
abi (1967) and DoCarmo-Wallach (1970), up to congruence, the standard
minimal immersion f, : 52 — Sy» = S? of degree p is the only spherical
minimal immersion for m = 2.

This rigidity result is the starting point of our study of spherical minimal
immersions. The natural question, posed by DoCarmo and Wallach in the
early 1970s, is to what extent is the standard minimal immersion unique
among all spherical minimal immersions of the same degree. In addition, if
nonunigueness occurs, what is the structure of the corresponding “moduli
space.” In 1971, DoCarmo and Wallach proved that the standard minimal
immersion is unique (up to congruence) for p < 3. The main aim of their
work, however, was to show that, for m > 3 and p > 4, unicity fails, and,
indeed, the set of (congruence classes of) full spherical minimal immersions
f : 8™ — Sy of degree p can be parametrized by a moduli space MP.
The moduli space is a compact convex body in a finite dimensional vector
space FP of dimension > 18. We let (f) € MP denote the parameter
point corresponding to the spherical minimal immersion f : S™ — Sy
under the DoCarmo-Wallach parametrization. SO(m + 1) acts on MP via
precomposition g- (f) = (fog™'), (f) € MP, g € SO(m +1). It turns out
that this action extends to the linear span FP of MP, and FP becomes a
linear SO(m + 1)-representation space.

The problem of determining the dimension dim M? = dim F? now be-
comes more tractable since all we need to do is to decompose F? into
irreducible components, a standard problem in representation theory (other
than the problem of translating minimality into representation theoretical
data).

The space of spherical harmonics HP is also a representation space for
SO(m + 1), where the action of SO(m + 1) is given by precomposition:
g-x=x0g"}, x € HP, g € SO(m+1). This representation extends to the
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full tensor algebra over H?. In particular, the symmetric square S2(H?), the
space of symmetric endomorphisms of H?, is an SO(m + 1)-representation.
It turns out that F? is a subrepresentation of S?(HP).

Cartan’s theory tells us that a complex irreducible representation of
SO(n) is determined by its highest weight vector v. With respect to the
standard maximal torus in SO(n) (providing a coordinate system for the
Cartan subalgebra), v becomes an [n/2]-tuple v = (v1,..., V[ 9)) € ZIn/2],
[n/2] = rank(SO(n)). We denote this representation by VY. As an
example, we have

H9 = V(2:0,--,0)

as complex representations of SO(n). Here H? is the space of complex
valued spherical harmonics of order ¢ on S™.
With this, our problem becomes twofold:

(1) What are the highest weights of the irreducible SO(m + 1)-
subrepresentations that occur (with possible multiplicity) in S2(H?),
or, more generally, in HP ® HI7

(2) Which of the highest weights in S?(HP) occur in the SO(m + 1)-
subrepresentation FP?

In 1971 Wallach gave an affirmative answer for (1). In fact, with the
notations above, we have

HP @ HI = > o0 p> > 1,m >3, (1)
(u,v)eAY Y utv=p+q (mod 2)

as complex representations, where AD'? is the closed convex triangle in R?
with vertices (p — ¢,0), (p, ¢) and (p +¢,0).

For p = ¢, HP @ HP = S?(HP) @ A?(HP), and it turns out that the irre-
ducible subrepresentations in the skew-symmetric part A2(HP) have highest
weights with odd integral components. Deleting these from (1) we obtain

52(Hp) — Z V(u,v,O,...,O), (2)
(u,v)EAT; u,veven

where we set Af = AP,
The main result of DoCarmo-Wallach is the lower estimate
FP@rCD Yoo vt p>4m>3 (3)
(u,v)EAY; u,veven
where Af is the closed convex triangle in R? with vertices (4,4), (p,p)
and (2(p — 2),4). The Weyl dimension formula, an explicit formula for the

dimension of an irreducible representation in terms of its highest weight,
now gives the lower bound

dimM?P > dimM* > 18, p>4, m >3,
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where we used (3). DoCarmo and Wallach believed that their lower bound
is sharp so that actually equality holds in (3). The positive resolution of
this “exact dimension conjecture” is the main result of Chapter 3.
Ignoring the condition of conformality in the definition of spherical min-
imal immersions, we arrive at the concept of an eigenmap. A p-eigenmap
f 8™ — Sy is simply a map whose components are spherical har-
monics on S™ of order p. Much of the DoCarmo-Wallach theory for
spherical minimal immersions can be adapted to p-eigenmaps. It turns
out that the moduli space LP of p-eigenmaps f : S™ — Sy spans an
SO(m+1)-subrepresentation £P C S?(HP), and we have the decomposition

EP@r C = > V@e00) > 9 m >3, (4)

(u,v)€AT; u,v even

where A is the closed convex triangle in R? with vertices (2,2), (p,p) and

(2(p - 1)5 2)
We also have

MP = LP 0 FP,

i.e. the moduli space MP for spherical minimal immersions is a linear slice
of the moduli space £? for eigenmaps. The construction of £? is technically
simpler than the construction of MP. For this reason, we treat eigenmaps
in Chapter 2 to prepare for the more involved material in Chapter 3.

The lowest nonrigid domain dimension m = 3 is special in the sense
that SO(4) = SU(2) - SU(2)’, with each SU(2) acting transitively on S3.
Hence, just as in the equivariant construction, we can consider the SU(2)-
and SU (2)'-equivariant spherical minimal immersions, whose moduli spaces
are the fixed point sets (MP)SU(2) and (MP)SUQ)’",

The components of the linear span (fp)SU(2) of the moduli space
(MP)SUR) parametrizing SU (2)-equivariant spherical minimal immersions
f : 8% = Sy are distributed along the northwestern edge of the triangle
AP in (3). These moduli are perhaps the least subtle to analyze. The case
of quartic spherical minimal immersions f : $3 — Sy with 18-dimensional
moduli space is fully detailed in Section 3.6.

The finer technical details of the proof of the exact dimension conjecture
require a novel approach that uses operators defined on eigenmaps and min-
imal immersions. The simplest of these are the degree raising and lowering
operators. They associate to a p-eigenmap f : S™ — Sy (p=+ 1)-eigenmaps
fr . 8m - Svert. Between the moduli spaces, the correspondences
f = f* give rise to homomorphisms ®* : S2(HP) — S2(HP*!) of represen-
tations of SO(m +1). They satisfy ®*(LP) C LPE! and ®+(MP) C MPEL,
In terms of the decomposition (2), ®* is injective and corresponds to the
inclusion AP € APT'. &~ is surjective with kernel distributed along the
northeastern edge of Af. The former gives equivariant imbeddings of the
moduli £P into £P*1, and MP into MP*1. The latter gives lower bounds
on the range of eigenmaps that correspond to points in ker ®~. For ex-
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ample, for quartic minimal immersions f : S™ — Sy, m > 4, we obtain
dimV > m(m+5)/6, a quadratic lower bound that improves Moore’s linear
lower bound.

A general operator associating a g-eigemap to a p-eigenmap is determined
by an irreducible component W of HP @ H9. The operator associated to W
reflects the symmetries of the Young tableau of W. A prominent example
is the operator of infinitesimal rotations that associates to a p-eigenmap
f: 8™ = Sy a p-eigenmap f : 8™ = Sy@so(m+1)+ Whose components are
obtained by infinitesimally rotating the components of f in the coordinate
planes of R™*1. (Here W = so(m+1)* with the coadjoint representation.)
The corresponding operator A, induces a self-map of the moduli MP. The
eigenvalues of A, on the irreducible components of £P can be computed
since, up to a suitable affine transformation, A, is essentially given by the
Casimir operator. It turns out that A, is a contraction on MP?, and suitable
(and computable) iterates of A, bring all boundary points of MP? into the
interior of MP. Since the interior corresponds to maximal range dimension,
we obtain a variety of lower bounds for the range of the original spherical
minimal immersion. This is the subject of Chapter 4.

Many of the results in this book can be extended (in various degrees of
generality) to eigenmaps and spherical minimal immersions f : G/K — Sy,
where G/K is a compact Riemannian homogeneous space. The case when
G/K is a compact rank-one symmetric space is particularly suitable for fur-
ther study since the spectrum of the Laplacian AS/X is explicitly known.
There are two significant obstacles to carrying out the entire study, how-
ever. First, for a non-spherical compact rank-one symmetric space G/K,
the symmetric square of an eigenspace of the Laplacian no longer has mul-
tiplicity 1 decomposition into irreducible G-modules. This implies that the
DoCarmo-Wallach lower bound for the dimension of the moduli space
is no longer sharp. (For details, see Toth [7].) The second (technical)
obstacle is the lack of conformal fields on G/K. In the spherical case
S™ = S0(m + 1)/SO(m), conformal fields play a crucial role in the proof
of the exact dimension conjecture.
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1
Finite Mobius Groups

1.1 Platonic Solids and Finite Rotation Groups

The purpose of this introductory section is to classify all finite isometry
groups G acting on R3. Restricting ourselves first to direct (orientation
preserving) isometries, using a Burnside counting argument, we will prove
a result of Klein [1] asserting that a finite group G of direct isometries of
R? is either cyclic, dihedral, or the symmetry group of a Platonic solid.
We finish this section augmenting G by opposite (orientation reversing)
isometries. The main reference for this section is Coxeter [2].
We begin with the following result of Euler:

Theorem 1.1.1. A (nontrivial) direct isometry S of R3 that fizes a point
s a rotation whose azxis passes through the fixed point.

PRrROOF. We give here a somewhat unusual proof based on the spherical
triangle inequality. (A proof using linear algebra is outlined in Problem
1.1. For a generalization, see Problem 1.2.)

We may assume that the origin is a fixed point of S. (Otherwise, we
consider the conjugate T, o S o T, of S, where T,, is the translation with
vector v connecting the origin and a fixed point of S.) Since S fixes the
origin, it must be linear. (On the one hand, an isometry of R3 is completely
determined by its action on four noncoplanar points. On the other hand,
given two congruent tetrahedra with a common vertex at the origin, there
is a unique linear transformation that carries one of the tetrahedra to the
other with the vertices corresponding to each other according to the pre-

G. Toth, Finite Mibius Groups, Minimal Immersions of Spheres, and Moduli
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Groups

S(@)
S(qo)

Co

q

o Figure 2.

scribed congruence.) Since S is a linear isometry, it leaves the unit sphere
S? invariant. We now claim that S leaves a great circle on S? invariant. To
show this consider the translation distance function f : S? — [0,7] of S,
defined by

f(p) = d(p, S(p)), pE 52,

where d is the spherical distance function on S2. Note that f(pg) = 0 iff
S(po) = po, and f(po) = m iff S(po) = —po. In either case, since S is linear,
(the linear span of) the great circle C' C S? perpendicular to the vectors
+po (in R3) is invariant under S.

Let qo € S? be a point at which f attains a minimum. (In the following
argument we will only use that f has local minimum at go.) By the previous
note, we may assume that 0 < f(go) < 7. Let C C S? be the great circle
passing through go and S(gp). We now show that S leaves C invariant.

Let Cy C C be the (open) shorter great circular arc connecting go and
S(go), and let g € Cp close to go. We have S(q) € C. Indeed, if S(q) ¢
C then, by the triangle inequality applied to the spherical triangle with
vertices g, S(q), S(go) (and side lengths < 7), we have

f(g0) = d(g0,S(q0)) = d(g0,9) +d(g, S(q0))
= d(S5(q0), S()) + d(g, S(q0))
> d(g,8(q)) = f(9)-

(See Figure 2.) This is in contradiction to the fact that f attains a minimum
at go. Thus, for any q € Cy close to qo, we have S(q) € C. Since spherical
distances add up along C, we see that S leaves C' invariant. The claim
follows.

Let V C R3 be the linear span of C, and +py € S? perpendicular to
V. Since S is linear, it leaves the 2-dimensional plane V invariant, and
S(po) = £po. By the classification of linear isometries in R?, we know that
S|y is either a rotation or a reflection. Since S is direct in R?, in the first
case we have S(pg) = po, so that S is a rotation with axis R - pp. In the
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second case S(pp) = —po (again since S is direct), and we see that S is a
half-turn, and the axis coincides with the axis of the reflection S|y . The
theorem follows.

Remark. For a generalization of the argument in the proof, see Ozols [1].
Note also that the translation distance function plays a crucial role in the
classification of isometries in hyperbolic space; see Thurston [1], pp. 94-96,
and also Helgason [1], pp. 278-279.

Let us now recall a few facts about Platonic solids and their symmetry
groups:

Let P C R? be a convex polyhedron. Let V denote the number of ver-
tices, E the number of edges, and F' the number of faces of P. By Euler’s
famous theorem on convex polyhedra, we have

V-E+F=2 (1.1.1)

(This formula was supposedly known to Archimedes, and certainly to
Descartes. There are many ingenious proofs. The shortest proof generalizes
(1.1.1) to connected planar graphs, and builds up the graph step-by-step;
see Coxeter [2]. For a beautiful geometric proof due to von Staudt, see
Coxeter [1]. For yet another proof using spherical geometry, see Problem
1.3))

An isometry of R3 that leaves a convex polyhedron P invariant carries a
vertex to a vertex, an edge to an edge, and a face to a face. By definition,
a symmetry of P is a direct isometry of R® that leaves P invariant. By
Theorem 1.1.1, any symmetry of our Platonic solid P must be a rotation.
It also follows that if R is a symmetry rotation of P then the axis of rotation
of R passes through a vertex, the midpoint of an edge, or the centroid of
a face of P. The set of all symmetries of P forms a group, the symmetry
group of P. Thus the symmetry group is a finite group of rotations. (In
fact, it is a permutation group acting on the set of vertices.) The set of all
isometries of R3 (direct or opposite) that leave P invariant is called the
extended (symmetry) group of P. The extended group is still finite. In fact,
since the product of two opposite isometries is direct, the extended group
contains the symmetry group of P as a subgroup of index at most 2. In
particular, the symmetry group is always normal in the extended group.

Let v;, i = 1,...,V, denote the vertices of a convex polyhedron P. We
define the center of mass O by
1Y
0= V ; (UN

By convexity, O is contained in P. Moreover, O is left fixed by any isometry
S of R3 that leaves P invariant. Indeed, since S carries vertices into vertices,
it acts as a permutation on the set of vertices of P, and thereby S fixes O.
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(Compare this with Problem 1.4.) In particular, O is a fixed point of the
symmetry group of P.

Remark. For V > 4, the center of mass of the set of vertices of P is, in
general, different from the centroid of P (considered as a solid of uniform
mass density) as defined in integral calculus. (For details, see Berger [1],
Section 2.7.5.) For P regular (defined below), the center of mass and the
centroid coincide. In what follows, we will use the terminology “center of
mass of P” meaning the center of mass of the set of vertices of P. For
regular polyhedra we will also use the term centroid.

A flag in P is a triple (v, e, f), where v is a vertex, e is an edge, and f is
a face of P such that v € e C f. The polyhedron P is said to be regular if
any two flags in P can be carried into each other by a suitable symmetry
of P. Let P be regular. Then, by definition, the faces of P are regular
polygons all congruent to each other, and the number of faces meeting at
any vertex is the same. The Schldfli-symbol of a regular polyhedron P is
the pair {a,b}, where the faces of P are regular a-sided polygons, and at
each vertex b faces meet. Double counting the edges from vertex to vertex,
and from face to face, we obtain

bV = 2E = oF (1.1.2)
Now a short computation in the use of (1.1.1) and (1.1.2) gives

4 2ab 4b
V - e ) E = g ) F = "
2a 4+ 2b — ab 2a + 2b—ab 2a 4+ 2b — ab
The common denominator must be positive: 2a 4+ 2b — ab > 0. Equivalently

(a—2)(b—2) < 4.

Since a > 3 (the faces of P have at least 3 sides) and b > 3 (at each vertex
of P at least 3 edges meet), the possible Schlafli-symbols are

{3,3},{3,4},{4,3},{3,5},{5,3}.

These are the Schlafli symbols of the (regular) tetrahedron, the octahedron,
the cube, the icosahedron, and the dodecahedron. Since Plato gave them a
prominent role in his Theory of Ideas, they are called the Platonic solids.
The fact that the tetrahedron, octahedron, and the cube are regular in
the sense above is not hard to show. We will discuss the construction and
regularity of the icosahedron and the dodecahedron below.

Let v be a vertex of a Platonic solid P with Schléfli-symbol {a,b}. The
vertez figure corresponding to v is the regular b-sided polygon whose ver-
tices are the midpoints of the edges emanating from v. Regularity and in
fact the very existence of the vertex figure (as a plane polygon) follow from
regularity of P. Indeed, consider the symmetries of P that carry the flags
(v, e, f) into each other, where e runs through all the edges of P emanating
from v, and f runs through all faces of P meeting at v. These rotational
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Figure 3.

symmetries have common axis of rotation £ passing through v, and there-
fore they form a cyclic group of order b. This group also permutes the
vertices of the vertex figure cyclically. Thus the vertex figure is a regular
(plane) polygon. The axis of rotation £ passes through the centroid of the
vertex figure perpendicularly. The planes spanned by the vertex figures of
P enclose a convex polyhedron PP. It is clear that P? is regular since the
symmetries of P also carry the vertex figures into one another. This also
shows that the symmetry groups of P and P° are the same. By construc-
tion, the Schlifli-symbol of P° is {b,a}. We call P the dual of P. Clearly
(P%% = P. Figures 3, 4, and 5 depict a pair of dual tetrahedra, a dual
pair of a cube and an octahedron, and a dual pair of an icosahedron and a
dodecahedron. Notice that each edge of P bisects an edge of P° perpendic-
ularly. By construction, there is a 1:1 correspondence between the vertices
of P and the faces of P%, and between the faces of P and the vertices of
PO,

Coming back to the question of existence and regularity, we see that dual
pairs such as the icosahedron and dodecahedron coexist. Thus, it remains to
show that, for example, the dodecahedron exists as a regular polyhedron. In
order to accomplish that we first describe the “roof proof” for the existence
of the dodecahedron. This is essentially contained in Book XIII of Euclid’s
Elements (Heath [1]).
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Figure 4.

Figure 5.
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Figure 6.

Figure 7.

A diagonal splits a regular pentagon with unit side length into an isosceles
triangle and a symmetric trapezoid whose base length is, by definition,
the golden section (Figure 6). Notice that similarity of the two isosceles
triangles in Figure 7 gives the defining equality 7 = 1 4+ 1/7 of the golden
section. Multiplying out, we obtain 72 = 7 + 1, and the quadratic formula
gives 7 = (1 +/5)/2.
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Figure 8.

We define a convex polyhedron with base square of side length 7, and
let it have four additional faces: two isosceles triangles and two symmet-
ric trapezoids, attached to each other along their unit length sides in an
alternating manner. We call this polyhedron a roof. The top unit length
side of the trapezoids forming a single edge (opposite to the base) is called
the ridge. If it exists, the (solid) dodecahedron must be the union of an
inscribed cube and six roofs. The bases of the roofs are the faces of the
cube (see Figure 8).

To prove that the dodecahedron exists, we thus need to show that a
triangular face and a trapezoidal face meeting at a common edge of the
inscribed cube are coplanar (Figure 9). This amounts to showing that, in a
single roof, the dihedral angle between a triangular face and the base and
the dihedral angle between a trapezoidal face and the base are complemen-
tary. For this, we first take slices of the roof perpendicular to the base as
in Figure 10, and use the Pythagorean theorem twice to conclude that the
height of the roof is

V1-(1/2) = (1 -1)/2)> = 1/2.
Similarity of the triangles in Figure 9 amounts to

T/2  1/2
12 (r-1)/2

Multiplying out, this becomes 7(7 — 1) = 1, an equivalent form of the
defining equality of the golden section. This completes the roof proof.

Checking regularity of the dodecahedron just constructed, though te-
dious, is now straightforward. Notice that the explicit enumeration of the
symmetries acting on various flags is considerably simplified by relating the
symmetries of the inscribed cube and the symmetries of the surrounding
dodecahedron. As noted above, existence and regularity of the icosahedron
follows by duality.
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Figure 9.

Figure 10.

We now briefly describe the symmetry group of each Platonic solid. We
will occasionally make use of the extended group of Platonic solids.

Let P be a Platonic solid with Schlafli symbol {a,b}. By regularity, the
symmetries of P are rotations whose axes pass through every vertex, the
midpoint of every edge, and the centroid of every face. We claim that the
symmetry group of P has order 2F, where E is the number of edges of P.
Indeed, there are b — 1 (nontrivial) rotations with common axis of rotation
passing through a vertex. There is exactly 1 rotation (actually a half-turn)
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with axis of rotation passing through the midpoint of an edge. Finally,
there are a — 1 (nontrivial) rotations with common axis of rotation passing
through the centroid of a face. With this we double count the number of
rotations. Adding the identity, we see that the order of the symmetry group
of Pis

%(V(b—l)—i—E—i—F(a— 1) +1.

Using (1.1.1)-(1.1.2), we rewrite this as

1

1
S@E-V+E+2E-F)+1=3

(5E—V—F)+1=%(4E—2)+1:2E.

The claim follows.

Since all Platonic solids have mirror symmetries (they are invariant under
some reflections), for a Platonic solid, the symmetry group is an index 2
subgroup in the extended group.

Remark. Theorem 1.1.1 implies that every symmetry of a Platonic solid
is a rotation. In contrast, not all opposite isometries that leave a Platonic
solid invariant are reflections. For example, a regular tetrahedron is left
invariant by rotatory reflections, rotations followed by reflections.

Returning to the main line, the observation that the symmetry (and
extended) groups of a Platonic solid and its dual are the same reduces the
cases to be considered to three: the tetrahedral, octahedral, and icosahedral
groups.

A symmetry plane of the tetrahedron contains an edge and the mid-
point of the opposite edge. Reflection to the symmetry plane interchanges
two vertices and fixes the other two vertices, and the reflection is uniquely
determined by this permutation on the 4 vertices (see Figure 11). This per-
mutation is actually a transposition (a permutation that interchanges two
letters while leaving all other letters fixed). It is a well-known fact in alge-
bra that every permutation can be written as a product of transpositions.
Thus, the extended group of the tetrahedron contains all permutations on
the vertices, and this extended group is thereby isomorphic with the sym-
metric group S84 on 4 letters. Compositions of even number of reflections
give the symmetry rotations of the tetrahedron (Problem 1.5), while com-
positions of even number of transpositions give the alternating subgroup
A4 C S4. (The decomposition of a permutation into a product of trans-
positions is not unique, but the parity of the number (even-odd) of the
participating transpositions in a product is unique.) We obtain that the
tetrahedral group, the symmetry group of the tetrahedron, is isomorphic
with the alternating subgroup A4 C 84 of even permutations on 4 letters.

The octahedron is a tetrahedron truncated along its vertex figures.
Equivalently, the octahedron is the intersection of the tetrahedron and its
dual (Figure 12). The symmetries of the tetrahedron thus become symme-
tries of the octahedron. In fact, the tetrahedral group must be of index 2 in
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Figure 11.

Figure 12.
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the octahedral group since a symmetry of the octahedron either leaves the
tetrahedron invariant or interchanges the tetrahedron and its dual. A more
colorful picture emerges if we color the two tetrahedra in two different col-
ors, let the octahedral faces inherit the colors, and consider color preserving
and color reversing symmetries. From our study of the tetrahedral group we
know that the color preserving symmetries form a group isomorphic with
Aj. There are 12 color-reversing symmetries: 6 half-turns with axes passing
through the midpoint of 6 pairs of opposite edges of the octahedron, and
3 quarter-turns and their inverses with axes passing through 3 pairs of op-
posite vertices. It follows that the octahedral group is isomorphic with Sy
(Problem 1.10(b)). (The 6 half-turns correspond to the 6 transpositions in
&4, and the 3 quarter-turns and their inverses correspond to the 6 4-cycles
in 84)

Finally we turn to the case of the dodecahedron. We claim that the
symmetry group of the dodecahedron is isomorphic with the alternating
group As on b letters. This can be seen as follows:

First of all, recall from our “roof proof” that a cube can be inscribed in
the dodecahedron whose 12 edges are diagonals of each of the 12 pentagonal
faces of the dodecahedron. We call this cube golden since the ratio of the
edges of the cube and the dodecahedron is the golden section. As Kepler
observed, exactly 5 golden cubes can be inscribed in a dodecahedron. This
is clear once we realize that on each face of the dodecahedron the 5 edges
of the 5 golden cubes form the pentagram star. (To get a feel for how these
cubes fit together, see Problem 1.11.)

Any symmetry of the dodecahedron must carry a golden cube to a golden
cube, and therefore the symmetries act as permutations on the 5 golden
cubes. This representation of the symmetry group of the dodecahedron as
a permutation group on the set of 5 golden cubes is faithful in the sense
that no nontrivial rotational symmetry of the dodecahedron acts as the
identity permutation on the cubes. (Indeed, the rotation axis of a symmetry
passes through a vertex, the midpoint of an edge, or the centroid of a face
of the dodecahedron. In each case, faithfulness follows easily.) Since the
dodecahedron has 30 edges, its symmetry group has 60 elements, the same
number as the order of As. We conclude that the permutation group that
represents the symmetries of the dodecahedron, and the alternating group
As are both index 2 (thereby normal) subgroups in the symmetric group
Ss on 5 letters. On the other hand, As is the only index 2 subgroup in Ss.
This follows from the well-known fact that As is simple (no proper normal
subgroup) by an elementary argument. Hence our permutation group must
be equal to As, and the claim follows.

For the final step, one can also give an alternative geometric argument,
and prove first that the symmetry group of the dodecahedron is simple
(Problem 1.12), therefore the permutation group representing the symme-
tries of the dodecahedron is also simple; and finally conclude that this
permutation group must coincide with As.
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Figure 13.

Remark. The extended group of the dodecahedron does not act faithfully
on the 5 golden cubes. Indeed, reflection in the centroid is an opposite
isometry that leaves the dodecahedron and each of the 5 golden cubes
invariant.

The dodecahedron and the icosahedron are dual. In particular, the sym-
metry group of the icosahedron, the icosahedral group, is also isomorphic
with As. It will be important in what follows to obtain an explicit construc-
tion for the icosahedron, and an independent description of the icosahedral
group. Let us think of the icosahedron as being made up of two pentago-
nal pyramids separated by a pentagonal antiprism, a belt of 10 equilateral
triangular faces (Figure 13). Any cross edge in the antiprism (connecting
the top and bottom pentagonal faces) has an opposite parallel cross edge.
These two edges are the opposite edges of a rectangle which is golden,
i.e. the ratio of two adjacent side lengths is 7. This is because the base
of the rectangle is a diagonal of one of the pentagonal faces of the an-
tiprism (Figure 14). Picking opposite edges consistently, we find that the
12 vertices of the icosahedron are on 3 mutually perpendicular golden rect-
angles (Figure 15). This model of the icosahedron is due to Pacioli, who, in
his De Divina Proportione, called it the “twelfth almost incomprehensible
effect”. This medieval classic, richly illustrated with drawings of models
made by Leonardo da Vinci, contains a collection on the occurrence of the
golden number in a variety of (actually 13) geometric situations. Due to
the systematic occurrence of the golden number, Kostant [1] describes the
icosahedron “... as a symphony in the golden number.”

Dual to Kepler’s compound of the 5 cubes inscribed in a dodecahedron,
5 octahedra can be inscribed in the icosahedron. Indeed, the 15 opposite
pairs of edges of the icosahedron give 15 golden rectangles inscribed in the
icosahedron. By further grouping, these 15 golden rectangles form 5 con-
figurations, each consisting of 3 mutually perpendicular golden rectangles.
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Figure 14.

Figure 15.
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One can associate an octahedron to each configuration: The 6 midpoints
of the 6 shorter edges of the golden rectangles give the 6 vertices of the
octahedron. Putting everything together, we arrive at the compound of
5 octahedra. By duality, the symmetry group As acts faithfully on the 5
octahedra inscribed in the icosahedron.

A more colorful picture is obtained if we observe that the faces of the
icosahedron can be colored by 5 different colors such that the 4 faces in
one color group are disjoint, i.e. they do not even touch at a vertex. (An
algorithm for finding one color group is as follows: Imagine that you are
standing on a face f with bounding edges e;, ¢ = 1,2, 3. For each i, step
on the face f; adjacent to f across e;. At the vertex v; of f; opposite to e;,
five faces meet. Only two of these faces are disjoint from f. These two faces
appear to you to the right and to the left. If you are right-handed, add the
right face to the color group of f, and if you are left-handed, add the left
face to the color group of f.) (For a connection with the four-coloring of
the vertices of the dodecahedron, see Problem 1.15.)

Extending the four faces in one color group we obtain a tetrahedron
circumscribed around the icosahedron. By regularity of the icosahedron,
this tetrahedron must be regular.

Since there are five color groups, we obtain five regular tetrahedra cir-
cumscribed around the icosahedron. The five tetrahedra corresponding to
the five color groups (Figure 16) constitute a single orbit of an order 5 sym-
metry rotation R of the icosahedron, i.e. the five iterates of R carry the five
tetrahedra into each other cyclically. This follows by observing first that at
each vertex of the icosahedron the five faces are colored with five different
colors. Thus, the order 5 rotation with axis passing through this vertex
must be R. Thus, R must have angle 27 /5, and, by the Pacioli model, the
axis of rotation must contain a diagonal of a golden rectangle. (Problem
1.16 asks to determine the orthogonal matrix of R explicitly.) Note also
that the 20 vertices of the 5 tetrahedra are the vertices of a regular polyhe-
dron. Thus, it must be a dodecahedron. This circumscribed dodecahedron
is homothetic to the dodecahedral dual (Figure 17).

We now return to the classification of finite isometry groups. Let G be a
finite group of isometries of R3. We first claim that G fixes a point O € R3.
Indeed, consider the orbit

G(p) ={R(p)|R€ G}
passing through a point p € R3. Since G is finite, we can write
G(p) = {pla s apn}: pP=p€ R3-

By definition, G acts on G(p) by permuting the elements in the orbit. Hence
the center of mass

1 n
OZE;M



16 1. Finite Mobius Groups

Figure 16.

Figure 17.
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of G(p) is left fixed by all the elements of G. The claim follows. (For a
different proof, see Problem 1.4.)

In the classification problem we first treat the case when G consists of
direct isometries only. For simplicity, in the following argument we denote
the unit sphere with center at O by S2. By Theorem 1.1.1, each nontrivial
element R in G is a rotation. The axis of rotation passes through O and
intersects S2 in two antipodal points. We call these points poles, and denote
the set of poles for all the rotations in G by II. Since G is finite, the isotropy

group
G, ={Re€ G|R(z) ==z}

at a pole x € I1 is cyclic. In fact, taking the smallest positive angle rotation
Ry in G, any R € G, having the same axis as Ry, must have angle of
rotation a multiple of the smallest angle. Thus R is an iterate of Ry, and
Ry generates G,. We call the order d of Ry the degree of z. It is also the
order of G;.

If R is a rotation in G and S is any isometry, then the axis of the rotation
of SoRo S™! is the S-image of the axis of rotation of R. II is G-invariant.
In particular, since

(SoRoS™ )™ =80R™0S™!, mcZ,

the poles in a G-orbit of II have the same degree. If C' C II is a G-orbit,
we denote this common degree by d = d¢. Since d¢ is also the order of the
isotropy group Gy, for any z € C, we have

_ 16l _jel
|Gz| dc ’
where the middle equality is an elementary “counting formula” valid for
any finite group action.
Now we count how many nontrivial rotations have poles in C. Each axis,
giving two poles in C, is the axis of do — 1 nontrivial rotations. Thus, the
number of nontrivial rotations with poles in C is

| 1 Ie
§(dc -1)|C| = §(dc - 1)%,

where the numerical factor 1/2 is because each axis of rotation gives two
poles. Thus the total number of nontrivial rotations in G is

1 do -1
Gl-1=5la 3 e
Cell/G

€] = |G(2)]

Here the summation runs through the orbits of poles. We write this as the
diophantine equation

2—%: > (1—%). (1.1.3)

Celnl/G
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We may assume that G is nontrivial: |G| > 2. Since

2
1<2- 22 <2
|G

the number of terms in the summation (1.1.3) can only be 2 or 3.
Assume first that we have 2 orbits Cy, Cy, with d¢, = dy, d¢, = ds.
Then (1.1.3) reduces to

2 1 1
= (-2)+ (-3)

|G| |G|
Gl _ o
o T d

On the left-hand side, the terms are positive integers since |Cy| = |G|/d:
and |Cy| = |G|/dy. Thus both terms must be equal to one. We obtain

dy =dy = |G-

or equivalently,

This means that G is cyclic and consists of rotations around a single axis
intersecting S? in an antipodal pair of poles, and each orbit is a single
point.

Assume now that there are 3 equivalence classes C;, Cz, Cs, with dg, =
d1, d¢, = da, dcy, = d3. Then (1.1.3) takes the form

i (a) (0a) (a)

We rewrite this as
1 1 1 2

totz G
di ds G|

Since 1/3+1/3+1/3 =1 < 1+ 2/|G| there must be at least one degree
equal to 2. We may assume that it is d3. The equality above reduces to
1 1 1 2
d s dy P |Gl
A little algebra now shows
(d1 —2)(d2 — 2) = 4(1 — d1dy/|G]) < 4.

Letting dq < dy, the possible values of d;, dq, d3 and |G| are given in the
following table:

di |2 ]3]3]3
d; | d | 3|45
ds | 2 | 2|22
G | 2d [ 12 [ 24| 60
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The remaining step is to analyze each numerical column.

We first let dy = 2,ds = d,d3 = 2, and |G| = 2d. We have 3 orbits in
IT that contain 2d/2 = d, 2d/d = 2, and 2d/2 = d elements. An isotropy
group of the orbit with two elements must be generated by a rotation R
of order d. (Recall that any isotropy group is cyclic.) Thus the powers of
R form a cyclic subgroup Cy of order d in G. We assume that d > 3. (For
d = 1, G is clearly cyclic, and, for d = 2, a simple analysis shows that
G is isomorphic with Cy x C5.) Apart from the cyclic subgroup Cy, the
rest of G is made up by d half-turns. The axis of R is perpendicular to
the axes of the half-turns. This is because the two poles that correspond
to R form a single orbit, and these two poles must be interchanged by
each half-turn. Thus the 2d poles corresponding to the d half-turns are
coplanar, and they are divided into two orbits consisting of d poles each.
R is a self-map on each orbit of poles. The only way this can be possible is
if the angle between adjacent axes of the d half-turns is 7/d. We conclude
that G is isomorphic with the dihedral group Dy, a group of order 2d, made
up by a cyclic subgroup Cy of order d, and d elements of order 2. (Since
Dy is isomorphic with Cy x Cy, G is also dihedral in the excluded case
d = 2.) Applying an isometry of R3, the fixed point O can be brought to
the origin. In addition, the axis of R can be brought to the third axis, and
an axis of a half-turn can be brought to the first axis. The isometry that
makes this configuration of axes conjugates GG into the the standard form
of Dy. With this, Dy can be thought of as the symmetry group of a regular
d-prism of height h: Py x [—=h/2,h/2] C RZ x R = R3, where Py is the
regular d-sided polygon inscribed in the unit circle S ¢ R? with a vertex
at (1,0). (For d = 4, we assume that h # v/2 so that Py x [-h/2,h/2] is
not a cube.)

In a similar vein, the trivial case of a cyclic G = C4 with two orbits can
be viewed geometrically as the symmetry group of a regular pyramid with
base P;. (Again, for d = 3, the height of the pyramid should be # /2,
since otherwise we end up with a regular tetrahedron.)

Next we will consider the second numerical column of the table. It is
clear that the tetrahedral group furnishes an example for this numerical
column. It is less clear, however, that there are no other groups which have
this orbit structure. Our task is to show that this is in fact the case. To
do this we need to construct a tetrahedron whose symmetry group is G.
We have 3 orbits in II that contain 12/3 = 4, 12/3 = 4, and 12/2 = 6
elements. Let z € II be a pole in an orbit containing 4 elements, and pick
a y € II different from z and its antipodal. Let R be a generator of the
isotropy subgroup G,. By our choice, R has order 3. The orbit G,(y) (of
the isotropy group G, passing through y) consists of the three vertices of
an equilateral triangle that lies in a plane perpendicular to the rotation axis
of R through z. The axis of R passes through the centroid of the triangle.
Interchanging = and y, we see that z, y, R(y), and R?(y) are the vertices of
a regular tetrahedron. Since II is G-invariant, the symmetry group of the
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tetrahedron is G. (Notice that if we pick the other orbit of 4 elements at
the start, we end up with the dual tetrahedron.)

We now consider the third numerical column. This time, we note that
this case should correspond to the octahedral group. We have three orbits
in II that contain 24/3 = 8, 24/4 = 6, and 24/2 = 12 orbits. The three
orbits contain different number of elements, in particular, each orbit must
be invariant under the antipodal map of S2. Let = € II be a pole in the orbit
containing 6 elements, and pick y € II different from x and its antipodal. Let
R be a generator of G. Since G, has four elements, R is a quarter-turn, and
the orbit G (y) consists of the vertices of a square lying in the perpendicular
bisector of the segment connecting = and its antipodal. Interchanging the
roles of x and y, we see that G, (y) along with z and its antipodal form the
vertices of an octahedron with symmetry group G.

Finally, we consider the fourth numerical column. This case should cor-
respond to the icosahedral group. We have three orbits in II that contain
60/3 = 20, 60/5 = 12, and 60/2 = 30 elements. Once again, each orbit is
invariant under the antipodal map. Let x € II be a pole in the orbit con-
taining twelve elements, and pick y € II closest to z. Let R be a generator
of the isotropy group G, of order 5. The orbit G,(y) gives the vertices
of a regular pentagon lying in a plane perpendicular to the rotation axis
of R passing through z. This plane cannot be the perpendicular bisector
of the segment connecting z and its antipodal (since otherwise II would
contain only 145 + 1 = 7 elements). Thus the six elements: z, R’(y),
j=0,...,4, and their antipodals are all distinct, and so they must com-
prise the (twelve-element) G-orbit through z. A mildly tedious argument
shows that this orbit forms the vertices of an icosahedron with symmetry
group G.

We obtain the following result of Klein [1]:

Theorem 1.1.2. The only finite groups of direct isometries of R® are the
cyclic groups Cq, the dihedral groups Dy, the tetrahedral group Aa, the
octahedral group Sy, and the icosahedral group As.

Remark. For a different “grungy classification” of the finite groups of
direct isometries of R3, see Thurston [1], p. 245.

We conclude this section by allowing opposite isometries in our group
G. Let G be any finite group of isometries of R3. By the center-of-mass
argument above, G has a fixed point O. Let Gt C G denote the subgroup
consisting of the direct isometries of G. The possible choices of G* are listed
in Theorem 1.1.2. To get something new, we may assume that G C G isa
proper subgroup. Since the composition of two opposite isometries is direct,
G is of index 2 in G. In other words, G* and any element in G~ = G—G*
generate G. Thus, we have to study the possible configurations of G* listed
in Theorem 1.1.2, and a single opposite isometry.
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Let A : R® — R3 be the reflection in the fixed point O given by p+A(p) =
20. (Restricted to S2, A is the antipodal map.) Note that A is an order
2 opposite isometry of R? that commutes with any isometry that fixes O.
In particular, A commutes with (the elements in) G. A may or may not
belong to G.

If A€ G then G- = A-G™ since the right-hand side is a set of |G7|
opposite isometries in G. Since A commutes with G, the cyclic subgroup
{I, A} C G (isomorphic with C53) is normal. Since index 2 subgroups (such
as Gt C G) are always normal, we obtain the isomorphism G = GT x Cs.
Using Theorem 1.1.2, we arrive at the list

Cd X Cg, Dd X Cz, .A4 X 02, 84 X Cz, .A5 X Cg. (1.1.4)

Assume now that A ¢ G. We first show that G is contained in a (finite)
group G* of direct isometries as an index 2 subgroup. To do this, we define

G*=GTUA-G".

Notice that G* is a group. (Since A commutes with G the set G* is closed
under composition and inverse.) Moreover, G* consists of direct isometries
since A and the elements of G~ are opposite. G and A - G~ are disjoint
since A ¢ G. In particular, |G*| = 2|G™|, and G is an index 2 subgroup
in G*. The possible inclusions Gt C G* are easily listed since all the
isometries involved are direct and Theorem 1.1.2 applies. We obtain

Cd C Czd, Cd C Dd, Dy C ng, .A4 C 84.
Finally, G can be recovered from G* via the formula
G=GtUA-(G*-G™M).

In general, we denote by G*G™ the group defined by the right-hand side
of this equality, when G+ C G* is an inclusion of finite groups of direct
isometries, and G is of index 2 in G*. We finally arrive at the list

C2d : Cd7 Dd : Cd, D2d ' Dd, 54 . .A4. (1.1.5)

Theorem 1.1.3. The finite groups of isometries of R3 containing an
opposite isometry are listed in (1.1.4) and (1.1.5).

Example 1.1.4. The octahedron and the icosahedron are centrally sym-
metric (reflection in the centroid is a symmetry), while the tetrahedron
is not. Thus, the extended group of the tetrahedron is S4 - A4, the ex-
tended group of the octahedron is 84 x C3, and the extended group of the
icosahedron is Ay x Cs.

As noted in the proof of Theorem 1.1.1, translating the fixed point of
a finite group G of isometries of R3 to the origin, (a conjugate of) G
becomes linear. The group of all linear isometries of R3 is the orthogonal
group O(3), the group of all orthogonal 3 x 3-matrices. A linear isometry
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of R3 is direct or opposite according to whether its determinant is +1 or
—1. The group of all direct linear isometries of R? is the special orthogonal
group SO(3), the subgroup of O(3) consisting of orthogonal 3 x 3-matrices
with determinant 1.

Theorem 1.1.1 asserts that an element of SO(3) can be viewed as a
rotation with rotation axis passing through the origin. Theorems 1.1.2-1.1.3
classify all finite subgroups of SO(3) and O(3).

1.2 Rotations and Mobius Transformations

Our main purpose in the next two sections is to classify all finite Mdbius
groups, finite groups of linear fractional transformations under composi-
tion. In this section we will assume the knowledge of some basic material
in complex analysis, notably conformal transformations and holomorphic
branched coverings. The main references are Ahlfors [1] and Farkas-Kra [1],
Chapter 1.

Recall that a linear fractional transformation is a transformation of the
extended complex plane C = CU {00} of the form

a+b
¢ c+d’

(The mapping properties at co are understood in the limiting sense, i.e. 0o
is sent to a/c, and ( = —d/c is sent to 00.) It is an elementary computation
to check that the linear fractional transformations form a group under
composition and inverse (as transformations). (See Problem 1.20.) In fact,
it is well-known that the linear fractional transformations are precisely the
conformal transformations of C.

We call the group of linear fractional transformations the Mébius group,
and denote it by M(C).

We will be primarily interested in the (compact) subgroup My(C) c

N

M(C) consisting of linear fractional transformations of the form

C(—

¢eC,ad-bc=1, a,b,c,d € C. (1.2.1)

z( —w
wC+2z’

Let SL(2,C) denote the special linear group. By definition, an element of
SL(2,C) is a complex 2 x 2-matrix with determinant 1:

¢eC, 2P +wf=1, zweC. (1.2.2)

cd

Comparing this with (1.2.1), we say that (1.2.3) defines the linear frac-
tional transformation (1.2.1). As simple computation shows, associating
to the matrix (1.2.3) the linear fractional transformation (1.2.1) gives rise
to a homomorphism 7 : SL(2,C) — M(C) onto the Mébius group. (See
Problem 1.21.)

[“b], ad—bc=1, a,b,c,d € C. (1.2.3)



1.2. Rotations and M&bius Transformations 23

In (1.2.1), a,b,c,d and their negatives give the same linear fractional
transformation. Conversely, the linear fractional transformation (1.2.1) de-
termines a, b, ¢,d up to a common sign. Thus, 7 is 2 : 1 with kernel {£I}.
In particular, we have the isomorphism

M(C) = SL(2,C)/{£I}.

Under 7, Mo(C) is twofold covered by the subgroup SU(2) C SL(2, C) of
spectal unitary matrices with typical element

[ “ _ﬂ_’] , 24w =1, z,we C. (1.2.4)
w z

Once again, (the restriction of) 7 establishes the isomorphism
Mo(C) = SU(2)/{£I}.

Let h denote the stereographic projection of the 2-sphere S C R? onto C.
Under A, the north pole N = (0,0,1) € 52 corresponds to co € C. Given
z € 5% x# N, h(z) € C is defined by the requirement that the three
points NV, z and h(z) are collinear. Analytically

h{z) =

The inverse of h is given by

T + i1

, « = (Tg,z1,22) €S2, o # 1. (1.2.5)
1 — T2

-1 2C |<|2 -1 2
h=(0) <|<|2+1,|C|2+1)€S, (e, (1.2.6)
where C is imbedded in R? as the coordinate plane spanned by the first
two coordinate axes. (See Problem 1.22.)

It is well-known that h establishes a conformal equivalence between S2
and C.

For the discussion that follows it is important to introduce a specific
notation for linear rotations. Given z € S? and 6 € R, let Ry . denote the
linear rotation with angle 6 and axis R - z. (Notice that +x are the poles
of Ry, as defined in the previous section.)

By Theorem 1.1.1, the rotation Ry, is a typical element of SO(3).

Clearly, R_p,_; = Rp .. Moreover, for z,y € S? and 6, ¢ € R, we have

RyyoRggzo0 R;L =Ry R, ,(x)- (1.2.7)

Indeed, the left-hand side is a rotation (Theorem 1.1.1) with axis Ry ,(x)
(the fixed point set), and conjugation does not change the angle of rotation.
The following theorem is due to Cayley in 1879:

Theorem 1.2.1. Let R be the rotation Ry ., x € 82, 0 € R, restricted
to S2. Then R conjugated with the stereographic projection h is the linear
fractional transformation

(hoRoh™1)(¢) = ~ (eC, (1.2.8)
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where

Z = cos (g) + isin(g)xg and w = sin(g) (@1 + ). (1.2.9)

PROOF. First of all, for z = N, (1.2.8)-(1.2.9) reduce to
(hoRoh™)(¢) = ¢,

and the theorem follows in this case. In what follows, we may assume that
r#N.

In general, ho Roh™! on the left-hand side of (1.2.8) is the composition
of an isometry and two conformal equivalences. Therefore it is a conformal
transformation of C. Hence, it must be a linear fractional transformation.
It remains to show that this linear fractional transformation has the specific
form given by the right-hand side of (1.2.8) with coefficients in (1.2.9). To
prove this we use the elementary fact that a linear fractional transforma-
tion is uniquely determined by its action on 3 points. (A linear fractional
transformation is determined by 4 complex parameters a,b,c,d € C with
one complex condition ad — bc = 1.) For the first two points we choose the
fixed points of the transformation defined by the right-hand side of (1.2.8).
To obtain these fixed points, we rewrite

2(—wW
wC+zZ

¢

as the quadratic equation
w¢? — 2i3(2)¢ +w = 0.
Solving for ¢ and using (1.2.9), we find that the fixed points are
I +1
o — iIEl '

By (1.2.5) and |z|?> = 1, we see that these two points coincide with h(+z),
the fixed points of h o R o h™l. (Compare the direct computation with
Problem 1.25.) For the third point we choose ( = oo = h(N). Substituting
this into (1.2.8), we need to verify that h(R(N)) = z/w, where z and w are
given in (1.2.9). Indeed, since |z|? + |w|? = 1, by (1.2.6), we have

R (z/w) = (22, |2|* — [w|?) € S (1.2.10)
A bit of analytic geometry now shows that this is R(N) = Ry ,(N). The

theorem follows.

Remark. (1.2.10) gives the components of the Hopf map which is treated
in Section 1.4.

To simplify the terminology, we say that the linear fractional transfor-
mation (1.2.8)-(1.2.9) and the rotation Ry , correspond to each other.
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Corollary 1.2.2. We have the isomorphisms
50(3) = Mo(C) = SU(2)/{+I}.

Recall that our goal is to list all finite Mébius groups G ¢ M(C). In
this case we do not have as much Euclidean structure as for finite rotation
groups (classified in the previous section), but a simple observation gives a
clue as to how to proceed:

Assume that we can find a rational function ¢ = q¢ : C — C whose
invariance group is G, i.e. for g € M(C), gog = ¢, iff g € G. Being
rational, ¢ can be extended to a holomorphic self-map of C (denoted by
the same symbol). Since G is the invariance group of the rational ¢, the
extension is a holomorphic |G|-fold branched covering ¢ : C — C.

In general, a nonconstant holomorphic map f : M — N between compact
Riemann surfaces is an n-fold branched covering with finitely many branch
points in M. Near a branch point on M and near its f-image (called a
branch value), local coordinates ¢ and £ can be introduced that vanish at
the branch point (¢ = 0) and at the branch value (£ = 0) such that, in
these coordinates, f has the form & = (™. We call m — 1 the branch number
of f at the branch point.

In our case, the branch points of the extended ¢ are the fixed points of the
linear fractional transformations in G, and the branch numbers correspond
to the orders of the rotations (minus 1) in the special case when G is
defined by a rotation group via Theorem 1.2.1. By the Riemann-Hurwitz
formula (Problem 1.27), the total branch number (the sum of all branch
numbers) is 2|G| — 2. This will give the diophantine restriction (1.1.3) for
G. It is now clear that our main purpose should be to construct rational
functions invariant under finite Mobius groups. To do this, we first exhibit
a list of finite subgroups of MO(C). Let G be one of the groups in this
list. G can be “linearized” by lifting it to SU(2) along the 2:1 projection
7 : SU(2) = Mo(C). We call this the binary group associated to G and
denote it by G*.

We then solve the invariance problem for homogeneous polynomials in
two variables for G*, that is, we find all homogeneous polynomials & :
C? — C with invariance group G*. By homogeneity, quotients of some of
these invariant polynomials define holomorphic self-maps of the complex
projective line CP!. On the other hand, since CP! = C, these quotients
also restrict to rational functions (on C), and, as it turns out, they have
invariance group G.

Finally, to prove that any finite Mdbius group G is conjugate to one of the
finite subgroups of M(C) in our list, we construct a rational function with
invariance group G, and compare it with the rational functions in the list we
constructed previously. This amounts to comparing singularities of rational
functions a la Riemann, a well-understood method in complex analysis. For
brevity, we will do this last step by appealing to uniformization.
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Remark. There is a quick algebraic way to find all finite Mdbius groups
G. It is based on the fact that any finite subgroup of SL(2, C) (such as the
binary cover G* of G) is conjugate to a subgroup of SU(2) (and the finite
subgroups of SU(2) can be classified easily). Conjugacy is usually proved
by averaging the standard scalar product on C? over the finite subgroup
of SL(2,C). (For details, see Schurman [1].) We prefer to follow a longer
path here because we will use some of the ingredients later.

We start our list with the cyclic group Cy of order d. Tt is realized as the

group of rotations of C:
(s e®¢, 1=0,...,d~ 1.

These rotations can be viewedlas linear fractional transformations given
by (1.2.8)-(1.2.9) with 2 = €7, w = 0, ] = 0,...,d — 1. Geometrically,
Cq corresponds to the group of rotations Rorijan, ! = 0,...,d — 1, with
vertical axis of rotation through the north and south poles. Since cyclic
groups are generated by a single element, it is clear by Theorem 1.2.1 and
(1.2.7) that any finite cyclic subgroup of order d in Mq(C) is conjugate to
Cy.

If we adjoin to Cy the linear fractional transformation ¢ — 1/¢, with
z =0, w =1in (1.2.8)-(1.2.9), corresponding to the half-turn R, .,, eo =
(1,0,0), we obtain the dihedral Mdbius group Dy of order 2d:

;2ml
—127

¢

In the previous section, Dy was realized as the symmetry group of a d-
prism. In view of Theorem 1.2.1, it is more appropriate to realize D, as
the symmetry group of Klein’s dihedron, the regular spherical polyhedron
with two hemispherical faces, d spherical edges, and d vertices distributed
equidistantly along the equator of S2. If we fix one vertex at ey then the
half-turn R, ., above is a symmetry of the dihedron that interchanges the
two faces. We also see that in (1.2.11) the first group of linear fractional
transformations corresponds to z = ei%l, w=0,l=0,...,d~1, and the
second corresponds to z =0, w = iei%l, 1=0,...,d—-1.

As a straightforward generalization, we inscribe a Platonic solid P in §2,
apply Theorem 1.2.1, and obtain a finite Mdbius group G isomorphic with
the symmetry group of P. Since dual pairs of Platonic solids have the same
symmetry group, we may restrict ourselves to the tetrahedron, octahedron,
and the icosahedron. We call the corresponding groups tetrahedral, octahe-
dral, and icosahedral Mébius groups. The dihedral Moébius group discussed
above can be considered as a member of this family of groups if we replace
P with its spherical tessellation obtained by projecting P radially from the
origin to S2. In what follows, we call these configurations spherical Platonic
tesselations. By Theorem 1.2.1 and (1.2.7), the Mobius groups obtained in
two different ways of inscribing the same Platonic solid into S? are con-

s2ml (A
(e,

, 1=0,...,d—1. (1.2.11)
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jugate subgroups in MO(C). Thus we can choose our spherical Platonic
tesselations in convenient positions in S2.

We choose our regular tetrahedron such that its vertices are alternate
vertices of the cube, and the cube is inscribed in S? such that its faces
are parallel to the coordinate planes. We also agree that the first octant
contains a vertex of the tetrahedron. This vertex must be

1 1 1
<\/§, 7 \/3) (1.2.12)
The edges of the tetrahedron are diagonals of the faces of the cube, one
diagonal for each face. Hence the three coordinate axes go through the
midpoint of the three opposite pairs of edges of the tetrahedron. The three
half-turns around these axes are symmetries of the tetrahedron. Applying
these half-turns to (1.2.12), we obtain the three remaining vertices

R VR Y
As noted above, the half-turn R, ., eo = (1,0,0), corresponds to ¢ — 1/¢.
In a similar vein, the half-turn R, .,, e1 = (0,1,0), corresponds to ¢
—1/¢. Finally, Ry y corresponds to { — —( (with z = ¢ and w = 0 in
(1.2.8)-(1.2.9)). Adjoining the identity, we have

CHiQiL
¢
This gives the dihedral Mébius group Ds of order 4. (Compare this with
Problem 1.18.) We see that Ds is a subgroup of the tetrahedral Mobius
group T'.

The four lines through the origin and (1.2.12)-(1.2.13) connecting a ver-
tex and the centroid of the opposite face of the tetrahedron are axes of
symmetry rotations with angles 27/3 and 47/3. Substituting the vectors
in (1.2.12)-(1.2.13) as (xo, x1,x2) in (1.2.9) and setting 6 = 27/3,47/3, we
obtain z = (£141)/2,w = £(1414)/2, and z = (£1—1%)/2,w = £(1 —1)/2.
Substituting these into (1.2.8) we arrive at the following 8 linear fractional
transformations

C+1 (-1 (+i  (—i
— 34 ,+i , = == -
¢ C—-1" ¢(+1""¢~i " (+i
Putting everything together, we obtain the 12 elements of the tetrahedral
Moébius group T

R T S S S PN S s Sl

¢ (-1 C+1"7"¢~1" (+1

We position the octahedron in S? such that its vertices are the six inter-
sections of the coordinate axes with S2. This octahedron is homothetic to
the intersection of the tetrahedron above and its dual. As noted in the pre-
vious section, the octahedral group is generated by the tetrahedral group

(1.2.14)
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and a symmetry of the octahedron that interchanges the tetrahedron with
its dual. An example for the latter is the quarter-turn around the vertical
axis. This quarter-turn corresponds to the linear fractional transformation
¢ +» i¢ characterized by z = €% and w = 0. Thus the 24 elements of the
octahedral Mobius group O are:

CHilC,ﬁ ilC+1 izC—l ilC‘H ilC—i
¢ =1 (T (=i (A
Finally, we work out the icosahedral Md&bius group I. We inscribe the
icosahedron in S? such that the north and south poles become vertices.
The icosahedron is made up of a northern and southern pentagonal pyra-
mid separated by a pentagonal antiprism. The rotations S7, j = 0,...,4,
S = Ryn/5,n, are symmetries of the icosahedron and they correspond to
the linear fractional transformations

S (Wi, j=0,....4, (1.2.15)

1=0,1,2,3.

where w = €'¥" is a fifth Toot of unity. We still have the freedom to rotate
the icosahedron around the vertical axis for a convenient position. We fine
tune the position of the icosahedron by agreeing that the second coordi-
nate axis must go through the midpoint of one of the cross edges of the
pentagonal antiprism. The half-turn U around this axis thus becomes a
symmetry of the icosahedron. As noted above, this half-turn corresponds
to the linear fractional transformation

1
U: (— c
The rotations S and U do not generate the entire symmetry group of the
icosahedron because they both leave the equator invariant. For another
generator we choose the half-turn V' whose axis of rotation is perpendic-
ular to the axis of rotation of U and passes through the midpoint of an
edge in the base of the upper pentagonal pyramid (Figure 18). U and
V are commuting half-turns since their axes of rotation are perpendic-
ular (Problem 1.5 (d)). The composition W = UV is also a half-turn
(W?2 = (UV)?2 = UVUV = U?V? = I), and the axis of rotation is per-
pendicular to those of U and V. With the identity I, U, V, and W form a
dihedral subgroup Dy of the icosahedral group I. To obtain the linear frac-
tional transformations corresponding to V' and W, we need to determine
the axis of V.

Lemma 1.2.3. The vertices of the icosahedron stereographically projected
to C are

0, 00, W (w+w?), W (W? +w?), 1=0,...,4, (1.2.16)
where w = €% .

PROOF. The poles correspond to 0 and co. The remaining ten vertices of
the pentagonal antiprism projected to C appear in two groups of five points
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S

Figure 18.

Figure 19.

equidistantly and alternately distributed in two concentric circles (Figure
19). As in Section 1.1, we think of the Pacioli’s model of the icosahedron
as being the convex hull of three mutually perpendicular golden rectangles.
Assume now that we have a golden rectangle that contains the north pole
as a vertex. The two sides of this golden rectangle emanating from the
north pole can be extended to C, and give one projected vertex on each of
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Figure 20.

the concentric circles. Considering similar triangles on the plane spanned
by this golden rectangle, we see that the radii of the two concentric circles
are the golden section 7 and its reciprocal 1/7 (Figure 20).

To rewrite 7 and 1/7 in terms of w, we first observe that the regular
pentagon P; inscribed in the unit circle S C C has vertices w?, j =
0,...,4. By definition, 7 is the ratio of a diagonal and a side length of Ps.
Choosing the vertical diagonal and the vertical side, we have
4 4

w—w w—w

T

|w2_w3| - w2 — ¥’

where the last equality is due to both complex numbers w —w* and w? — w?
being purely imaginary with positive imaginary parts. Simple arithmetic
using w® = 1 now gives

1
T=—(w?+w?) and - =w+wt (1.2.17)
T

Finally, the 5-fold symmetry of the projected vertices is given by
multiplication by w?, j =0,...,4. (1.2.16) follows (Fig. 19).

By the definition of the half-turn V' and by Lemma 1.2.2, the axis of
rotation of V' passes through the midpoint of the segment connecting
h~ Y (w?(w?+w?)) and A~ (w3(w?+w?3)). To see this, using the 3-dimensional
Figure 18, locate in Figure 19 (the projection of) the midpoint of the edge
the axis of rotation of U passes through (on the second axis), and relate
this point to w?(w? + w?®) and w3 (w? + w?).

By (1.2.6), this midpoint is

L1, 2, 2 L 2
Eh (W?(Ww? +w?) + ih (W3 (w? +w?))
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_ 72 0 21
T\T241 241 )
where we used (1.2.17) repeatedly. Since 72 —1 = 7, normalizing, we obtain

that V = R, ;, where

T 1
T = ,0, .
(\/7'2 +1 Vi + 1)
Using the notations in (1.2.9) of Theorem 1.2.1 (with § = 7), we thus have

(1.2.18)

1 iT
z2=———and w= .
241 2 +1

(1.2.19)

The common denominator can be rewritten as
\/7_23: = —i{w — w4).
This is because
W= =w?+o = 2= —(r+2) = =(r* +1),

where we used (1.2.17) and the defining equality for 7. Using this in (1.2.19),
we obtain

1 w? — w3 Wtwd w-w
z2=— = and w = =

w—wt NG w—wt B

Here, once again, we used (1.2.17) repeatedly along with 27 = 1 4 /5.
By (1.2.8)-(1.2.9), the linear fractional transformation corresponding to
V is finally written as

4

(1.2.20)

(2 =) + (w—w)
(@ =@ = (W2 — &P

Vi~ (1.2.21)

Remark. To describe the icosahedral Mo6bius group explicitly, in his Icosa-
hedron Book, Klein [1] makes an argument that involves the angle of the
axis of the rotation of V' with a coordinate axis. In the text above we
adopted Schléfli’s philosophy and expressed all metric properties in terms
of the golden section 7 and w.

Composing V' with U : ¢( — —1/¢, we obtain the linear fractional
transformation corresponding to the half-turn W = UV

—(w - wh)(+ (w? —w?)
(W2 —wd) + (w—w)
Making all possible combinations of these linear fractional transformations

with (1.2.15) we finally arrive at the 60 elements of the icosahedral Mobius
group I:

W: (—

(1.2.22)

Coswi(, ——

wi¢’
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i~ (W= w4 (WP - w?)
(W? — w3l + (w —w?) ’

i (w? — W) + (w = w?)
(w—wht( = (W —w?)’

This completes our list of finite Mdbius groups.

(1.2.23)

5, 1=0,...,4.

Recall that, given a finite Mobius group G C MO(C), the inverse image
G* of G under the homomorphism SU(2) — Mq(C) is called the binary
group associated to G. Taking inverse images, from the finite MGbius groups
just constructed, we obtain the binary dihedral group D7, the binary tetra-
hedral group T*, the binary octahedral group O*, and the binary icosahedral
group I*. For cyclic groups, we have C; = Cyq. We conclude this section
by showing that, up to conjugation, these are all the finite subgroups of
SU(2). (The case of cyclic subgroups in SU(2) is somewhat special; we
have to allow a cyclic subgroup to have odd order.) A convenient way to
describe these groups is by using quaternions. (For a concise summary, see
Berger [1], Section 8.9.)

Let H denote the skew-field of quaternions with canonical basis
{1,4,5,k}. A typical element in H is a + bi + ¢j + dk, a,b,c,d € R, and
quaternionic multiplication obeys the relations

P=42=k?=-1, ij=—ji=k, jk=—kj=1, ki=—ik=j,

and it is extended linearly to H = R*.

It is easy to check that the group of unit quaternions S® C H is isomor-
phic with SU(2) with the isomorphism that associates to the quaternion
z+jw € H, |z]2+ |w|? = 1, z,w € C, the matrix (1.2.4). (Notice that, set-
ting z = a+bi and w = ¢+di, a,b, ¢, d € R, we have z+jw = a+bi+cj—dk.)
In what follows, we identify S* and SU(2) with this isomorphism. In each
case of a finite Mobius group G C MO(C) in our list, we can put to-
gether the elements of the binary group G* associated to G. G* consists
of quaternions +(z + jw), where z,w correspond to the elements of G via
(1.2.8)-(1.2.9). We obtain the following list of finite subgroups of §3:

1. Cyclic group of order d:
Ca={e"®|1=0,...,d—1}. (1.2.24)
2. Binary dihedral group of order 4d:

D ={e'7,1=0,...,2d— 1}

Uj-{e'%,1=0,...,2d—1}. (1.2.25)
3. Binary tetrahedral group:
*l+it+jt+k
T* = D} U {%} . (1.2.26)
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(The nontrivial elements of the binary quadratic subgroup Dj
correspond to the half-turns around the coordinate axes.)

4. Binary octahedral group:
O* =T*U e™/4. T~ (1.2.27)

(The quarter-turn around the first axis corresponds to the quater-
nions +e'%.)

5. Binary icosahedral group:
I* = {xu!, +jut,

+ (_wf&l(w _ UJ4) +jw2l(w2 _ w3)>w3k7

=+

Sl= &l

<w3l(w2 _ wB) +jw21(w _ w4))w3k,

=0,...,4} (1.2.28)

Fal
o~

)

The quaternion w' corresponds to the diagonal matrix in SU(2) with di-
q

agonal entries w!/? and w=Y2. Moreover, w'/? = (-1)'w® and w2 =
(_1)lw2l‘)

These groups can be visualized by the Clifford decomposition of S3. First,
S3 can be parametrized by the quaternion z 4+ jw, where the complex
parameters z,w € C satisfy |22 + |w|> = 1. Hence, we can introduce
“isoparametric coordinates” z = cos(t)e? and w = sin(t)e*?, 0 < t < 7/2,
0 <6,¢ < 2. For fixed t, we consider the level set

T; = {(z,w) € 83 C C?||2|? — |w|® = cos(2t)}.

For t = 0,m/2, Ty and Ty, are circles cut out from S3 by the coordinate
planes spanned by the first two and the last two axes in R* = C2. For
0 <t<m/2, T; is a torus. We call T; the Clifford torus with parameter ¢.
We will think of T} as the square [0,27] x [0, 27] with the opposite sides
identified. # and ¢ are natural parameters on this square. We now describe
how the cyclic and binary groups above fit in the Clifford decomposition
of 3 = SU(2).

The cyclic group Cy given in (1.2.24) lies entirely in Ty, and its elements
are the vertices of a regular d-sided polygon inscribed in 7y. The binary
dihedral group D, given in (1.2.25) consists of two copies (of the vertices)
of the regular 2d-sided polygon, one inscribed in Tj, and the other in T} /5.
Figure 21 shows Dj. The binary tetrahedral group T has Dj as a subgroup
and the remaining 16 elements in (1.2.26) lie in the middle Clifford torus
T'r/4- This is because

J_ElEi o F1F
=2 Y=
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OC

To T2
Figure 21.
To T2 T
Figure 22.
so that
122 — wf? = ‘il;:i 2— ﬂ;i 2: _21_ ) % o

Working out the arguments of z = ¢®/y/2 and w = €'®/+/2, we see that
the parameter values of the corresponding points are § = (2k + 1)7/4,

= (2l + 1)7/4, k,1 = 0,...,3 (Figure 22). The binary octahedral group
O* given in (1.2.27) contains 7™ as an index two subgroup. Multiplication
by €'/ has the effect of adding /4 to the parameters # and ¢ obtained
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To Tn/2 T‘n/4
Figure 23.

for the points corresponding to the elements of 7*. Note that D} becomes
a subgroup of O* (Figure 23). The binary icosahedral group I* in (1.2.28)
needs a bit of computation. It is clear that the elements +w' and +juw!,
[ =0,...,4, make up the vertices of two copies of a regular decagon, one
inscribed in Tp, the other in T7 /5. These account for 20 elements of I*. For
the remaining 100 elements, we have

ol — of? = £ (o — WP~ u? PP
1
=L (- ) - (- )
1
=4+ (w+w!—w? —wd)

1 (1 + ) 21 —1 i 1
e — — T =4 = —_—.
5 V5
In this computation we used the fact that w — w? and w? — w3 are both
purely imaginary, the equalities in (1.2.17), and 7 = (1 + v/5)/2.
We see that these elements (in two groups of 50) are on the two Clifford
tori T, , where cos(2t4) = +1/+/5. Calculating the arguments for T} Ly We

obtain
3w 2hmom 2Am) (m, Zkm 3m  2r
2 5’2" 5 ) \2" 5’2 5 )

where k, [ are integers modulo 5. Similarly, on T;_, we have
I+2k7rz+2l7r 3_7r+2k7r 37r+2l7r
2 572 5 )7\ 2 572 5 )

where again k, [ are integers modulo 5. The entire binary icosahedral group

I* is depicted in Figure 24. A 3-dimensional view of the binary icosahedral
group is in the illustration on page 37.

Remark. To relate the binary icosahedral group I* to the binary tetrahe-
dral group T*, it is sometimes more convenient to realize the icosahedron in
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90

Figure 24.

another position. Recall from Section 1.1 the compound model of the five
circumscribed tetrahedra whose faces enclose the icosahedron. As noted
there, the five tetrahedra constitute an orbit of an order 5 symmetry ro-
tation of the icosahedron. A rotation generating the orbit has axis in the
coordinate plane perpendicular to the first axis and the slope of the axis
is the golden section 7. A simple computation in the use of (1.2.8)-(1.2.9)
shows that the pair of quaternions that corresponds to this rotation is

2

The symmetry groups of the five tetrahedra are clearly subgroups of the
symmetry group of the icosahedron, and the symmetries of the icosahedron
permute the five tetrahedra. As a byproduct, we see again that the symme-
try group of the icosahedron is isomorphic with the alternating group Az
on five letters. Retaining the earlier notation for this conjugate subgroup,
we obtain

i1<r+z‘+ %) (1.2.29)

I*=T*Uq-T*Ug* - T*ug® T *Uqg* T, (1.2.30)
where ¢ is given in (1.2.29).
We are now ready to state the main result of this section.

Theorem 1.2.4. Any finite subgroup of S3 = SU(2) is either cyclic, or
conjugate to one of the binary subgroups D7, T*, O*, or I*.

PROOF. Let G C S% = SU(2) be a finite subgroup with corresponding
subgroup G in SU(2)/{xI} = Mo(C). Let G* C S3 be the inverse image
of G under the canonical projection SU(2) — SU(2)/{xI}. Clearly, G C
G*. By Theorem 1.2.1, G is isomorphic with a finite subgroup of SO(3).
If G = G* then G* is the double cover of the group Gp. In this case the
statement follows from Theorem 1.1.2. Thus, we need only study the case
when G # G*. In this case, G is of index 2 in G* and G and Gy are
isomorphic. We first claim that G is of odd order. Assume, on the contrary,
that G has even order. It is well-known in group theory that G must contain
an element of order 2. Since the only order 2 element in SU(2) is —I, it must
be contained in G. But {+I} is the kernel of the canonical projection and
this is in contradiction to G # G*. Thus G has odd order. G is isomorphic
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with Go and, as noted above, the latter has an isomorphic copy in SO(3).
The odd order subgroups in SO(3) are cyclic as follows again from Theorem
1.1.2.

By definition, quotients of S® by finite subgroups give all 3-dimensional
homogeneous spherical space forms. S3/Cy, d > 2, is the so-called lens
space L(d;1). (The lens spaces L(p, q) are the most general spherical space
forms. For a geometric account, see Thurston [1], pp. 37-38.) Based on the
solids whose symmetry groups they are derived from, S/ D3, d > 1, are
called prism manifolds, S3/T* is the tetrahedral manifold, S3/O* is the
octahedral manifold, and S®/I* is the icosahedral manifold. (For a general
reference on polyhedral manifolds, see Scott [1].)

Corollary 1.2.5. The 3-dimensional homogeneous spherical space forms
are the lens spaces L(d;1), d > 2; the prism manifolds S3/D}, d > 1; and
the tetrahedral, octahedral, and icosahedral manifolds.

Remark. If K/H is a homogeneous space then H acts on the tangent
space T,(K/H) at o = {H} by the isotropy representation. (A standard
reference on homogeneous spaces is Helgason [1].) Wolf [1] classified all
homogeneous spaces K/H, where the action of the identity component Hy
of H on T,(K/H) is irreducible (no invariant linear subspace). Wang and
Ziller [2] classified those homogeneous spaces K/H in which the action of
H on the tangent space T,(K/H) is irreducible, but the action of Hj is not.
The simplest examples are SO(3)/G, where G are the symmetry groups of
the Platonic solids (K = SO(3) and H = G with Hy trivial).

For a beautiful geometric classification of all spherical 3-manifolds
(homogeneous or not), see Thurston [1], Section 4.4.



38 1. Finite Mo6bius Groups
1.3 Invariant Forms

The purpose of this preparatory section is twofold. First, we derive the
polynomial invariants of the cyclic, dihedral, and binary polyhedral groups.
These invariants will be used in Section 1.5 to construct isometric minimal
imbeddings of 3-dimensional space forms into spheres. In addition, they
will be used to define the polyhedral equations, crucial in Klein’s theory of
the icosahedron. Klein’s theory is the subject of the Additional Topic at
the end of this chapter. Second, we will prove that, up to conjugacy, the
only finite M6bius groups are cyclic, dihedral, and the 3 polyhedral Mobius
groups discussed in the previous section. We will use some elementary facts
in projective geometry in what follows. A reference is Berger [1], Section
4.2. The proof of Theorem 1.3.1 uses the Riemann-Hurwitz relation. We put
this (along with some supplementary material) in Problem 1.27. Farkas-Kra
[1] is a standard reference for this topic.

The geometry of the spherical Platonic tessellations (including the dihe-
dron) can be conveniently described by the so-called characteristic triangle.
(For spherical tessellations we will use the spherical analogues of the Eu-
clidean polyhedral concepts such as vertex, edge, face, etc. with obvious
meanings.) Given a spherical Platonic tessellation, each spherical flag con-
sisting of a vertex v, an edge e and a face f with v € e C f(C S?) contains
one characteristic triangle with vertices vg, v1,v9, where vy = v, vy is the
midpoint of the edge e, and vs is the centroid of the face f. We write the
spherical angles of a characteristic triangle at the respective vertices as
/v, 7/v1, and 7/ve, where vy, vy, Vo are integers > 2. In fact, vy is the
number of faces meeting at a vertex, v, = 2 since v; is the midpoint of
an edge, and vs is the number of sides of a face in the tessellation. If the
spherical tessellation is coming from a Platonic solid by radial projection
then {vg, 19} is the Schlifli-symbol of the solid. In the previous section we
saw that a spherical Platonic tessellation is dihedral, or it is congruent to
the tetrahedral, octahedral or icosahedral tessellation. For the dihedron, we
have vy = 2, v = d; for the tetrahedron, vy = v = 3; for the octahedron,
vy = 4, v = 3; and, finally, for the icosahedron, vy = 5, vy = 3. It is easy
to see (Problem 1.5) that reflections to the (linear span of the) sides of a
characteristic triangle generate the extended symmetry group.

Each axis of a symmetry rotation of a spherical Platonic tessellation
goes through a vertex, or the midpoint of an edge, or the centroid of a
face. It follows that v, 11, and vy are the orders of the symmetry rotations
with axes through the respective points. For example, a symmetry rotation
around the midpoint of an edge is always a half-turn.

We look at this now from the point of view of the orbit structure of the
symmetry group G of the tessellation. By the counting formula mentioned
in Section 1.1, the number of points on the orbit G(z) passing through
a point z € S? is |G(z)| = |G|/|Gx|, where G, is the (cyclic) isotropy
group at z. If the isotropy group is nontrivial then it is generated by a
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(nontrivial) rotation, and, in this case,  must be a vertex, the midpoint of
an edge, or the centroid of a face of the tessellation. On the other hand, by
regularity, the set of all vertices form a single orbit, and the same is true
for the set of midpoints of all the edges, and the set of centroids of all the
faces. We conclude that we have 3 exceptional orbits of the action of G on
52, where exceptional means that the number of elements on the orbit is
less than the order of GG. Since a symmetry rotation around a vertex has
order vy, the exceptional orbit comprised by all the vertices has V = |G|/vp
elements. In a similar vein, the orbit of the midpoints (of the edges) consists
of E = |G| /v elements, and the orbit of the centroids (of the faces) consists
of F = |G| /vy elements.

All the other orbits are principal, i.e. the number of elements on the orbit
is equal to |G|. By Euler’s theorem for convex polyhedra (1.1.1), we have

V—E+F=|ﬂ—|—q—|+@=2‘ (1.3.1)
0] V1 vV

Recall from the previous section that SL(2,C) acts on C? by matrix
multiplication. For ¢ € SL(2,C) in the matrix form given in (1.2.3),
the action of g is given by (z,w) — g - (z,w) = (az + bw,cz + dw),
where (z,w) € C? is considered as a column vector. Since the matri-
ces in SL(2,C) are nonsingular, this action extends to CP! by setting
[2:w] = g-[z: w] = [(az + bw) : (cz + dw)], where we used homoge-
neous coordinates on CP!. On the other hand, CP! can be identified with
the extended complex plane C via the identification [z:w] ¢ =z/w,
[z : w] € CP!. With this identification, the action of SL(2,C) on CP! is
carried over to an action on C. In fact, g € SL(2,C) given in (1.2.3) acts
on C via the linear fractional transformation (1.2.1). This is because we
have

az+bw az/w+b al+b
cz+dw cz/w+d c(+d

Restricting ourselves to finite groups, we conclude that the action of a finite
Moébius group G on ¢ by linear fractional transformations corresponds to
the ordinary action of the binary group G* C SL(2,C) on C? by matrix
multiplication.

A homogeneous polynomial ¢ : C? — C is called a form. If £ has degree
p then homogeneity amounts to

E(Az, Aw) = NPE(z,w), A z,weC.

Given any subgroup G* C SL(2,C), we say that £ is G*-invariant if there
exists a character x¢ : G* — C — {0}, a homomorphism of G* into the
multiplicative group C — {0}, such that

Eog=xe(9)-§ ge€G™.
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Here g € SL(2,C) acts on C? by matrix multiplication as above. x¢ is
uniquely determined by . We say that £ is an absolute invariant of G* if
xe = 1. In general, £ is an absolute invariant of the subgroup ker x¢ C G*. If
G* is finite (as in our study of the binary polyhedral groups) then x¢ maps
into the unit circle S* ¢ C—{0}, and the quotient G*/ ker x¢ & imx¢ C S*
is cyclic. This is because any finite subgroup of C — {0} is a cyclic subgroup
of S ¢ C — {0} (Problem 1.24).

To each finite Mobius group G C MO(C) in our list, with corresponding
binary Mobius group G* C SU(2), we will exhibit two forms &, 7 of degree
|G| with no common zeros such that £ and n are both G*-invariant and have
the same character. For these £ and 7, we then define ¢ = g¢ : CP! — CP!
by

q([z 1 w)) = [¢(z,w) : n(z,w)], zweC.

Clearly g is well-defined and G*-invariant. By the identification CP! = C,
it becomes a holomorphic map ¢ : C — C with rational restriction to C
(denoted by the same symbol). The latter is given by

§z,w) €61
n(zw) 0, 1)

By the discussion on the group actions above, G*-invariance of £ and 7
(with common character x¢ = x,) implies that q is G-invariant. g is the
G-invariant rational function we seek.

The cyclic group G = C3 = {( — et % [l =0,...,d — 1} does not fit
in the general framework since it is not the symmetry group of a spherical
Platonic tessellation. Although it is easy to obtain the general Cy-invariant
rational function q : C — C by inspection, it is instructive to go through
the details in this simple case. We first seek the most general CJj-invariant
form & of degree d. C; = Cyq is cyclic so that the character x, is uniquely
determined by its value on the generator ¢ = €7 . Since €2¢ = 1, x¢(€) must
be a 2d-th root of unity, i.e., x¢(€) = €™, for some m =0,...,2d — 1. The
condition of C}-invariance for { reduces to

q(¢) =

(=z/w, z,weC.

£(ez, e tw) = €™€(z,w), z,w € C.

Being homogeneous of degree d, the typical monomial participating in £ is
29w?9, where j = 0,...,d. Substituting this into the equation above, we
obtain €% = ¢™*4. Since € is a 2d-th root of unity, we have

2d|m +d — 2j.

In particular, d|m — 2j, or equivalently, m — 2j = dl for some integer I.
Hence 2d|d(l + 1), and | must be odd. Inspecting the ranges of j and m,
we see that |m — 27| < 2d so that | = +1. We have 2j = m + d so that m
and d have the same parity, j = (m £ d)/2. For | = 1, we have m > d, and
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for I = —1, m < d. The corresponding monomials are

Two linearly independent Cjj-invariant forms of degree d having the same
character (i.e., the same m) exist iff m = d, and, in this case, the general
form is a linear combination of z¢ and w®. Since ¢ = z/w, the general
Cg-invariant rational function ¢ is a quotient of two linearly independent
forms. We obtain that the most general Cy-invariant rational function is a
linear fractional transformation applied to ¢¢. Notice that (¢ vanishes on
the fixed points 0 and oo of the rotations that make up Cy. Analytically, the
fized points are the branch points of q considered as a holomorphic d-fold
branched covering ¢ : C — C, ¢(¢) = ¢4, ¢ € C.

This last remark gives us a clue as to how to obtain invariant forms
for spherical Platonic tessellations. First, we discuss the dihedron with the
special position from Section 1.2. Recall that the vertices of a dihedron are
the d points distributed uniformly along the equator of S? with eg = (1,0, 0)
being a vertex. On C, these points constitute the roots of the equation
¢% = 1. We see that the most general degree d form that vanishes on these
vertices is a constant multiple of z¢ — w?. We set

zd—wd

2
In a similar vein, the most general degree d form that vanishes on the

midpoints of the edges of the dihedron is a constant multiple of 2¢ + w?.
We define

a(z,w) = (1.3.2)

zd+wd

/B(Z7w) = 2

Finally, the two centroids of the hemispherical faces correspond to 0 and
00, and we put

(1.3.3)

v(z, w) = zw. (1.3.4)

We say that the forms a, 3, and v belong to the dihedron. Each of these
three forms are D}-invariant with xo = X, and xy = *1 with +1 corre-
sponding to the cyclic kernel ker x, = C] C D}. The forms «, 3, and v are
algebraically dependent:

24 — ? 2% + w? ?
R ( 5 ) —( 5 ) + (zw)? = 0. (1.3.5)
Notice that the degrees of «, 3, and v are |Dy|/vo, |Da|/v1, and |Dg|/ve
respectively, and consequently, the exponents in (1.3.5) are v, v1, and vs.

It is worthwhile to generalize some of these properties of the forms of the
dihedron. In fact, in each of the remaining cases of Platonic tessellations we
will have 3 forms &g, &1, and & that will be said to belong to the tessellation
in the sense that & vanishes on the projected vertices, &; vanishes on the
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projected midpoints of the edges, and &; vanishes on the projected centroids
of the faces. &, &1, and &, are invariants of the corresponding binary Mobius
group G*, and they have degrees |G|/vo, |G|/v1, and |G|/vs.

Remark. The developments here are essentially contained in Klein [1]. In
trying to make an up-to-date treatment of the subject, we adopted a num-
ber of changes while retaining as much classical terminology as possible.
For example, our notation for the forms &, &1, &2 differs from Klein’s; our
&, 5 = 0,1,2, vanishes on the centroids of the j-dimensional cells of the
Platonic solid.

We claim that, in general, the forms £;°, &%, &5* (all of degree |G|) are
linearly dependent. To see this, recall that, away from the three exceptional
orbits of G on S? (the zero sets of &, &1, and &), all orbits are principal.
Given a principal orbit, we can find a complex ratio pg : wy such that
pobg® + pa&y* vanishes at one point of this orbit. By invariance, this lin-
ear combination vanishes at each point of the orbit. Similarly, for another
ratio p : pa, &yt + p2éy? vanishes on the same orbit. These two linear
combinations are polynomials of degree |G| and both vanish on a principal
orbit containing |G| points. It follows that they must be constant multiples
of each other. We obtain that

A&’ + A&+ A2 =0 (1.3.6)

for some Ag : A1 : Ag. Notice that, for the dihedron, this relation reduces to
(1.3.5).

We finally claim that every G*-invariant form £ can be written as a
polynomial in &y, &1, £&2. We proceed by induction with respect to the degree
of £, and exhibit a factor of £, a polynomial in &, €1, £&2. Consider the zero
set of £. By invariance of &, this set is G-invariant, the union of some G-
orbits. If there is an exceptional orbit among these, then one of &, &1, or &3
divides £. Otherwise, there must be a principal orbit on which £ vanishes.
As above, for a complex ratio g : 1, the linear combination po&g° + 17
vanishes on this principal orbit, and therefore this combination must be a
factor of £. The claim follows.

We now consider the tetrahedron. Applying the stereographic projection
h to the vertices (1.2.12)-(1.2.13) of our tetrahedron, (1.2.5) immediately
gives

1 1 1 1+ 1 1 1 1-14
hl+t—,+—,—|=+—, h i——,$—,——) =4+—-.
<\/§ \/ﬁx/§> V3-1 <\/§\/?_>\/§ V3+1
A form ® of degree 4 that vanishes on these points can be obtained by
multiplying out the corresponding linear factors:

o o= () (32501
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1-—1 1—1
(- () C () 0en

(- () - ()

= 2* — 2V/3i2%w? + wt.

The vertices of the dual tetrahedron are the antipodals of the vertices of

the original tetrahedron. Since h(—z) = —1/h(z), z € 52, (Problem 1.25),
these vertices projected to C are

. 144 . 1—i
V3+1 TV3-1

The corresponding form ¥ of degree 4 is

W = 2% + 2v/3iz2w? + wi. (1.3.8)

The vertices of the tetrahedron and its dual are the two alternate sets of
vertices of the circumscribed cube. As a byproduct, we see that the product
@V vanishes on the vertices of this cube. Multiplying (1.3.7) and (1.3.8),
we obtain

OV (z,w) = 2% + 1424w + wB. (1.3.9)

The midpoints of the edges of any one of the tetrahedra are the vertices
of the octahedron, the intersection of the two tetrahedra. Projected to C,
these are

0,00, £1, +i. (1.3.10)

Since z corresponds to 0, and w corresponds to oo, a form 2 of degree 8
that vanishes on these vertices is:

Qz, w) = zw(2? — w?) (2% + w?)
= zw(z* — w). (1.3.11)

We say that the forms ®, Q, and ¥ belong to the tetrahedron. Recall that
this means that ® = 0 on the vertices, ¥ = 0 on the midpoints of the edges,
and Q = 0 on the centroids of the faces of the tetrahedron. We also see that
the degrees of @, Q, and VU are |T|/vy, |T'|/v1, and |T|/ve. The forms ® and
V¥ are invariants of the binary tetrahedral group 7*: xg = xv with kernel
D3, and € is an absolute invariant of T*. By the general discussion above,
®3, U3 and Q2 are linearly dependent. Comparing some of the coefficients
in ®3, U3 and 02, we have

@3 — 12302 — 3 = 0. (1.3.12)
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It is once again convenient to make another observation about invariant
forms. Given a G*-invariant form &, the Hessian Hess (£) defined by

% %
352 azgw
o°¢ 9%
dwdz Ow?

Hess (€§)(z,w) =

is also G*-invariant. Furthermore, given two G*-invariant forms &; and &;,
the Jacobian Jac (&,&1) defined by

% S
?3

is also G*-invariant. Thus, once we have a G*-lnvariant form &y, we au-
tomatically have two additional G*-invariant forms: the Hessian & =
Hess (£&0), and then the Jacobian & = Jac (o, &1).

We first try this for the tetrahedral form ® of degree 4. Since the Hessian
Hess (®) is of degree 4, it can only be a linear combination of & and V.
By an easy computation, we see that Hess (®) = —481/3i¥. (See Problem
1.26 listing all Hessians and Jacobians of @, ¥, 2.) The Jacobian of ® and
¥ is of degree 6, so that it must be a constant multiple of 2. Working out
the top coefficient we see that Jac (®, ¥) = 32v/3iQ.

Remark. For the dihedral forms «, 3, and « in (1.3.2)-(1.3.4), we have

Hess (a) = — Hess (f) = —d—z(—'{{l—)zfyd'a Hess (y) = 1, and Jac (o, B) =
i1, Jac(a,7) = dB, Jac (B,7) = da

Recall that the octahedral Mobius group contains the tetrahedral Mobius
group. The same is true for the associated binary groups. Thus the O*-
invariant forms are polynomials of the tetrahedral forms ®, ¥, and €. To
obtain the forms that belong to the octahedron, we first note that, by
construction, € is the octahedral form that vanishes on the vertices of the
octahedron. It is equally clear that the form ®V of degree 8 vanishes on
the midpoints of the faces of the octahedron since these points are nothing
but the vertices of the cubic dual. Note also that Hess (2) = —25¥. We
finally have to find a form of degree 12 that vanishes on the midpoints of
the edges of the octahedron. Based on analogy with the tetrahedral forms,
this form of degree 12 must be the Jacobian

Jac (2, ®Y) = @ Jac (N, V) + ¥ Jac (22, ®).

A simple computation shows that Jac (Q,®) = —4¥? and Jac (9, ¥) =
—4®2. Normalizing, we obtain that the middle octahedral form is

Jac (fo,fl zZ, w

@3 + \1]3
5
An explicit expression of this form is obtained by factoring
3 3 1
‘I’_;“‘I’_ = 2@+ 1)(@* - 3V + ¥?)
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1

=5 (@+¥)(2-0)*+07)

= (2* + w)(2® - 342*w* + uw®)

= 212 — 3328w* — 33z%w® + w'?, (1.3.13)
where we used (1.3.7)-(1.3.9). Summarizing, the three forms that belong
to the octahedron are 2, (®3 + ¥3)/2, and ®¥. They are all absolute
invariants of the binary tetrahedral group T*. As octahedral invariants, we
have xo = X(#3+¢3)/2 = £1 with kernel T* C O*, while @V is an absolute

octahedral invariant. A linear relation among Q4, (®%+ ¥3)2/4, and (9¥)3
can be deduced from (1.3.12). Squaring both 31des of the equation

@3_ 3
5 = 6v/3i?,

we obtain

i(@ — 032 = (q>3+\113)2 (®0)® = —1080°.

We thus have
@3 + \113

1080Q* + ( )2 — (97)3 =0. (1.3.14)

Finally we turn to the case of the icosahedron. An icosahedral form Z of
degree 12 that vanishes on the projected vertices (1.2.16) is

(z — W (W? 4 w¥w)

:ﬂk
:j»

I(z,w) = 2w | [ (z = o’ (w + wh)w

3=0 3=0
= zw(z® — (W+w Do) (2® ~ (? + w?)°w®)
= zw(2® —77%w )(z + r°wP)
= zw(210 + 1125uw° — w'?). (1.3.15)

Here we used (1.2.17) and the cyclotomic identity
4
N¥-1=JJr-v)

Jj=0

with the substitutions A = (/(w + w?) and A = {/(w? + w?). In the last
equality in (1.3.15) we used the relation 75 — 775 = 11. (To see this, first
factor the right-hand side as

1 1 1 1
P =(r-= )+ 1+ S+ ).
75 T T2 T4

Squaring the defining relation 7 — 1/7 = 1 we obtain 72 + 1/72 = 3, and
squaring again we get 74 4+ 1/7* = 7. The relation follows.)

7 is an absolute invariant of I*. In fact, all invariants of I* are absolute
since I* has no proper normal subgroup, and thereby no nontrivial charac-
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ter (Problem 1.12). The Hessian Hess (Z) is an absolute invariant of degree
20. Thus, it must vanish on the centroids of the faces of the icosahedron.
Normalizing, a straightforward computation gives

H(z,w) = —— Hess (I) (z,w)

121
= —(2% + w?)
+ 228(215wd — 494210510 — 25w15). (1.3.16)

The Jacobian Jac (Z, H) is an absolute invariant of degree 30, so it must
vanish on the midpoints of the edges of the icosahedron. Once again, direct
computation gives
1
j(Z,U)) = —% Jac (Ia H)(Z,’U))
_( 30+w30)+522( 25 5 Z5w25)
— 10005(22°w0 + 21%20), (1.3.17)

The icosahedral forms Z, J, and H are algebraically dependent. A
comparison of coefficients shows that

1728 7° — J2 — H3 = 0. (1.3.18)
We now return to the general situation. Forming the six possible quotients
of &;° , and £52, we obtain six G-invariant rational functions that solve

our problem Slnce (1.3.6) is a linear relation among these forms, the six
rational functions can be written in terms of each other in obvious ways. A
more elegant way to express these is to use homogeneous coordinates and
write

q:q—1:1=—X287%: M&* : Ao&y°

where ¢ = —X2£52/(Xo&;°). We make an exception for the dihedron and
define g such that ¢ : ¢ —1:1=ca?: 32 : —4™.

Remark. Klein called q the fundamental rational function, and the
problem of inverting ¢ the fundamental problem.

We summarize our results in the following tables:

Platonic solid | G | |G| | vo | v1 | va | & & &
dihedron Dyl 2d | 2|2 ]|d]|a B8 ¥
tetrahedron T |12 3] 213 ]|@ Q v
octahedron | O |24 [4 |2 [3 |0 | 22¥ | o¥
icosahedron I 60 | 52|31 J H
00 + A&t + A26s® =0 g:g—1:1
Ot2—,32+’7d:0 042'/823_")’d
®3 - 12V/3iQ? -3 =0 U3 —12/3i02 : @3

10804 + (24X — (90)3 =0 (<1>\1/)3 (@) : 10804
17287° — J? —H> =0 —-J?*: 172815

~[o RIS
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We are now ready to prove that any finite Mobius group is conjugate to
one of the Mdbius groups listed in Section 1.2.

Theorem 1.3.1. Any finite Mébius group G C M(C) is cyclic, or
conjugate to Dy, T, O, or I.

PROOF. Let G ¢ M(C) be a finite subgroup. Let a,b € C not on the same
G-orbit. Consider the rational function r : C — C defined by

9 —a
rQ)=[[ 55— ¢ecC.
e 9(Q) —b

The condition on a and b guarantees that r is nonconstant. Given Z € C,
to find ¢ € C such that r(¢) = Z, we need to solve the equation

[T —a) =2 [ (5(¢) - b).

9€CG geqG

Multiplying out the denominators in the linear fractions g(¢), ¢ € G, this
becomes a polynomial equation of degree |G| with Z as a parameter. Ex-
tended to C, r becomes a holomorphic |G|-fold branched covering. On the
other hand, r is also G-invariant. It follows that, for fixed Z ¢ C, the so-
lution set of 7(¢) = Z is a single G-orbit, and r : C — C/G = € is the
orbit map. ¢ € € is a branch point iff the G-orbit G(¢) through ¢ is not
principal. In this case, |G(¢)| = |G|/v, and the branch number associated
to ¢ is v — 1. Letting II denote the set of branch points of r, the total branch
number is

B:Z@(V_l)y

/G

where the summation is over all branch values. By the Riemann-Hurwitz
relation (Problem 1.27), the total branch number is equal to 2|G| — 2 since
both the domain and the range have zero genera. This gives

2 1
2— Tl > (1 - ;>.
/G
Notice that this is the same diophantine restriction as (1.1.3). As before, the
sum on the right-hand side either consists of two terms with vy = v; = |G|,
or it consists of three tems with v, 11, and v5 given in the table above.
In the first case, let Zy and Z; be the branch values corresponding to vq
and v;. By performing a linear fractional transformation on the range, we
may assume that Zy = 0 and Z; = oo. For the rest of the cases, let Zg,
Zy, and Z3 be the three branch values. Performing again a linear fractional
transformation on the range, we may assume that these are Zy = 0, Z; = 1,
and Z, = oo, and they correspond to vy, 1, and vg. (In the case of the
dihedron vy and v, are switched.) We arrive at a scenario where the holo-
morphic branched coverings ¢ and r have the same branch points and branch
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numbers. By the well-known uniformization theorem for branched coverings
(Farkas-Kra [1], pp. 219-220), the group G is conjugate to the Mdbius group
that defines q and the conjugation is a linear fractional transformation that
establishes the conformal equivalence of the branched coverings ¢ and 7.
The theorem follows.

Remark. Klein [1] gives an elementary argument to finish the proof
of Theorem 1.3.1. For brevity, we relied on uniformization for branched
coverings.

We complete this section by determining all absolute invariants for our
finite Mobius groups. To formulate our results it will be convenient to intro-
duce some notation. We let C[z,w] denote the ring of complex polynomials
in the variables z,w € C. The group SL(2,C) acts on C[z,w] in a natu-
ral way: g- £ = £og™ !, &€ € Clz,w], g € SL(2,C). This makes C[z,w] an
SL(2, C)-module, a representation space for the group SL(2, C). The linear
subspace W, C C|z,w] of degree p homogeneous polynomials is SL(2, C)-
invariant, a (finite dimensional) SL(2, C)-module itself. We have the direct
sum decomposition

Clz,w] = ZWP.

p=0

For any finite subgroup G* C SL(2,C), the fixed point set WPG* is the

linear space of absolute invariants of degree p for G*. We call C[z,w]%
the ring of absolute invariants for G*. The case of the binary icosahedral
group G* = I* is particularly simple because we saw that any invariant
for I'* is automatically absolute. We also proved that if £ is an I* invariant
form then £ can be written as a polynomial of the basic invariants Z, J
and H. We obtain that £ can be viewed as an element of the polynomial
ring C[Z, J, H]. The representation of £ as a polynomial in Z, J, H is
not unique, however, since the the basic invariants are algebraically depen-
dent. This dependence is expressed in the relation (1.3.18). To make the
representation of £ in terms of the basic invariants unique, we factor the
ring C[Z, J, H] by the principal ideal generated by 1728 Z° — J2 — H3.
We find that the ring of absolute invariants for I* is

Clz,w]” =C|Z, J, H]/(1728T° — J% — H?). (1.3.19)

By Theorem 1.3.1, it remains for us to treat the cases when G is cyclic, or
is one of the binary groups D}, T*, O*.

Let G = Cy be generated by ¢ = e’F viewed as a quaternion. (Here
we are interested in forms rather than the associated rational function and
have changed the notation accordingly.) Since e generates Cy, the condition
of absolute Cy-invariance of a form £ reduces to

£(ez, e tw) = &(z,w), z,w € C.
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It is clear that the dihedral form - defined in (1.3.4) is an absolute invariant.
Since any monomial £ that contains both variables z and w is divisible by =,
we are left with the case where £ is a power of z or w. Since the least power
that makes £ an absolute invariant is d, we see that the ring of absolute
invariants C[z,w]%? is generated by 2%, w?, and zw. Using the dihedral
invariants o and 3, we thus have

C[Z, w]Cd = C[Oé + ﬂva - ﬂvf}/]/((a + ﬂ)(a - ﬁ) - ,Yn)7
or equivalently,
Clz, w]% = C[2%, w?, zw] /(20w — (2w)?). (1.3.20)

Next, let G = D};. Since C}; C D}, the absolute invariants of D} are poly-
nomials in the absolute invariants for C} = Cyq, i.e. they are polynomials
in (a + B)?, (o — B)?, and 7. A simple computation gives the generators:

(@+8)?+(a= 07 v((a+0)?~(a=B)), 7",
or equivalently,
224 4 (x4 ), 22,
The obvious relation between these generators is
(224 4 w2d2:202 — [rw (22 — w?4))? — 420 = 0.

We obtain

Clz, w)Pi = C[z** + w??, 2w (2 — w??), 22w?)/ (1.3.21)

([ + w2 2202 — [rw (2% — w)? — 4[z20?]¢H1),

As noted above, 2, (®3+ ¥3)/2, and ®¥ are absolute invariants of the bi-

nary tetrahedral group T™. A simple computation involving the characters
xo and xg shows that they generate C[z,w]T . We have

3 3 3 3\ 2
Clz,w]T" = c[a,#,w] /<1O8Q4+ (%) - (<I>\1/)3) .

1.3.22
The binary tetrahedral group 7% is a subgroup of the binary oct(ahedra)l
group O*, so that the absolute invariants of O* are polynomials in 2,
(®2 + ¥3)/2, and V. We have xq = X(@3+ws)/2 = £1, and @V is an
absolute invariant. A set of generators for C[z,w]°" is
(I)3 + \IJ3
2

Multiplying both sides of (1.3.14) by 02, we obtain the algebraic relation
between these generators:

0% 0 , DU,

@ 4 U3
a2 +¥

108[Q%)® + [ 5

]2 - Q[®T)? = 0.
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We have

3 3
Clz,w)? = 0[92,9@%@@]/ (1.3.23)

(108[92]3 + [993—’;33] g QZ[<I>\I/]3).

Remark. In Klein’s theory of the icosahedron the absolute invariants play a
crucial role as they solve what he calls the form problem. In fact, he showed
that the inverse ¢! of the fundamental rational function ¢ can be written
as the ratio of the inverses of absolute G*-invariants. In our approach, it
was convenient to express all absolute tetrahedral and octahedral invariants
as polynomials in ®, 0, and V.

We tabulate the results of this section as follows:

G* Absolute Invariants Relation

D; 22d + w2d zw(sz _ w2d) z2w2 [22d + w2d]2z2w2 _ [zw(de _ ,w2d)]2
= 4[z2w?]d+!

T Q 24| oy | 10804 + (%)2 —(®T)3 =0

or| 0242 | oy |108[023+ [Q‘I’s—;‘ﬂ 2—92[@11]3:0

I T J H 172875 - J2 —H3 =0

1.4 Minimal Immersions of the 3-sphere into
Spheres

In this section we introduce the “equivariant construction.” This enables us
to manufacture a variety of minimal immersions of S3 into spheres. The im-
mersions will be realized as orbit maps under the action of SU(2) = S% on
(submodules of) the SL(2,C)-module Cl[z,w|. The equivariant construc-
tion was used by Mashimo [1] to obtain a minimal immersion f : $3 — S8
of degree 6, a minimum codimension example. (For a very general formu-
lation of Mashimo’s result, see Weingart [1], Section 3.2.) Here we follow
the treatment of DeTurck and Ziller [1,2]. We will use some basic results
in the representation theory of SU(2). Standard references are Bérner [1],
Knapp [1], and Vilenkin [1].

As in the previous section, we let W, C Cl[z,w], p > 0, denote the
SU(2)-module of complex homogeneous polynomials of degree p in the
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complex variables z and w. We have dimg W, = p+ 1. The standard basis
in Wy, is {zP~ 9w}t _o. It is well-known that W), is irreducible as a complex
SU(2)-module (a complex representation space for SU(2) with no proper
invariant subspace). In fact, a complex irreducible SU(2)-module W with
dime W = p + 1 is equivalent to W,. We see that

Clz,w] = Z Wy
p=0

is actually the decomposition of the complex SU(2)-module C|z,w] into
irreducible components. For p = 2d even, consider the complex anti-linear
self-map of Way defined by the requirement that it should send z9w??d—9
to (=1)922¢-9y9, ¢ = 0,...,2d. The fixed point set of this map is an
irreducible real SU(2)-submodule Ra4 of Wa4. The complexification of Raq
is Wag4. The standard basis in Ryg is given by
{ZQd—lwl + (_1)lzlw2d—l, Z-(ZZd-—lwl _ (—l)lzled_l)};i:—Ol
U{idzdwd} C Ryy.

When p is odd, W), as a real SU(2)-module, is irreducible.

We now turn to the equivariant construction for the SU(2)-module W,.
(For simplicity, we discuss only the irreducible case. The equivariant con-
struction for reducible SU(2)-modules can be treated analogously, and they
will appear in examples in later chapters.) Consider a nonzero polynomial
&€ € Wp, p> 2. In terms of the standard basis in W,,, we write

P
&(z,w) = cgZ?? 7w, ¢, €C, q=0,...,p. 1.4.1
q q
g=0

Let fe : S — W, be the orbit map through &:
fe(9)=g-€=Eo0Lg, geSU?2) =5

where L stands for left quaternionic multiplication. More explicitly, setting
g=a+jbe 83 a,be C, we have
fe(a+ jb)(z,w) = £(@z + bw, ~bz + aw), z,w € C. (1.4.2)
The definition of f¢ automatically extends to H = R*(D S53), and we
see that the components of f¢ (relative to, say, the standard basis) are
homogeneous degree p polynomials in the real variables R(a), S(a), R(b),
(b).
Being an orbit map, fe is automatically SU(2)-equivariant:
feoLg=g-fe, g€ SU(2).
Indeed, for g,g' € SU(2), we have
(ff 0 Lg)(g,) = fﬁ(ggl) = 5 o L(gg’)—1
= fo L(g/)—l e} Lg—1 =4g- ff(gl).
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We endow W, with an SU(2)-invariant scalar product. (A specific choice
of the scalar product will be given below.) Since SU(2) acts transitively on
S3, the image of f¢ is contained in a sphere of W,,. If £ has unit length, the
image is contained in the unit sphere Sw, = §2P+1 of W,. Restricting, we
obtain a map fg : S® — S?P+L.

Applying the complex form of the Laplacian

o? o?
A= 4(8@8& + awé)’
to both sides of (1.4.2), an easy computation in the chain rule shows that
the components of f; are harmonic (Problem 1.28).

As will be discussed in Section 2.1, a harmonic degree p homogeneous
polynomial on R™*! restricts to an eigenfunction of the spherical Laplacian
AS™ on 8™ C R™*! with eigenvalue p(p + m — 1). (This is based on
comparing the Euclidean and spherical Laplacians.) In our case (m = 3)
we thus have

A5 fe=pp+2)fe,

as vector valued functions. In general, a map f : ™ — Sy into the unit
sphere Sy of a Euclidean vector space V is a p-eigenmap if

AT f =p(p+m—1)f.

Chapter 2 will be devoted to the study of eigenmaps. Comparing the two
equations above, we see that any orbit map f : S3 — Sw, is a p-eigenmap.

To work out the equivariant construction in specific examples, we need
a convenient scalar product on HP, the space of complex valued harmonic
degree p homogeneous polynomials on R* = C2. In general, given x1, x2 €
HP written in terms of the variables z, Z, w, w, we define

0 0 0 0 \._
(X1, X2)HPp = ?R[)a (5—2, %, 2’ 8_w)X2]’ (1.4.3)

where x1 acts on X2 as a polynomial differential operator.

An equivalent form of this scalar product is

1
4prp!
The equivalence of (1.4.3) and (1.4.4) can be seen by working out the
right-hand sides on monomials.

Although less convenient in computations, (1.4.4) shows that this scalar
product is invariant under the action of the orthogonal group SO(4) on
HP, where the latter is given by g+ x = x 0o g™!, x € HP, g € SO(4). (This
is because the Laplacian commutes with isometries.)

<X1, X2>HP = AP ?R(XUZz), X1, X2 € HP. (144)

Remark. Up to a (real) constant multiple, (1.4.3) is the L?-scalar product
defined by integration on S$® C C2. (For the explicit form of (1.4.3) in
terms of the L2-scalar product, see Problem 2.2.) This follows from the
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fact that H? is irreducible as an SO(4)-module, and both the L?-scalar
product and (1.4.3) are SO(4)-invariant. (Indeed, the discrepancy between
two scalar products is made up by a hermitian linear endomorphism A of
HP; cf. Problem 1.30. Since both scalar products are SO(4)-invariant, A is
an SO(4)-module endomorphism. By Schur’s lemma, irreducibility of H?
as an SO(4)-module implies that A must be a complex constant multiple
of the identity. Since A is hermitian symmetric, the constant is real.)

In view of the scalar product (1.4.3), we scale the elements of the standard
(orthogonal) basis in W), so that the new basis becomes orthonormal:

p
L ey c W,. (1.4.5)
(r—q)q! q=0

In a similar vein, for p = 2d, the elements of the standard orthonormal
basis in Ryq are

1
5214_1 = —W(z%_lwl + (—1)l2lw2d_l), l= 0, PN ,d -1
1
Eara = mu’”—’w’ - (-2, 1=0,...,d—1
id d,,.d
§2d41 = 77w (1.4.6)

With these orthonormal bases, we have the following identifications for the
unit spheres: Sy, = $?P*! and Sg,, = %7
We now let p = 2, and work out the orbit map fr for Wy explicitly. As
noted above, for each { € W5 of unit length, f¢ is a quadratic (2-)eigenmap.
A typical element in W; is

£(z,w) = cp2® 4 crzw + cow?,  z,w € C.

Using the scalar product (1.4.3), the assumption that ¢ has unit length in
W, reduces to

2leol® + [er]? + 2fes|? = 1. (1.4.7)
By (1.4.2), the orbit map f¢ : S* — Sy, has the form

fe(a+ 3b)(z,w) = &(@z + bw, —bz + aw)
= co(az + bw)? + ¢1(az + bw)(=bz + aw)
+ ca(—bz + aw)? (1.4.8)
= (co@® — crab + cpb?)2?
+ (2coab + c1(|al?® — |b]?) — 2cpab)zw
+ (cob® + crab + caa®)w?.
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With respect to the orthonormal basis (1.4.5), fe(z,w) = fe(z + jw) can
be written in components as

fe(z,w) = (\/§(0022 — 12w + cow?),
207 + ¢1(|2] — |w|?) = 2co2w,
V2(cow? + ¢ 21 + 0222)),

where we switched back from a,b € C to z,w € C.

Example 1.4.1. In (1.4.7) we set cp = ¢; = 0 and c; = 1/v/2. Then, up
to a permutation and a sign change of the components whose net effect is
an isometry on the range, the corresponding quadratic eigenmap f; is the
complez Veronese map Ver® : §3 — S5 given by

Ver®(z,w) = (22, V22w, w?).

The complex Veronese map defines a holomorphic imbedding of CP! into
the complex projective plane CP2. In terms of homogeneous coordinates,
[X :Y : Z] in CP?, the image is the complex quadric Y? = 2XZ. This is
because, for X = 22, Y = v/2zw, Z = w?, we have

Y? = (V22w)? = 22%w? = 2X Z.

We now restrict £ to the real SU(2)-submodule Ry C W,. This means
that we assume that ¢y = ¢ and c; is purely imaginary. The condition of
sphericality (1.4.7) reduces to

e[ + 4leal®* =1, ¢1 € iR, ¢z € C. (1.4.9)

The elements of the orthonormal basis (1.4.6) for Ry are

1 1 :
& = 5(22 +u?), &= §(z2 —w?), & =iw.

Eliminating ¢y in (1.4.8) and substituting 22 = & + & and w? = §; — &, a
simple computation gives f¢ : S* — S? (in components) as

fg(z, w) = (2%(62(22 + ’U)z) + Clz’LT)),
—2i%(62(z2 — w2) + Clz’LT)),
—icy(|2* = Jw?) + 49(02&0)),
where we switched back to z,w € C again. Since R(c,w?) = R(caw?) and
S(eaw?) = —S(caw?), up to an isometry on the range, this rewrites as
fe(z,w) = (2(c12® + c22% + 62w?), —ie1 (|2[° — [w]?) + 45 (c22w)). (1.4.10)

Here the first component is complex valued, the second component is real
valued (since ¢; is purely imaginary), and we identified C x R with R3.
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Example 1.4.2. Let ¢g = ¢ = 0 and ¢; = i. Up to an isometry on the
range, the corresponding quadratic eigenmap f¢ is the Hopf map Hopf :
S3 — §2 given by

Hopf (z,w) = (|2|* — |w[?, 2zw).

Being an orbit map, Hopf : S — S? is SU(2)-equivariant. The equivari-
ance is with respect to a homomorphism ppops : SU(2) — SO(3) that (for
reasons of dimension) is onto (Problem 1.31).

To generalize Example 1.4.2, we set £(z,w) = cqz%w?, d > 1. If we let
cg = i%/d! then £ is of unit length and is contained in Rpy. We work out
the (2d)-eigenmap f : S — S2¢. We have

fe(a+ jb)(z,w) = cq(@z + bw)?(—bz + aw)?
= ca( (P - pP)zu

d
22 — w2 z2+w2)

— 2R(ab) + 2i(ab)

We recognize that the coefficients (depending on a,b € C) are the
components of the Hopf map:

Hopf°(a,b) = |a|* — |b|?, Hopf'(a,b) = 2R(ab), Hopf*(a,b) = 23(ab).

This means that f¢ : 3 — S2? factors through the Hopf map. The factor is
called the generalized Veronese map Verq : S? — S%¢ of degree d. Replacing
the components of the Hopf map by zp, 1 and x2, the factor is given by

d
Z2 _ ,w2 ) Z2 + ,w2
2 + 1T )

Verqg(z) = cq (:cozw - (1.4.11)
where z = (z9,21,22) € S C R3. The components of Very are homo-
geneous harmonic polynomials of degree d, so that Very : S — S§%¢ is a
d-eigenmap. Harmonicity follows since

0? 9? 0?
A Verg = (Ec_% + —(%—% + 6_933) Verg

=d(d— 1)((zw)2+ (z2 ;w2)2 - (z2 ;wz)z) Verq = 0.

As noted above, the Hopf map is SU(2)-equivariant with respect to the
homomorphism props : SU(2) — SO(3). Thus, Very is SO(3)-equivariant
with respect to a homomorphism pg4 : SO(3) — SO(2d + 1). SO(3) acts
transitively on S2. In addition, at any point 2 € S?, the isotropy subgroup
SO(3), is a circle group with typical element Ry ., the rotation with angle 6
and axis R-z (Theorem 1.1.1 and Section 1.2). SO(3), acts on the tangent
space T, (S?) at x via rotations. Since Very is equivariant, this means that
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the differential of Very at z is, up to a constant multiple ¢(z), a linear
isometric imbedding of T;(5?) into Tyer,(z)(5%?).

We say that Very is conformal with conformality factor ¢ : $2 — R. Since
SO(3) is transitive on S? and Very is SO(3)-equivariant, ¢ is constant. In
general, a map f: S™ — Sy is said to be conformal if

<f*(X),f*(Y)> = C(.T)(X,Y>, X, Y € Tz(Sm)v resm,

where ¢ : S™ — R is the conformality factor.

It is a general fact which will be proved in Section 3.1 (Proposition 3.1.1)
that a conformal p-eigenmap f : S™ — Sy is an isometric minimal immer-
sion with induced metric m/(p(p + m — 1)) times the original metric on
the domain. In particular, keeping the original metric on the domain, the
conformality factor is ¢ = p(p + m — 1)/m. (Some basic definitions and
facts about minimal immersions are assembled in Appendix 2.) Since the
components of a p-eigenmap are restrictions of harmonic degree p homoge-
neous polynomials to S™, we say that a conformal p-eigenmap is a minimal
immersion of degree p. As an example, we see that Verg : S?2 — S%¢ is a
minimal immersion of degree d.

As concluded above, the components of Ver, are (restrictions of) har-
monic degree d homogeneous polynomials on R3. Thus, for d even, Very
factors through the antipodal map giving a minimal immersion of the real
projective plane RP? into §2¢. Inspecting the components of Verg, we see
that this latter immersion is actually a (minimal) imbedding of R.P? into
524 In a similar vein, for d odd, Very is a minimal imbedding of S? into
52,

Remark 1. The components of the Veronese map Very : S? — 5%¢ are
orthogonal with the same norm. This can either be checked by explicit com-
putation (see Problem 2.3), or follows from Schur’s orthogonality relations
(Problem 1.29), or it will follow from the rigidity results (Corollary 2.5.2)
to be found in Section 2.5.

Remark 2. We derived here a somewhat unusual explicit form of the
Veronese immersions Verg : S — 52¢. These will play a primary role
in Section 2.5. Note that harmonicity of Very also follows from a general
composition formula (since the Hopf map is a Riemannian submersion, cf.
Eells-Lemaire [1]) but we preferred to give a direct proof.

For d = 2, we determine the Veronese map Ver = Very : §2 — S*
explicitly. A simple computation gives

2 _ 2
Ver (z) = 02<$14—I2(z4 +w*) — iilcl—;z(z‘1 —w?)

— 2071 (2w — 2w?) + imgza (23w + 203)

z2w2
22— ok —ad) )

2
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Up to constant multiples, the factors involving z,w € C are the five ele-
ments of the orthonormal basis (1.4.6) in R4 (d = 2). Thus, the Veronese
map in components is

Ver (z) = ca(V3(2? — 22), —2V3z 129, —2V3x01, 2V 30,
2z2 — 22 — 22).
As noted above, the image of Ver is RP? minimally imbedded in S*. This
image is called the Veronese surface. Figure 1 shows various stereographic
projections of this surface.

We now return to the general setting. As noted above, in Section 3.1 we
will prove that a conformal p-eigenmap is a minimal immersion of degree
p. Being a p-eigenmap, conformality of the orbit map f¢ means that the
differential (f¢). satisfies

(02X, (fo)o(r)) = E2X2)

where we inserted the actual conformality factor ¢ = p(p+2)/3. Since SU(2)
acts transitively on S3, by SU(2)-equivariance of f¢, conformality holds iff
fe is homothetic (its differential is a constant multiple of an isometry) at
a point, say, 1 € $3. To obtain minimal immersions as orbit maps we thus
have to work out the condition of homothety of f¢ at 1 € $3. To do this, we
identify the tangent space Ty(S%) = T1(SU(2)) with the Lie algebra su(2).
An orthonormal basis in su(2) is given by

2= [iox=[ O v [0] am

Let £ € Wy, p > 4. The condition of homothety gives a set of constraints
on the coefficients ¢4, ¢ = 0,...,p, of the expansion (1.4.1) of £&. We derive
these constraints in the remainder of this section.

The 1-parameter subgroup in S® = SU(2) corresponding to Z € su(2) is
t — e, t € R. This is because € acts on z + jw € S3 by left quaternionic
multiplication as

(X,Y), X,Y € To(S®), z € S?,

e (z + jw) = €'z + je w,

and, differentiating at ¢t = 0, we obtain that d/dt|;—oe’* € su(2) is a diagonal
matrix with diagonal elements ¢ and —i, and this is Z. Using (1.4.2) we
now compute

(Fe(2) = & fele")molz,w)
d

— a‘g (e‘“z,eitw)h:o

- d i(2g—p)t p—q, .4
——-E Cq€ lt=02""Tw
dt
g=0
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P
’Z 2 — p)cgzP~ .
q=0
Similarly, the 1-parameter subgroup in S® = SU(2) corresponding to X €
su(2) is t + cost — jsint, t € R. This is because
(cost — jsint)(z + jw) = (costz + sintw) + j(costw — sintz)

and, differentiating at ¢ = 0, this becomes w — jz.
Using this and (1.4.2), we have

(fe)«(X) = C%fg(cost — jsint)|i=o(z, w)

= %f(zcost —wsint, zsint + wcost)|;—g

p

d
Zcht (zcost —wsint)P~9(zsint + wcost)? =g
=0
p—1
z—Z(p q)cgZPTI 1wq“-l-z:qc 2Pt lgyat,

=0 g=1

Finally, by similar computations

p—1
(fe)«(Y) =~ (Z(p q)eg?” ™ 1w‘1+1+ch POl ya- 1)

q=0 g=1

We evaluate all possible scalar products of these with respect to (1.4.3). We
find that f¢ is homothetic at 1 € S3 iff the following system of equations
is satisfied:

P
> p- gl P =1
q=0

Y4
2
(20— 0~ laleg? = P22,
g=0
p—2
D (g+2)!(p— 9)lcgBar2 =0, (1.4.13)
q=0
p—1
Y (P29~ 1)(g+ D!(p — q)lcglqr1 = 0.
q=0

Indeed, the first equation expresses the fact that |£|2> = 1. The second
equation is equivalent to |(f¢)«(Z)|? = p(p + 2)/3. (As noted above, the
conformality factor for f; is necessarily p(p + 2)/3.) Using the first two
equations, the real part of the third equation is equivalent to |(f¢).(X)|> =
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p(p + 2)/3, etc. Altogether, we have 6 constraints on the 2(p + 1) real
variables R(c,) and S(c,), ¢ =0,...,p.

For p = 2d even, to reduce the range dimension, we require £ € Ryg so
that f¢ will map into Ryq. Using the definition of Ryy C Wag, we obtain
that this additional requirement for £ translates into

_ _ d+1=
Cod = €0, C2d—1 = —C1,...,Ca+1 = (1) ¢4_1,

cg=1i%, rcR. (1.4.14)
These give 2d + 1 additional constraints. With these the polynomial £ in
(1.4.1) reduces to

2d—1

€ = cpz? + G + 12 w—crzw? 4 idrfut. (1.4.15)

Using the constraints in (1.4.14) again, the system of equations (1.4.13) for
Ryd, expressing that fe : S — 524 is a minimal immersion of degree 2d,
reduces to the following

d—1
> 2(2d - g)lglleg* + (d)?r® =1,

q=0

d—1
4d(d + 1

+32(20 - 2)%2d - @)glleg? = 2HETY),

q=0 3
d-3

2(q +2)Y(2d — q)leglqra + (1) ((d+ )23, (1.4.16)
g=0
+(=i)%2d)(d + 2)!cq_or = 0,

d—2
Z(Zd ~2g — 1)(g + 1)1(2d — q)lcgCqr1 + (—4)%d!(d + 1)lcg_17 = 0.
q=0

1.5 Minimal Imbeddings of Spherical Space Forms
into Spheres

In this section we apply the equivariant construction to the absolute invari-
ants derived in Section 1.3, in order to obtain isometric minimal imbeddings
of all three-dimensional homogeneous spherical space forms into spheres.
Our exposition follows DeTurck-Ziller [1,2].

Recall from the previous section that the orbit map fe : S3 — Sw,
defined in (1.4.2) is a minimal immersion of degree p iff the coefficients of £
in (1.4.1) satisfy the system (1.4.13) of quadratic equations. Let { € W, be a
solution of the system (1.4.13) and assume, in addition, that £ is an absolute
invariant for a finite subgroup G* of SU(2). The equivariant construction
applied to ¢ then gives an SU(2)-equivariant minimal immersion f¢ : S —
S§2P+1 that factors through the action of G* on $2, and gives a conformal
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minimal immersion f¢ : $3/G* — S?P*! (denoted by the same symbol).
Indeed, using the definition of the orbit map f; and right quaternionic
multiplication R, for g,¢’ € S% = SU(2), we have

ff ° Rg(gl) = fﬁ(g,g) = 6 o L(g’g)—1 = § © Lg'1 o L(g’)‘1 = fE © Lg‘l(gl)'
Equivalently

f§ (o] Rg = fEOLg—l .

If g € G*, then {o Ly-1 = &, so that fco Ry = f¢. Hence f¢ factors through
the projection S* — $3/G*, where S3/G* is the homogeneous space of
right-cosets.

The factored map is an imbedding iff G* is the full invariance group of
¢, i.e. for g € SU(2), we have £og =€ iff g € G*.

If £ lies in Rag4, p = 2d, then the range dimension reduces to 2d.

In this section we will compile a comprehensive list of minimal imbed-
dings of all homogeneous three-dimensional spherical space forms into
spheres with minimum range dimension.

The cases of binary tetrahedral, octahedral, and icosahedral groups are
technically simpler than the cyclic and binary dihedral groups. In fact, for
G =T, O, I, choosing ¢ the minimum degree absolute invariant in Rag,
d = 3,4, 6, the equivariant construction will automatically give a minimal
imbedding fe : 53/G* — S2°.

For G = T, the minimum degree absolute tetrahedral invariant is €2,
given by (1.3.11). We compare a constant multiple of Q with a typical
element in Rg:

2 3

&(z,w) = co2® + Gouw® + c12%w — &1 20° + co2*w? + G 2wt —irz3w?, r e R.

Letting cg = ¢ = r = 0, and ¢; real, we obtain £ = ¢1{2. Substituting these
coeflicients into (1.4.16), we see that the first two equations are equivalent,
and they give us

1
44/15

The last two equations in (1.4.16) are automatically satisfied. We call the
orbit map fq, /(4v/T5) the tetrahedral minimal immersion and denote it by

C1 =

Tet : S3 — S6. The full invariance group of 2 is T* since there are no
degree 6 absolute invariants for the larger groups O*, or I'*. Thus, the tetra-
hedral minimal immersion defines a minimal imbedding of the tetrahedral
manifold S3/T* into S°.

Remark. A result of Moore [1] states that a minimal isometric immer-
sion f: 8™ — S§" with n < 2m — 1 is totally geodesic (Appendix 2), in
particular, the image of f is a great m-sphere in S™. (Here the metric on
S™ is suitably scaled.) The tetrahedral immersion Tet : S3 — S®, being a
minimum range dimensional (non-totally geodesic) example from S3, shows
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that Moore’s lower bound cannot be improved in general. This immersion
has an interesting history. Before Moore’s lower bound there have been sev-
eral conjectures as to what the minimum range dimension of a (non-totally
geodesic) minimal immersion should be, for example, DoCarmo-Wallach [1]
suggested m(m + 3)/2 — 1 for immersions of S™. However, subsequently,
Ejiri [1] showed the existence of a minimal immersion of degree 6 into S°.
He also proved that this immersion is totally real with respect to the nat-
ural almost-complex structure of S°. His construction was implicit as he
was using the fundamental theorem for isometric immersions. Mashimo [1]
constructed this immersion more explicitly as an SU(2)-orbit using the
equivariant construction described in this text. He also showed that every
totally real immersion of S2 into S8 of degree 6 differs from this immersion
by an isometry of the range. Dillen-Verstraelen-Vrancken [1] observed that
this immersion is a 24-fold cover of S to its image in S®. The final step was
completed by DeTurck-Ziller [1] who, by making use of absolute invariants,
proved that the image is the tetrahedral manifold S3/T*. Rigidity of the
tetrahedral minimal immersion among all degree 6 minimal immersions of
S3 into S® remains an unsolved problem (see Escher-Weingart [1]).

For G = O, the minimum degree absolute octahedral invariant is ®¥
given in (1.3.9). A typical element £ in Rg (d = 4 in (1.4.15)) reduces to a
real constant multiple of ®W if ¢ is real, ¢4 = 14¢g, cs = ¢y, and the rest of
the coefficients are zero. Substituting co®¥ into (1.4.16), we see that the
first two equations are equivalent and give

1
Cp = ——,
°7 9621

and the last two equations are automatically satisfied. By Theorem 1.2.4,
the binary octahedral group O* is a maximal finite subgroup in SU(2). In
particular, we see that O* is the full invariance group of ®¥. The orbit map
gives the octahedral minimal immersion Oct : S3 — S8, and factoring, we
obtain a minimal imbedding of the octahedral manifold S3/O* into S8.

For G = I, the minimum degree absolute icosahedral invariant is Z given
in (1.3.15). A typical element & in Ry2 (d = 6 in (1.4.15)) reduces to a real
constant multiple of Z if ¢; is real, cg = 1lci, c31 = —c¢1, and the rest of
the coefficients are zero. Substituting ¢;Z into (1.4.16), we see again that
the first two equations are equivalent and give

1
= ——,
1 3600v/11

and the last two equations are automatically satisfied. As before, I* is the
full invariance group of Z. We arrive at the icosahedral minimal immer-
sion Ico : 83 — S'2 that defines a conformal minimal imbedding of the
icosahedral manifold S3/I* into S'2.
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Remark 1. It may seem coincidental that, for G = T, O, I, the first two
equations in (1.4.16) are equivalent and the last two are automatically
satisfied. We claim, however, that, for any { € Raq, d = 3,4,6, f¢ is a
minimal immersion of degree 2d, so that the only constraint in (1.4.16) is
coming from the first equation (scaling the range of f¢ to lie in the unit
sphere).

Let G* C §% = SU(2) be the binary group corresponding to G = T, 0, I.
We first prove that the isotropy representation of G* on the tangent space
T,(53/G*) at o = {G*} is irreducible. (We will use some basic notions
on homogeneous spaces, cf. Helgason [1].) Since G* is finite, the canonical
projection S3 — $3/G* is a local diffeomorphism, and its differential at
1 € S$3 is a linear isomorphism 731(S%) = T,(S%/G*). This isomorphism
carries the isotropy representation of G* to a linear representation of G*
on T1(S3). By the very definition of the isotropy representation, the rep-
resentation of G* on T1(S%) is given by the differential (at 1 € S3) of
conjugations: ¢ — gqg~ !, ¢ € S, g € G*. On the other hand, the tangent
space T1(S3) C H can be identified by the orthogonal complement of R.- 1
in H. This is the space Hy of pure quaternions spanned by 4,5,k €C H.
The representation of G* on Hj is given by conjugation. Summarizing, we
see that the isotropy representation of G* on T,(S3/G*) can be identified
with the representation of G* on Hy given by quaternionic conjugation. It
is well-known that conjugation by a quaternion g with nonzero pure part
restricts to a rotation in Hy = R3 (Berger [1], Section 8.9). For g = a + p,
a € R, 0 # p € Hy, the rotation axis is R - p and the angle of rotation 6
satisfies tan(0/2) = |p|/|a| if a # 0, and 8 = 7 for a = 0. Setting g = 2+ jw,
where z and w are given in (1.2.9), the rotation that corresponds to g under
the stereographic projection h via Theorem 1.2.1 differs from the rotation
defined by conjugation with g by a negative quarter-turn around the second
axis. Indeed, on the variables zg, 1, z2, this quarter-turn has the following
effect

o> —T2, T1H>T1, To2tr>Xg.

Performing this in (1.2.9), the quaternion z + jw becomes

(s (2) s (2) ) (s () - 1)
s (2 o (2) 5 b

The real part of this quaternion is @ = cos(6/2) and the pure part is
p = sin(f/2)z. Thus, conjugation by this quaternion has axis R-p = R -,
z = (x9, 1, Z2), and angle of rotation is # (since |p|/|a| = tan(6/2).).
Summarizing again, we see that the isotropy representation is nothing
but the representation of G* on R3 given by the binary cover of the group
of symmetries of the respective Platonic solid whose position differs form
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the one we chose in Section 1.2 by a quarter-turn around the second axis. Ir-
reducibility of the isotropy representation of G* on S3/G* follows. Finally,
if f: 8% — Sg,, is any SU(2)-equivariant eigenmap with G* as an invari-
ance group, where G =T, 0, I, then f is automatically conformal, thereby
a minimal immersion. Indeed, by SU(2)-equivariance, conformality needs
to be checked only at T;(S%). By G*-invariance, the scalar product on Rag
pulled back to T,(S3/G*) by f is G*-invariant. Since G* acts irreducibly
on T,(53/G*), this pullback must be a constant multiple of the canonical
scalar product on T,,(S3/G*) = T1(S3). (This is the real version of Problem
1.30.) This gives us conformality of f.

Remark 2. It is clear that a minimal immersion f¢ : S — Sg,, of degree
2d is a minimum codimension example among SU(2)-equivariant minimal
immersions (with harmonic homogeneous polynomial components of degree
2d). One might be tempted to conjecture that fe is also minimum codi-
mensional among all minimal immersions of degree 2d. Escher-Weingart
[1] proved that this was false, providing examples of minimal immersions
fe 1 83 = S™ of degree 36 and n < 36.

The cases of cyclic and dihedral groups are more technical. We start
with the dihedral group Dg4. An easy computation shows that powers of
the generators z2¢ + w??, zw(2%¢ — w??), and 2%w? of the ring of absolute
invariants (Section 1.3) do not satisfy (1.4.13) so that we need to take
linear combinations. Consider £(z,w) = c(2%¢ + w??) + cgz%w? in Woq.
First, assume that d is even. Substituting the coefficients into (1.4.13), we
see that the last two equations are automatically satisfied for d > 4, and
the first two give us

9 d+1 5 2d-1
leol” = Gaay @ leal” = 33z
If we choose both ¢y and ¢y real, then £ lies in Raq C Woy since d is even.
The equivariant construction applied to ¢ thus gives a minimal immersion
fe + S — 5?7 of degree 2d which factors through the orbit map under
D3, and defines an immersion of the prism manifold S3/D7 into S24. The
question is whether this latter map is an imbedding; or, what is the same,
whether DY is the full invariance group of §. This is certainly not the case
for d = 4, since |c4|?/|co|? = 142, and, in this case, £ reduces to a constant
multiple of ®¥, an absolute invariant of O*. For d > 6 even, however, D
is the full invariance group of £. Indeed, let G be the full invariance group
of £. It cannot be cyclic since it contains D). It cannot be any of T*, O*,
or I'*, since these do not contain D}, for d > 6. Finally, if Gg is dihedral, it
must be Dy ;, k > 1. Since £ must be an absolute invariant of this group,
and, for k > 2, the only absolute invariant of degree 2d for G is z%w? (that
does not give a minimal immersion), we must have k = 1. Summarizing,
we obtain that, for d > 6 even, f¢ : S — $?¢ is a minimal immersion
that factors through the orbit map and gives an imbedding of the prism
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manifold $3/D% into $2?. For d > 5 odd, the invariance group of ¢ contains
only Ca4 and not D by the presence of the odd power of zw. In fact, Caq
is the invariance group of £ as can be shown by an argument similar to the
above. Choosing ¢y real and ¢4 purely imaginary, we land in Ryq since d
is odd. The equivariant construction applied to £ gives rise to a minimal
imbedding fe : S° — 52¢ that factors through the orbit map of Cyq and
defines a minimal imbedding of the lens space L(2d;1) into S%¢.

To obtain the missing minimal imbeddings of the prism manifolds $3/D?
for d odd, we set £(z,w) = crzw(2?? — w??) + ¢4z it If d > 7
then the procedure above works and we arrive at a minimal immersion
fe : §% — S§%4+2 that defines a minimal imbedding of $%/D} into S24+2,

The remaining cases of the missing low-order binary dihedral groups
and the cyclic groups can be treated similarly. For completeness, we have
compiled the final table showing the absolute invariants and the associ-
ated minimal imbeddings. Note that the notation is adjusted so that all
coefficients are real.
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Domain Absolute Invariant Coefficients Range
L(2d;1) | crzw(22? + w?) +icg 120wt | 2 = %}%2()‘1(—%4!—) §2d+2

deven A= gfi—‘i:r%)'!—?g
d>4
L(2d;1) co(2%¢ + w??) + icgztw? 2= 6—5(—% S§2d
dodd = @2(‘%—;)%—)5
d>5
L(d; 1) 023 + cgz20ud 2= J—(Jg,,}m G6d+1
dodd 2= Z{%—!
L(4;1) co2® 4 cgz?wb co = 72\1/5 S17
% = 36%
L(6;1) c0z% + cazBw3 co = 9—2—\/5 S13
o = 25
S3/Dy, co(224 + w?d) + cqztuwd 2= ﬁi(ﬂ;;_)! 52d
deven ;= 3?1%;!}2
d>6
S3/D:§ clzw(z2d = de) + Cd+lzd+1wd+l c% — %1;2—_32)((;;_?!) §2d+2
dodd By = S
d>"7
S3/D5 | co(l4z*w* + 282%w?(2* + w?) co = 584_——1/2_1 S8
=3(28 + wd))
S3 /D3 crzw(z” — w') + cyztw? c1 = 18\1/5 S8
G4 = 7;\/\/3_1
S3/D; co(28 + wh + 14iz%w?) 0 = Govai s
S3/D¢ c1(zw(2'0 — w'0) + 11425w8) e = ﬁ)o—l\/ﬁ s#
S3/T* cozw(z* — w?) co = 4—1\/1-? S6
53/0* co(28 + 14z%w* + w?) co = 96\1/ﬁ S8
S3/1* cr(zMw + 112808 — zw!t) c1 = Wool_\/ﬁ S12
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Scaling the metric on the range appropriately, a conformal immersion be-
comes an isometric immersion. (Recall that the conformality factor is a
constant.) We obtain the following result of DeTurck and Ziller:

Theorem 1.5.1. Every homogeneous 3-dimensional spherical space form
admits a minimal isometric imbedding into a sphere (of appropriate radius).

Remark. The DeTurck and Ziller’s résult applies to all domain dimensions.
We restricted ourselves to 3-dimensional spherical space forms here for
brevity.

1.6 Additional Topic: Klein’s Theory of the
Icosahedron

According to Galois theory, a polynomial equation is solvable by radi-
cals iff the associated Galois group is solvable. The Galois group of an
irreducible quintic (degree 5) polynomial is a subgroup of Ss. Hence, an
irreducible quintic polynomial whose roots cannot be obtained by root for-
mulas has Galois group As or Ss. If the Galois group is S5 then, adjoining
the square root of the discriminant to the ground field, the Galois group
for this extended ground field becomes As.

On the other hand, we saw in Section 1.1 that the symmetry group of the
icosahedron is isomorphic with As. The question arises naturally whether
there is any connection between the the solutions of quintic equations and
the icosahedron. This is the subject of Klein’s famous Icosahedron Book
(Klein [1]). It creates a subtle but explicit correspondence between the
two interpretations of the same group .As: as a Galois group of a nonsolv-
able irreducible quintic and as the symmetry group of the icosahedron. We
devote this section to a sketch of Klein’s main result. We will treat the
material here somewhat differently than Klein, and rely more on geometry.
Unlike the Icosahedron Book, here we take as direct path to the princi-
pal result (Klein’s “Normalformsatz”) as possible. Due to the complexity
of the exposition, we divide our treatment into subsections. Other than
Klein’s wonderful classic, a slightly more detailed account of our approach
is in Toth [3]; for a technically different treatment, see Schurman [1]. We
will use some basic concepts and facts from Galois theory; the principal
reference for this is Artin [1].

A. Polyhedral Equations

In Section 1.3, for each finite M6bius group G we constructed a rational
function ¢ = q¢ : C — € with invariance group G. Geometrically, ¢ is the
projection of a holomorphic |G|-fold branched covering between Riemann
spheres, and the branch values are Z =0, Z = 1, and Z = oo, with branch
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numbers vy, v, and vy minus 1. (In the case of the dihedron vy and v, are
switched.) As noted in the proof of Theorem 1.3.1, for a given Z € C, the
equation ¢(¢) = Z for ¢ can be written as a degree |G| polynomial equation

P(¢) — ZQ(¢) =0, (1.6.1)

where ¢ = P/Q with P and Q) being the polynomial numerator and denomi-
nator of ¢ (with no common factors). We call (1.6.1) the polyhedral equation
associated to G. Clearly, this equation has |G| solutions counted with mul-
tiplicity, and depending on the parameter Z. We now discuss solvability of
(1.6.1) in each particular case of G.

The case of the cyclic group Cy is obvious, since the associated equation
is ¢(? = Z, and the solutions are simply the d-th roots of Z.

We now consider the equation of the dihedron. Using the second table
in Section 1.3 along with (1.3.2) and (1.3.4), ¢ = ¢p, works out as

_alzw)? (% —w?)?
qD, (C) - _")/(Z,’w)d - Az0qd
_ -1
=S =% (1.6.2)

where, as usual, { = z/w, z,w € C. Multiplying out, we obtain the equation
of the dihedron

¢* 4222 -1)¢+1=0,

which is a quadratic equation in (2. The solutions are

C=api(2) = {1-22+2/Z(Z +1).

We see that inverting ¢p, amounts to extracting a square root followed by
the extraction of a d-th root.

For the equation of the tetrahedron, using (1.3.7)-(1.3.8), we have
U(z,w)3
O(z,w)3
(24 +2v/3i22w? + w4)3

24 — 20/3i22w2 + wt
_ (C“ +2v3i¢* + 1)3 _

¢4 —2v3i¢2 +1
Taking cubic roots of both sides, we obtain a quadratic equation in (?
that can be easily solved. Inverting g7 amounts to extracting a cubic root

followed by the extraction of two square roots. Comparing the expression
of g just obtained with (1.6.2) for d = 2, we have

).

qr(¢) =

2

_ (4D, (C) —é
ar(©) = (7qu o

""|=a oy
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As noted in Section 1.3, the octahedral invariants can be written as poly-
nomials in the tetrahedral invariants. Using the second table in Section 1.3
again, we have

w0 _ (@)
w()—1 (@ + 192
(/8)° z

T (@R + 2?2 Z-1

where we omitted the arguments z,w for simplicity. Multiplying out, we
obtain a quadratic equation in (¥/®)3. Since this is gr((), we see that
inverting go amounts to extracting a square root, followed by the extraction
of a cubic root, and two square roots.

Remark. In view of Galois theory, the specific sequence of roots is not
surprising since O has a composition series O = S4 D A4 D Dy D Cy D {e},
and the indices of the consecutive normal subgroups are 2, 3, 2, 2.

For the icosahedron, we have

fH3

Multiplying out, we obtain the equation of the icosahedron
H3(¢,1) — 1728 ZT5(¢,1) = 0.

Using the explicit forms (1.3.15)-(1.3.17) of the icosahedral invariants, this
rewrites as

((¢* +1) —228(¢™° — °) +494¢'°)° (1.6:3)
+1728Z¢5(¢10 +11¢ — 1)° = 0.

Due to the presence of Z, a natural ground field for this equation is the
field of rational functions k(Z) over k = Q(w), where w = €'¥ is a fifth
root of unity. Here we adjoined w to Q to ensure that the linear fractional
transformations (1.2.23) in the icosahedral group I = A5 are defined over
k (i.e., the coefficients in (1.2.23) are in k). Since ¢;(¢) = Z, and ¢ is
rational over k, the field of rational functions k(¢) is an extension field
of k(Z). The icosahedral group I acts on k(¢) by k(Z)-automorphisms
(automorphisms of the field k(¢) that leave k(Z) pointwise fixed), where
g€ Tactsonr €k(()asg-r=rog ! In fact, since invariance group
of q; is I, the fixed field is k(¢)! = k(Z). We obtain that k(¢)/k(Z) is
a Galois extension with Galois group I. The equation of the icosahedron
has splitting field k(¢) over k(Z); the solutions are linear fractions that
represent the linear fractional transformations in I. Since I is transitive on
the solutions, we see that the equation of the icosahedron is irreducible over
k(Z). (Notice that this argument applies to the other polyhedral equations
as well. Hence all polyhedral equations are irreducible over k(Z), where
k is the appropriate ground field.) By Galois theory, the equation of the
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icosahedron cannot be solved by radicals since the Galois group I = Aj
is not solvable. (In contrast, as we have seen above, the equations of the
dihedron, tetrahedron, and octahedron are solvable by radicals, since the
octahedral group is solvable.)

The question arises naturally as to what kind of additional “transcen-
dental” procedure is needed to express the solutions in an explicit form.
In this subsection we will briefly indicate that any solution of a polyhe-
dral equation can be written as the quotient of two linearly independent
solutions of a homogeneous second-order linear differential equation with
exactly three singular points, all regular. These differential equations are
called hypergeometric (Ahlfors [1]). Equivalently, we will show that, for each
spherical Platonic tessellation, the inverse ¢~! of the rational function q is
the quotient of two hypergeometric functions.

Consider the Schwarzian S(f) of a (possibly multiple valued) holomor-
phic function f, defined by

0= (5)-3(6)

It is well-known that S(f) is invariant under any linear fractional transfor-
mation, in fact, this property can be used to define S (Klein [1]). Let G
be a finite M6bius group, and consider the holomorphic branched covering
qg = qg : € — € with invariance group G. By definition, for given Z,
the solutions of the associated polyhedral equation are simply the elements
in the inverse image ¢~!(Z), a single G-orbit. By G-invariance, when we
compose ¢~ ! with a linear fractional transformation in G, we pass from a
single valued branch of ¢~! to another. By the characteristic property of
the Schwarzian, the function s = S(g~!) must be single-valued. Since it is a
self-map of C its restriction to C must be a rational function. The poles of
s(at Z=10,Z =1, and Z = 00) can be calculated explicitly by expanding
¢! into Laurent series around these points, and differentiating according
to the recipe provided by the Schwarzian. Following Riemann, the poles
determine s uniquely so that an explicit form of s can be derived. It is also
well-known that the solutions of the third-order differential equation

Sgh=s

are linear fractional transformations applied to linearly independent
solutions of a homogeneous second-order linear differential equation

2" =a(2)2 +b(Z)z, (1.6.4)
where a and b are rational functions with
1
s=a — 5a"’ —2b (1.6.5)

(again, see Ahlfors [1]). Setting a(Z) = 1/Z, and b satisfying (1.6.5), it
turns out that (1.6.4) has exactly 3 singular points, all regular. Thus, this
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particular differential equation is hypergeometric, and the solutions are hy-
pergeometric functions. We obtain that ¢~! can be written as a quotient
of hypergeometric functions.

Remark. In 1873 Schwarz classified all hypergeometric differential equa-
tions with finite monodromy groups. The reflection principle (named after
him) applied to holomorphic solutions of a hypergeometric differential equa-
tion (with singularities at 0, 1, o) on the upper half-plane gives Klein’s
fundamental rational function g.

B. The Tschirnhaus Transformation

We are interested in reducing the general irreducible quintic

¢®+a1¢* + a2’ + as(® + asl + a5 =0, (1.6.6)
to a simpler form
O+ a1t + aaC® 4+ a3C® + aal + a5 =0, (1.6.7)

in which some (but not all) coefficients vanish. This reduction will be
accomplished by the so-called Tschirnhaus transformation. The general
Tschirnhaus transformation is given by a polynomial f in ¢ of degree < 4
with coefficients in Qlas,...,as]. The coefficients depend on parameters
Al1,. .., A4 to be chosen appropriately. We define

4
E=Y ¢, (1.6.8)
=1
where
1 4
C(l)ZCl—EZCle l=1,...,4, (1.6.9)
§=0

and (o, - . ., (4 are the roots of (1.6.6). @; = 0, az = 0, etc. in (1.6.7) amount
to polynomial equations in the coefficients Ay, ..., A4. The polynomials in-
volved will be of degree < 4, so that the equations can be solved by root
formulas.

We begin by noticing that on the right-hand side in (1.6.9) the sum of
powers is a symmetric polynomial in the roots, and thus, by the fundamen-
tal theorem on symmetric polynomials, it can be expressed as a polynomial

in the coefficients ay, ..., as in (1.6.6). For example, since
4 4
Y G=-a, Y ¢ =a]-2a,
1=0 1=0
we have

a 1
W =c+ ?1’ ¢ =¢2_ 5 (ag - 2a2>, (1.6.10)
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The Tschirnhaus transformation ¢ acts on (1.6.6) by transforming its roots
¢j, to the roots (; of (1.6.7), where

4 4 4
. 1 .
QZE:MQUZE:M(Q—5§:¢>,g=m“w4 (1.6.11)

Since

we have
a =0

for any Tschirnhaus transformation.
Setting A\ = 1, Ay = A3 = Ay = 0 in (1.6.8), the simplest Tschirnhaus
transformation is
s a
(=¢W=¢+2
5
This makes only a; vanish.
Next, we look for a Tschirnhaus transformation which gives a; = 0.
Setting Ay = A, A2 = 1, A3 = Ay = 0, our Tschirnhaus transformation
takes the form

¢=xW+¢®, (1.6.12)

:A<C+%>+<2_%(G[§—2a2),

where A € C is a parameter to be determined. Since @, = 0, the vanishing of
a2 in (1.6.7) amounts to the vanishing of Z?:o ﬁf. This gives the following
quadratic equation for A:

4 4

Y G =30 ¢y

LY
Il
(=]
[
Il
o

Again, by the fundamental theorem on symmetric polynomials, the coef-
ficients of the quadratic polynomial in A depend only on a1,...,a5. The
corresponding quadratic equation can be solved for A in terms of a1, ..., as.
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The two solutions for A involve the square root of the quadratic expression

(S0) - S

§=0

This is the discriminant § multiplied by (3°%_(¢{")2)2. We have § € k
J=0%5j5

(since k O Q|as,...,as)) but, in general, v/§ ¢ k so that /& needs to be
adjoined to the ground field k.

Remark 1. Bring (in 1786) and Jerrard (in 1834) showed independently
that a suitable Tschirnhaus transformation can make d;, a2, and as
simultaneously vanish. The corresponding quintic

O +a+as=0,

is called the Bring-Jerrard form. By scaling, the Bring-Jerrard form can be
further reduced to the special quintic

22 +z—c=0.

A root of this polynomial is called an ultraradical and it is denoted by +/c.
Using this equation, an ultraradical can be easily expanded into a conver-
gent series. Bring and Jerrard thus showed that the general quintic can be
solved by radicals and ultraradicals. The relation of this special quintic to
the so-called modular equation was used by Hermite who pointed out that
the general quintic can be solved in terms of elliptic modular functions.
In our discussion we restrict ourselves to the two simplest Tschirnhaus
transformations.

Remark 2. Tschirnhaus transformations can also be used to obtain a re-
duced quintic with @; = ag. This is called a Brioschi quintic. The approach
that uses this reduction of the general irreducible quintic is given in Fricke
[1], Vol. II, and Schurman [1].

Summarizing (and adjusting the notation) the problem of solvability of
the general quintic can be reduced (at the expense of a quadratic extension
of the ground field) to the solvability of the equation

P(¢) = ¢® +5a¢% 4 5b¢ + ¢ = 0, (1.6.13)

where we inserted the numerical factors for later convenience. A quintic
such as this with vanishing degree 3, and four terms is said to be canonical.
For future reference we include here the discriminant

s= I -¢7 (1.6.14)

0<j<i<4

of (1.6.13) as a polynomial in the coefficients a, b, c:

s _ 108a°¢ — 135a*b? + 90a?bc? — 320ab3c + 2566° + 2. 1.6.15
55
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This formula can be obtained by a somewhat tedious but elementary
computation.

Consider the roots (p,...,(s of the canonical equation (1.6.13) as ho-
mogeneous coordinates of a point [y : ... : (4] in the complex projective
4-space CP*. (In what follows we will use some basic facts in projective
geometry; cf. Berger [1], Section 14.1.) The trivial case P(¢) = ¢> needs to
be excluded since it gives (o = ... = {4 = 0. Since ordering the roots cannot
be prescribed universally, there are 120 projective points obtained from one
another by permuting the coordinates which correspond to the solutions of
(1.6.13). To incorporate this ambiguity, we consider the symmetric group
Ss acting on CP* by permuting the homogeneous coordinates. Thus the
120 points form an orbit in CP* under the action of Ss.

Since our equation is canonical, the roots (p,..., (4 satisfy the relations
4 4
Zgj =0, ¥ ¢=0. (1.6.16)
3=0 j=0
Hence [(o : ... : (4] lies in the (smooth) complex surface

Q():{[CO:...:<4]ECP4

4 4
2 G=)G= 0}'
=0 =0

Qo can be identified with the standard complex projective quadric once we
identify the complex projective 3-space CP? with the linear slice CPg of
CP* defined by Y°7_ ¢; = 0. We thus set

4
> ¢ = o}. (1.6.17)

3=0

CP§={[C0:...:§4]GCP4

With this we can interpret the Tschirnhaus transformation. We start with
the point [(p : ... : (4] € CP* whose homogeneous coordinates are the

roots of a general quintic. Using (1.6.9), we form the projective points | él) :

¢ and ¢ ¢ .. 1 ¢8?)) that both lie in CPS. The projective line
passing through these two points intersects the quadric Qg in two points.
The Tschirnhaus transformation associates to [(p : ... : (4] one of the
intersection points. As emphasized above, this process generally requires
a quadratic extension of the ground field k. The entire construction is
invariant under the action of 8. This follows because, under the action of
Ss, the coordinates of the points [Qél) F il)], [=0,...,4, are permuted
the same way as the coordinates of [{p: ... : (4].
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C. Quintic Resolvents of the Icosahedral Equation

If K/k is a Galois extension with Galois group G, then for ty € K — k, we
can consider the orbit

G(to) = {t07 cee 7tno}a

and the polynomial

no

Pr(X)=](X -t)).

§=0
Then P* € k[X] is irreducible and [k(to) : k] = ng + 1. In particular, ng +1
divides |G|. If K is the splitting field of a polynomial P € k[(] with roots
€os - - -, Cn, then ¢y is a rational function of (p, . . ., (. In this case we call P*
a resolvent polynomial of P (or the associated polynomial equation P = 0).

Since the computations in this subsection are going to be involved, we will

sketch out our general plan. Recall that our main objective is to establish
a connection between the (irreducible) quintic in canonical form

P(¢) = ¢® +5a¢? 4 5b¢ + ¢
and the solutions of the icosahedral equation
H3(¢,1) — 17282 15(¢, 1) = 0.

Since the latter is a polynomial equation of degree 60, we must find a suit-
able quintic resolvent of H3 —1728Z I° directly comparable to our canonical
quintic. Our task is actually harder since P depends on the three complex
coefficients a, b, c. Thus, we need to find a quintic resolvent in canonical
form that contains, in addition to Z, two extra parameters A and pu, say.
We write this resolvent as

P*(X) = X® +5a(Z, A, W) X? + 5b(Z, A, ) X + ¢(Z, A\, o).

We expect the coefficients to be explicitly computable rational functions
in Z, A, p. Since P* is an icosahedral resolvent, we also need to be able to
express the zeros of P* in terms of the solutions of the icosahedral equation;
or, what is the same, in terms of hypergeometric functions.

Once P* is worked out explicitly, the matching with the irreducible
quintic P above amounts to solving the system

a = a(Z7 A’ ll/)’
b=b(Z,\ p),
c=c(Z,\ ).

This we will be able to carry out with the additional constraint

\/5 =V 6(Z”\’ll‘)a

where 6(Z, A, i) is the discriminant of P*. This matching process will es-
tablish that the roots of P and P* coincide as sets. To obtain a root-by-root



1.6. Additional Topic: Klein’s Theory of the Icosahedron 75

match we will also need to look at how the Galois group A5 acts on these
two sets of roots.

The five roots of a quintic resolvent constitute an As-orbit in the exten-
sion k(¢)/k(Z). We thus need to find five rational functions in ¢ that are
permuted amongst themselves by the icosahedral substitutions. During the
construction of the rational function ¢, we learned that it is much easier to
construct forms first. Our task thus reduces to finding an As-orbit of five
forms. This will give us a “quintic resolvent.” A further advantage to using
forms is that we can derive them from geometric situations.

Recall from Section 1.1 the five configurations of three mutually perpen-
dicular golden rectangles inscribed in the icosahedron. Each configuration
defines an octahedron. The vertices of the octahedron are the midpoints
of the shorter edges of the golden rectangles. These edges are also edges of
the icosahedron. For each octahedron (projected radially to S? and then to
C) we can construct an octahedral form of degree 6 that vanishes on the
6 vertices. The five octahedral forms (corresponding to the five octahedra)
will be the roots of our quintic resolvent.

Recall the half-turns U, V', W introduced in Section 1.2. The linear frac-
tional transformation corresponding to U is { — —1/(, while those that
correspond to V and W are given in (1.2.21) and (1.2.22). Since these
half-turns are (commuting) symmetries of the icosahedron their (mutually
perpendicular) axes pass through the vertices of one of the five octahedra.
We choose this as our first octahedron (projected to C) so that its vertices
are the fixed points of these half-turns. The fixed points of U are the so-
lutions of ¢(2 = —1, and a form that vanishes on these points is 2% + w?,
z,w € C, { = z/w. To obtain the form that vanishes on the fixed points of
V', homogenizing (1.2.21), we need to solve

W —-w)z+(w—-—whw  (wt+whz4+w 2z

wW—whz— (W —ww z2—(wtwdw w

Multiplying out, we have
22 = 2(w + wh)zw — w? = 0.

Using (1.2.17), we obtain that the fixed points of V are given by the zeros
of the quadratic form

2

22— Zaw —w?,

T

where 7 is the golden section.
In a similar vein, the fixed points of W are given by the zeros of the

quadratic form

22 4+ 212w — wP.
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Putting all these together, we define the first octahedral form €y as the
product of these 3 quadratic forms:

2
Qo(z,w) = (22 + w?) <22 - SEw = w2) (2% + 272w — w?)
= (22 + w?)(2* + 22%w - 622w? — 220° + w?), (1.6.18)

where we used the defining equality 7 — 1/7 = 1 of the golden section.
The remaining four octahedral forms ;, j = 1,...,4, are obtained by
applying to o the homogeneous substitutions

2z 0¥z, we +ww

corresponding to the rotations S7 : ¢ = wi¢, j = 1,...,4, in (1.2.15).
(Recall that S7 corresponds to the two diagonal matrices in SU(2) with
diagonal elements +w®/, +w?7.) After some computations we arrive at the
five octahedral forms

Q;(z,w) = w¥ 28 + 2% 2Pw — 5w 4w? (1.6.19)

—5w 22wt — 203 2% + WwPwb, j=0,...,4.

By definition, the substitution corresponding to S permutes €, j =
0,...,4, cyclically. (Geometrically, the midpoints of the five edges that
meet at the north pole N are vertices of the five octahedra.) It is also clear
that U, V,W(= UV) all fix g, since the zero set of {2y consists of the fixed
points of U, V, W. As shown by computation, W switches ; and 2, and
also 23 and Q4 (Problem 1.32). We express these as follows

S QJ > Qj+l(mod5)a ] = 0, . ,4, (1620)
W:QOl—)Qo, QlHQQ, Q3(—-)Q4.

Since S and W generate the icosahedral group, it is clear that {Qj}?=0
constitutes a single As-orbit. Following the general recipe of constructing
the resolvent, we now need to consider the quintic polynomial with “roots”
Qj, j = 0,...,4. This resolvent quintic will not be canonical, however,
since Z?:o Q? # 0. (Nevertheless, this resolvent is of great interest since
Zj-:o Q; =0 and E?:o Q3 = 0; see Problem 1.34.)

As noted above, our task is to construct a quintic resolvent in canonical
form. To construct a canonical quintic resolvent from the octahedral forms
is remarkably simple. In fact, the Hessians Z; = Hess (;), j = 0,...,4,
are of degree 8, and they also constitute a single As-orbit. They clearly
satisfy the analogue of (1.6.16):

[1]
[1]

i =0,

4 4
2
5 =0, (1.6.21)

§=0 §=0
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since, by (1.3.19), there are no icosahedral forms in degrees 8 and 16. We

include here the explicit form
E(z,w) = —w¥ 28 + w3 2w — Tw¥ 25w — 7w Swd (1.6.22)
+7w 23w — 7w 220w — ¥ — Wb, j=0,... 4.

This is obtained by a tedious computation. (Problem 1.33 asks for the
geometric interpretation of the zeros of Z;, j =0,...,4.)
To get a step further, we also notice that

Zﬂjsj =0, Y 5 =0, Z<Qj5j)2 =0, (1.6.23)

since left-hand sides are icosahedral invariants of degrees 14, 22 and 28,
respectively, and, by (1.3.19) again, there are no icosahedral invariants in
these degrees. For greater generality, we thus seek a resolvent for the linear
combinations

Tj =qu+ijEj, ]=0,,4 (1624)

where, by homogeneity, the coefficients u and v are forms of degrees 30 and
24. In fact, we will put

u=12\7, v = 144p72 (1.6.25)

where X\ and p are complex parameters, but, for the time being, we work
with (1.6.24). We write the resolvent polynomial as

4
[I(x = 15) = 25+ 512% + 5,23 + 6342 + by X + bs,

7=0
where we used X" as variable. By what we said above, the relations (1.6.21)
and (1.6.23) imply that b; = bo = 0. Expanding, and using the fact that
the coeflicients must be invariants of the icosahedral group, after somewhat
tedious computations, we arrive at the following
A5 4+ 5X%(8uBT? + w?v T + T2uvT3 +431.7)
+ 5X (—u'TH + 18U T*H + wHT + 210 T3 %)
+ (WPH? — 1063v?TH? + 45w T H? + v° TH?).

We introduce the new variable

I
X=——4X
JH
along with
72 A
T = 12793', S5 = 12ﬁEJ, ] - 0, TN ,4. (1626)
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Combining these with (1.6.24) and (1.6.25), we obtain
JH

T] = Tt], jZO,...,4,
where
t; = As; +pris;, j=0,...,4. (1.6.27)
In terms of these new variables, our resolvent polynomial becomes
4
Pr(X)=J[X-t) (1.6.28)
§=0
5X2 62 + B
=X54+ (8N + 120+ ————
+ 7 ( + u+ 17
15X 6222 + A\p? 3ut
ihanlally I L
tZ ( AT 4(1—2)2)

3 400342 15Apt 4+ 4pd
— [ 48)° —
+Z<8 -z " Q=27 )

This is called the canonical resolvent polynomial of the icosahedral equation
(1.6.3). By homogeneity of (1.6.26), the roots t; = t;({, A, 1), 5 =0,...,4,
of the resolvent P* are rational functions in ( = z/w, and linear in A and
1.
As in the case of the octahedral forms, the icosahedral generators S and
W induce the following permutations on the roots:

S t]' — tj+1(mod5)a 7 =0,...,4, (1629)
W tg—tg, t1 € 1o, t3 & t4.
Continuing the analogy with the canonical quintic, we can describe the
solution set t;, 7 = 0,...,4, using homogeneous coordinates [to : ... : 4]

in CP*. The projective points corresponding to the solutions lie in the
complex projective quadric

4 4
Yoti=) 3= 0}. (1.6.30)

j=0  j=0

QOZ{[tot...2t4]€CP4

Finally, since the solution set contains two (linear) parameters, it is clear
that the projective points corresponding to the zeros of the canonical
resolvent fill Qp.

In summary, we found that the complex projective quadric Qp in CP§(C
CP*) serves as a “parameter space” for the solutions of the canonical re-
solvent of the icosahedral equation. Since the solutions depend rationally
on the solutions of the icosahedral equation, our remaining task is to find a
matching parametrization of the solutions of the quintic in canonical form
with Qo.
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We write (1.6.28) in the short form:
4
P*(X) = [[(X = t;) = X* + 5a(Z, )\, ) X* + 5b(Z,\, 1) X + c(Z, X, s).
=0

Let 6(Z,A, ) be the discriminant of the canonical quintic resolvent.
It has the same expression as ¢ in (1.6.15) with a,b,c replaced by
a’(Z’ A, u)7 b(Z7 A’ u)? C(Z7 A7 /J')'

To match the zeros of P* in (1.6.28) and the zeros of the canonical quintic
in (1.6.13) we equate the coefficients

a = a(Z7 A,)u’)’
b=b(Z, A p),
c= C(Z’ A’u)’

This system can be inverted provided that we also match the square roots

of the discriminants \/8(Z, A, i) = Vé:

>\ = A(a’ b7 c7 \/3)’

1= p(a,b,c, \/5),

Z = Z(a,b,ec, V).

Using (1.6.28) the system above becomes:
2, .3

aZ = 8)\3 + 1202 + %ZL
bZ 6222 + 4\p® 3ut
D
s = WAt Tin-ze
cZ _ 480F — 4003u2  15apt 4+ 4pd
3 1-Z (1-2)2

Amazingly, this nonlinear system can be solved ezplicitly (Klein [1], pp.
212-214). Skipping the technical details, we find the following

(11a3b + 2b%¢c — ac?) — a/6/(25V/5)

Ao = 24(a* — b® + abc) ’
(48)\%a — 1200 — ¢)?
= 6 —
Z = Z(a,b,c,V6) 64a2(12X(ac — b2) — be)
3 2 _ 9
1= pla,b, e, /8) = — BN A+ T2AD + 6Ac — 12472

144)\20 4+ 12Xb + ¢

With this we attain that the zeros of the canonical quintic P and the zeros
of the quintic resolvent P* coincide as sets. In (1.6.29) we described how
the generators S and W of the icosahedral group act on the zeros of P*.
In order to obtain a root-by-root match we need to see how S and W act
on the zeros of the canonical quintic P. This task will be carried out in the
last subsection 1.6E.
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D. Klein’s Normalformsatz

Let k be a ground field containing the primitive d-th root of unity w = ‘%,
and let K/k be a Galois extension with cyclic Galois group Cjz. Then,
according to a result of Lagrange, there exists Z € k such that K is the
splitting field of (¢ — Z, and K is generated by any of the zeros of this
polynomial.

In view of the fact that (¢ —Z = 0 is the “polyhedral equation” for Cy, it
is natural to look for a noncommutative analogue of this result, in which the
field extension K of k is generated by any root of the icosahedral equation,
and the Galois group of the field extension is A4s. In order that the linear
fractional transformations (1.2.23) that make up the icosahedral Mobius
group I become k-automorphisms of the splitting field of the icosahedral
equation (1.6.3), we need to assume that w € k, where w = ¢t %".

Theorem 1.6.1. Let k be o subfield of C that contains the primitive fifth
root of unity w = €'% and let K C C be a Galois extension of k with Galois
group As. Then, replacing k by a suitable quadratic extension, there exists
Z* € k such that K is generated by any solution (* of the icosahedral
equation (1.6.3) with parameter Z* = q(¢*). Moreover, each solution (*
gives rise to an isomorphism ¢ : As — I of the Galois group As to the
icosahedral Mobius group I such that, if o € As is a k-automorphism of K
that s mapped, under this isomorphism, to

¢y UO)C+ (o)
N9 o) r d(o)
then
T = 40 = SR

Remark 1. Theorem 1.6.1, the cornerstone of Klein’s theory of the icosa-
hedron, is called the “Normalformsatz.” In 1861, Kronecker showed that
the suitable quadratic extension k’/k (“akzessorische Irrationalitdt” as
Klein called it) in the Normalformsatz cannot, in general, be dispensed
with. As shown above, this extension comes in when reducing the general
quintic to a canonical form (called “Hauptgleichung” in Klein [1]) by a
Tschirnhaus transformation. For a modern account on this, see Serre [1]. A
more elaborate account on the geometric theory of the general Tschirnhaus
transformation, linear complexes, and the quintic is expounded in Klein [1].

Remark 2. Quadratic extensions do not change the setting in Theorem
1.6.1. In fact, if k¥’ is a quadratic extension of the ground field k, then &’ is
not contained in K since the Galois group 45 of the extension K/k cannot
contain any subgroup of index 2. We thus have G(K - k' /k')=G(K/k)=As.
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Every irreducible quintic

P(¢) = ¢ +a1¢* +a2® + as(® + as + as,
ai,...,a5 € C, (1.6.31)

over k(> w) with Galois group As has a splitting field K as in Theorem
1.6.1. Conversely, given K/k as in Theorem 1.6.1, there exists a quintic over
k whose splitting field is K over k& and whose Galois group is As. Indeed,
consider a subgroup of Ay isomorphic with A4. By abuse of notation, we
denote this subgroup by A4. The field & is properly contained in the fixed
field K4 so that there exists (g € K4 — k. The As-orbit of (y consists of
5 elements (o, ..., {4 since A4 is maximal in As. Let P(¢) = [T;_o(¢ — &)
be the quintic resolvent associated to (. Then P is irreducible over k, K
is the splitting field of P over k, and the Galois group A5 can be identified
with the group of even permutations on the roots (y,.. ., (4.

To prove Theorem 1.6.1, K is viewed as the splitting field of an irreducible
quintic (with Galois group As). The suitable quadratic extension k(v/8) of
the ground field k is due to the reduction of the quintic to canonical form
by a Tschirnhaus transformation as discussed in Section 1.6/B.

E. Geometry of the Canonical Equation

We saw in Sections 1.6/B-C that the complex projective quadric Qg in
(1.6.30) parametrizes the points that correspond to the solutions (1.6.27)
of the canonical resolvent of the icosahedral equation, and to the roots
of the irreducible quintic (1.6.13) in canonical form (obtained from the
general quintic by a Tschirnhaus transformation). In this final subsection,
by “root-by-root matching” these two parametrizations, we indicate a proof
of Theorem 1.6.1.

The geometry of the projective quadric Qo C CP3 as a “doubly ruled
surface” is well-known. In fact, the so-called Lagrange substitution, a lin-
ear equivalence between CP§ and CP3, transforms the defining equations
Z?:o G = Z?:o (f = 0 of Qq into the single equation

§164 + 86283 =0, [&:--: &) € CP2.

The Lagrange substitution will be given explicitly below. The equation
above defines the complex surface

Q={[&1:...:&] € CP*|&1& + &6 = 0}

in CP3. We will identify Qg with Q ur}der this linear equivalence below.
For each value of a parameter ¢* € C, the equations
IR S

e ¢ (1.6.32)
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define a complex projective line in Q. We call this a generating line of the
first kind (with parameter ¢*). In a similar vein, for ¢** € C, the equations

§_ &_ .
€3 €a
define in Q a generating line of the second kind (with parameter ¢**). The
two families of generating lines satisfy the following properties: (1) Each
point of the quadric is the intersection of two generating lines of different
kind; (2) Any two generating lines of different kind intersect at exactly one
point; (3) Any two distinct generating lines of the same kind are disjoint.

Due to the linear equivalence between Q and @, the entire construction
in Q can be carried over to our initial quadric Qp. Note that, by (1.6.32)-
(1.6.33), ¢* and ¢** are quotients of linear forms in the variables (g, ..., {4
subject to (1.6.16).

If we fix a point 0 € Qy as the origin, then the generating lines of the
first and second kind passing through o, denoted by CP* and CP**, can
be viewed as axes of a “rectilinear” coordinate system. With respect to this
coordinate system, any point in Qg can be uniquely represented by a pair
of complex coordinates (c*, c**) € CP* x CP** in an obvious manner. This
gives a biholomorphic equivalence

(1.6.33)

Qo = CP* x CP*". (1.6.34)

Recall that the symmetric group Ss acts on CP* by permuting the ho-
mogeneous coordinates. In view of the symmetries in (1.6.16), this action
leaves Qp C CP;§ invariant. From the point of view of projective geometry,
S5 acts on Qo by projective collineations, and thereby each collineation
(corresponding to an element) in S5 maps generating lines to generating
lines. By continuity, each collineation in Sy either maps the generating lines
within a family to generating lines in the same family, or interchanges the
generating lines between the two families. Let G C S5 be the subgroup that
preserves the generating lines in each family. We claim that G = As. It is
clear that the index of G in S5 is at most 2. Since the alternating group As
is the only index 2 subgroup in Ss, it follows that A5 C G. For the reverse
inclusion, notice that G acts on CP* by complex automorphisms, and this
realizes G as a subgroup of Aut (CP*). The choice of a nonhomogeneous
coordinate in CP* identifies CP* with C, and Aut (CP*) with the M&bius
group M (C) On the other hand, by Theorem 1.3.1, the largest finite sub-
group of M (C) is Ag. The claim follows. In particular, we obtain that the
collineations that correspond to the odd permutations in S5 interchange
the two families of generating lines.

By the very definition of the equivalence (1.6.34), the action of A5 on the
two families of generating lines induces an action of A5 on both CP* and
CP** such that (1.6.34) is As-equivariant with As acting on the product
CP* x CP** diagonally.
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As we saw above, the action of As on generating lines of the first and
second kind realizes A5 as a subgroup of Aut (CP*) and a subgroup of
Aut (CP**). In a similar vein, a collineation of Qp corresponding to an
odd permutation in S5 gives rise to a holomorphic equivalence of CP* and
CP**. The (outer) automorphism of As by this odd permutation (within
Ss) then carries the action of As on CP** into an action of Az on CP*,
and this latter action is equivalent to the original action of A5 on CP* via
complex automorphisms.

We now consider the projections 7* : Qp — CP* and ©** : @y — CP**.
Let

QOI (CO,...,C4)ECS—

4
=2 =0
3=0

and define m : Qy — Q to be the restriction of the canonical projection
— {0} — CP*. We set

(*=7"om and (" =71""om.

We take a closer look at (*. A nonhomogeneous coordinate on CP*
identifies CP* with C, and (* can be viewed as the composition

(C°— {0} D)0y 5 Qv 5 CP* = C(5 C).

In view of the linear equivalence of Qy and Q, we see that (* is a rational
function in the variables (p, ..., (4 subjected to (1.6.16). By construction,
As acts on these variables by even permutations and this induces an action
of A5 on CP* by complex automorphisms. With a choice of a nonho-
mogeneous coordinate on CP*, this latter action is by linear fractional
transformations. This identifies A5 with a subgroup in M (C) Different
choices of nonhomogeneous coordinates on CP* give rise to conjugate sub-
groups in M (C) By Theorem 1.3.1, there is a nonhomogeneous coordinate
on CP* with respect to which As is identified with the icosahedral Mébius
group I. From now on we assume that this choice has been made, and we
let ¢ : A5 — I denote the corresponding isomorphism. Summarizing, we
see that ¢* : 9y — C is ¢- equivariant, where As acts on Q by permuting
the coordinates, and I acts on C as the icosahedral Mobius group.

When K is considered as the splitting field of a canonical quintic (1.6.13)
with roots (p,...,(s and Galois group As then ¢* becomes an element of
K = k(Cp,.--,C4)- The resolvent polynomial that ¢* satisfies must be of
degree 60 with coefficients a,b, ¢ and v/8, where § is the discriminant of
(1.6.13). Since ¢* is ¢-equivariant, the 60 roots of the resolvent polynomial
are nothing but the icosahedral linear fractional transformations applied
to ¢*. By the proof of Theorem 1.3.1, the resolvent polynomial must be
icosahedral. Thus, * satisfies the icosahedral equation

Q(C*(COa cees <4)) = Z*(av b,c, \/E),
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where (p,...,(s are subjected to (1.6.16), and the parameter Z* on the
right-hand side depends on a, b, ¢, v/§ rationally.

Remark. The situation is completely analogous for the generating lines of
the second kind. We obtain a ¢-equivariant rational function (** : C® = C
that satisfies the icosahedral equation

q(C**(COa o 7C4)) = Z**(U/, b, c, \/5)

The parameters a, b, ¢ are invariant under the entire symmetric group Ss,
while v/8 changes its sign when the roots are subjected to odd permutations.
Since the two actions of A5 on CP* and CP** are conjugate under the odd
permutations in Sg, we obtain

Z*(a,b,c, —V8) = Z**(a,b,c, V6).

We close this section by making our construction very explicit. First of all,
for the stated linear equivalence between @y and Q, we define ¢ : CP3? —
CP* by

Y[€r: &) =1Co: -2 Cal,

where

4
=) wilg, j=0,...,4
=1

Since 14+ w + w? + w? + w* = 0, we have

S Bg e

=1

Thus the linear map ¢ sends CP3 into the linear slice CP$ C CP*. Actually,
¢ is a linear isomorphism between CP3 and CP§. As simple computation
shows, the inverse 1 ~! : CP§ — CP3 is given by

4

1 .
glzgzwﬂgj, l1=1,...,4.

=0

To translate the defining equation Zj:o (_72 =0 of Qp in terms of the &’s,
we compute

JZ::O io (Z w ﬂfl)
24: (Z w0 )> iy

L,I'=1 “j=0

= 10(&1&4 + £283)-
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The last equality is because Z?:o w i) = 5 iff [ + 1’ = 5, and zero
otherwise. This shows that the quadrics Q@ and Qg correspond to each
other.

Given that the variables &, | = 1,...,4, are linear forms in (;, j =
0,...,4, the equations for the generating lines give explicit rational depen-
dence of ¢* and (** on (;, j = 0,...,4. Due to our explicit formulas, we

can determine the linear fractional transformations that ¢* and {** un-
dergo when the (;’s are subjected to even permutations. We work this out
for 7*. (The case of 7** can be treated analogously.) We will give explicit
formulas only for the generators S and W of the icosahedral group. We
claim that S (multiplication by w) corresponds to the cyclic permutation

S: ¢+ Gigi(mods), J=0,...,4

Indeed, applying S, we have

4 1 4 i
C* _ §1 _ Z]:O wJCJ E]:O wJ<j+1(mod5)
e —— X T4 X
&2 Ej:O w2J<j Zj:o w23<j+1(mod5)
4 i—1
0w TG w
ZJ—O J __é — (AJC*

___Zj-:o wg(j_1)<j - & = >
and the claim follows. Similarly, W corresponds to the permutation

Wi Co = o, C1 ¢ (2, (3 ¢ Ca.

The proof of this is tedious. Using the explicit form of W in (1.2.22) and
(1.2.17), we have

We* — (wow)a+ W - TG+ &
(W2 — w1 — (w —whéo &1 — 18
where 7 is the golden section. On the other hand, permuting the (;’s ac-

cording to the recipe above, and rewriting the corresponding quotient in
terms of the &’s, we have

G+ twh Wi+ Wil
Co + w1 +w2(e + w3 +wly
(1+2w+2wh) & + (34w +w?) e+ (B+w+w*) &5+ (1+2w? +2w)éy
(B+w? +w3)& +(1+2w2 42w )€+ (1 +2w+2w* ) €3+ (3+w+w?)éy
(14+2/1)6+ @ -1)+ B +1/7)& + (1-27)¢4
B=m+ 1 -27)6+(1+2/7)6+(3+1/7)64

_ G +t&/t+eT-4&

G/ttt

(6 +&)A/T+&/6) _ T4 +&

(& —7&)(1/T+8&/6) &L —T&
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Here we used 1 +2/7 = V5,3—7= \/E/T, 3+1/r= VBT, 1—21 = —/5,
and &1€4 + &€2&3 = 0. The permutation rule for W follows.

Comparing how S and W transform the (;’s and the ¢;’s, we see that
when (* is subjected to the linear fractional transformations of the icosa-
hedral group I then this action can be realized as even permutations on its
variables in exactly the same manner as As acts on the roots tg,...,t; of
the icosahedral resolvent. This means that an As-equivariant one-to-one-
correspondence (; > t;, j = 0,...,4, can be established between the two
sets {Co,--.,Ca} and {to,...,t1}. ({o and ¢y are the unique fixed points of
W, and (; = $7((p) corresponds to t; = S%(ty), j =1,...,4.)

We can get a closer look at the correspondence above by working out
the generating lines in terms of the roots {to,...,ta} of the icosahedral
resolvent. In perfect analogy with the Lagrange substitutions, we put

4
ti=Y WX, j=0,...,4,
=1

and

4

1 )
X, = g;)wﬂtj, l=1,...,4.

To work out X;, we use the explicit forms of Z; and Q;E; in (1.6.19) and
(1.6.22). Substituting them into the expression for ¢; in (1.6.27) and using
(1.6.26), we obtain

t; = (W92 —w¥w)A + (WY 2 + ww)B,

where A, B are linear in A and p. (Here z and w are the complex argu-
ments of our forms with { = z/w.) With this, the inverse of the Lagrange
substitution becomes

4
1 L .
X, = R E w2 — wdw)A

=0
=
+z Zow]l(wQJz —uww)B

= (buz — bqw)A + (6312 + dyw) B,

where we used the Kronecker delta function é;; (= 1 iff j = | and zero
otherwise). Writing the cases out, we have

X1 = ZA, X2 = —U)A, X3 = ZB, X4 = wB.
For the parameters C* and C** of the generating lines defined by
X1 _ X3 * Xl X2

————_—:C —:-——:C**’
X2 Xy . X4
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we obtain

z A
Cr=—= C™ = —.
w ¢ B
Since ¢* and (** are essentially given by the projections (C*,C**) — C*
and (C*,C**) — C**, we thus have

Ctor s ta) = C and C** (o, . a) = o

B
The first equation is enlightening. Once again writing the canonical
resolvent in the short form

4
P (X) = [[(X —t;) = X® +5a(Z,\, 1) X* + 5b(Z, X, 1) X + ¢(Z, \, ),
3=0

we obtain

Q(C*(to, cen at4)) = Z*(G'(Za A .u')a b(Z7 )\,,U,), C(Za Av”)a 6(Za >‘7:U’))
=4q(()=2.

As noted above, the zeros of the canonical quintic P and the zeros of
the quintic resolvent P* can be made to coincide as sets by inverting a
nonlinear system of equations explicitly. On the other hand, we also saw
that there exists an 4j-equivariant correspondence between these sets of
roots. Imposing these we obtain

G=tj, j=0,...,4.

With this, we can now describe how to solve a given irreducible quintic.
First we use the Tschirnhaus transformation to reduce the quintic to a
canonical form P(z) = 2° + 5az? + 5bz + c¢. This amounts to solving a
quadratic equation. We also compute the discriminant § from the explicit
form given in (1.6.15). Then we substitute the coefficients a, b, ¢ into the
right-hand sides of the equations in the explicitly inverted system and ob-
tain A, 4 and Z. We now solve the icosahedral equation for this particular
value of Z to obtain ¢ as a ratio of hypergeometric functions. By working
out the forms 2; and E; using the particular values of A, 1, Z we obtain

tj:tj(Z,)\,u), j=0,...,4.

Since t; = (j, these are the five roots of our quintic. Tracing our steps
back, we see that (p,...,{s depend rationally on ¢*. In particular, when
K = k({o,...,C4) is the splitting field of the canonical quintic, we obtain
that ¢* generates K over k. This was the missing piece in the proof of
Theorem 1.6.1.
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Problems

1.1. Prove Theorem 1.1.1 using linear algebra as follows. Given a linear isom-
etry S of R3, use the intermediate value theorem of calculus to show that the
(cubic) characteristic polynomial det (S — A\I) always has a real root Ao. Use the
isometry property of S to obtain Ao = +1. Conclude that an eigenvector py € S2
corresponding to Ao satisfies S(po) = tpo.

1.2. (a) Reformulate Theorem 1.1.1 as follows: Any special orthogonal matrix
S € SO(3) can be diagonalized as Ry @ [1], where

Ro = [cosﬁ —smﬁ]

sinf cosé

is the matrix of a plane rotation with angle 6.
(b) Generalize the proof of Theorem 1.1.1 to obtain an extension of (a) for any
dimension.

1.3. (a) Show that the area of a spherical triangle with angles o, 3, v is A =
a+ 3+~ — w. (This is the “spherical excess formula” of Albert Girard in 1629.)
(Hint: First derive a formula for the area of a spherical wedge. Second, consider
the extension of the sides of a spherical triangle to great circles, and realize that
these great circles subdivide S2 into 8 spherical triangles. Third, use the area
formula for various spherical wedges repeatedly.)

(b) Show that the area of a spherical n-sided polygon is the sum of its angles
minus (n — 2)7.

(c) Prove Euler’s theorem for convex polyhedra using (b) as follows. Let P be
a convex polyhedron. Place P inside S? such that P contains the origin in its
interior. Project the boundary of P onto S? from the origin. Sum up all angles
of the projected spherical graph with V vertices, E edges and F faces in two
ways. First, counting the angles at each vertex, this sum is 2nV. Second, count
the angles for each face by converting the angle sum into spherical area, and use
that the total area of S is 4.

1.4. (a) Given a finite set of points in R3, show that there is a unique smallest
closed ball that contains all the points in this set.

(b) Use (a) to show that every finite group of isometries in R® fixes at least one
point. (Hint: Let the finite set of points in (a) be an orbit of the group. Prove
that the minimal ball in (a) is left invariant by the group. Finally, show that the
center of this ball is a fixed point.)

1.5. (a) Show that, in R?, the composition of two reflections in lines is a rotation
or a translation, according to whether the two lines of reflection are intersecting
or parallel. In the former case, the angle of the rotation is twice the angle between
the lines; in the latter, the length of the translation is twice the distance between
the lines.

(b) Show that, in R?, the composition of two reflections in planes is a rotation or
a translation, according to whether the two planes are intersecting or parallel. In
the former case, the angle of the rotation is twice the dihedral angle between the
planes; in the latter, the length of the translation is twice the distance between
the planes.
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(c) By Theorem 1.1.1, in R3, the composition of two rotations with intersecting
axes of rotation is another rotation. Use (b) to prove this directly. (Hint: Use
the fact that a rotation is the composition of two reflections in planes containing
the rotation axis. The choice of the planes is not unique, only the dihedral angle
between them.)

(d) Show that two half-turns S; and S» with (distinct) intersecting axes commute
(8152 = S25:) iff the axes are perpendicular. Conclude that in this case the
composition S; 85 is also a half-turn with axis being perpendicular to the axes of

S1 and Ss.

1.6. Generalize the notion of vertex figure to general convex polyhedra. Show
that a convex polyhedron is regular iff its faces and vertex figures are regular
(plane) polygons.

1.7. Show that the reciprocal of the side length of a regular decagon inscribed in
the unit circle is the golden section. (Hint: Take a closer look at Figure 7.)

1.8. Let s and d be the side length and the diagonal length of a regular pen-
tagon; 7 = d/s. Show that the side length and the diagonal length of the regular
pentagon whose sides extend to the five diagonals of the original pentagon are
2s — d and d — s. Interpret this via paper folding. Conclude that 7 is irrational.

1.9. Work out the rotational symmetries of the regular tetrahedron that
correspond to all possible products of two transpositions.

1.10. (a) Label the vertices of the tetrahedron by the numbers 1,2,3,4. List the
possible symmetries of the tetrahedron as permutations on {1, 2, 3, 4}.

(b) Based on the model of the colored octahedron as the intersection of a
tetrahedron and its dual, make an explicit isomorphism between the color pre-
serving (resp. reversing) symmetries of the octahedron and the even (resp. odd)
permutations in Sy.

1.11. Show that two golden cubes inscribed in a dodecahedron must have a
common diagonal. (Hint: The five inscribed golden cubes have the total of 40
vertices, and the dodecahedron has 20 vertices.)

1.12. Prove that the symmetry group of the dodecahedron is simple (in the sense
that it contains no proper normal subgroup), using the following argument. Let
N be a normal subgroup of the symmetry group.

(a) Show that if N contains a rotation with axis through a vertex then N contains
the rotations with axes through all the vertices of the dodecahedron.

(b) Derive similar statements for rotations with axes through the midpoint of
the edges and the centroid of the faces.

(c) Counting the nontrivial rotations in N, conclude from (a)-(b) that |N| =
1+ 24a + 20b 4 15¢, where a, b, c are 0 or 1.

(d) Use the fact that |N| divides 60 to show that either a = b = ¢ = 0 or
a=b=c=1.

1.13. (a) Use the construction in the roof proof to obtain coordinates for the
vertices of a dodecahedron in R3.

(b) Use the Pacioli model to obtain coordinates for the vertices of the icosahedron
in R3.

1.14. Construct a golden rectangle with straightedge and compass.
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1.15. By the famous four color theorem, every graph imbedded in S?2 (no two
edges cross over) can be four colored in the sense that each vertex of the graph
receives one of the four colors, and no two vertices connected by an edge receive
the same color. Derive a four coloring of the vertices of the dodecahedron starting
with the 5 coloring of the icosahedral dual described in the text. (Notice that a
fifth color can be deleted from the five coloring of the icosahedron by allowing
faces that touch only at a vertex to receive the same color.)

1.16. Place an icosahedron in R? such that the three inscribed golden rectangles
are contained in the three coordinate planes.

(a) Work out the matrix of an order 5 rotation that permutes the five disjoint
color groups.

(b) Using (a) determine the coordinates of the vertices of the 5 circumscribed
tetrahedra.

1.17. Prove the following:

(a) The extended symmetry group of the regular pyramid with regular n-gonal
base Py is Dy - Cy.

(b) The extended symmetry group of the regular prism with regular n-gonal
base P, is D,, x Cq, for n even, and Ds,, - D, for n odd.

1.18. Show that the dihedral group D2 =2 C> x C; is the symmetry group of a
rectangle in R®.

1.19. Prove that every finite subgroup of SO(3) is generated by one or two
elements.

1.20. Show that the linear fractional transformations of the extended complex
plane form a group under composition and inverse.

1.21. Show that associating to the matrix (1.2.3) the linear fractional transfor-
mation (1.2.1) defines a homomorphism of SL(2,C) onto M(C).

1.22. Verify that (1.2.5) and (1.2.6) are inverses of each other.

1.23. Perform the computations leading to the elements of the tetrahedral Mobius
group in (1.2.14).

1.24. Prove that any finite subgroup of C — {0} is a cyclic subgroup of §' C
C — {0}. (Hint: The absolute values of the group elements form a multiplicative
subgroup in R — {0}.)

1.25. Derive the identity h(—z) = —I/EG:—), z € 82, for the stereographic
projection h.
1.26. Verify the following identities:
Hess (®) = —48v/3i¥
Hess (¥) = 48V/3i®
Jac (®, ) = 32v/3iQ
Hess () = —250¥
Jac (Q, ®) = —4¥?
Jac (Q,0) = —49°,



Problems 91

1.27. Let f : M — N be a holomorphic n-fold branched covering between com-
pact Riemann surfaces, and assume that M has genus p and N has genus ¢. Prove
the Riemann-Hurwitz relation

p=n(g—1)+ 14+ B/2,

where B is the total branch number, the sum of all branch numbers. (Hint: Each
point in N is assumed precisely n times on M by f, counting multiplicities. At a
branch value, this means that n is equal to the sum of all [branch number plus 1}’s,
where the sum is over those branch points that map to the given branch value.
Triangulate N such that every branch value is a vertex of the triangulation. Let
V, E, and F denote the number of vertices, edges, and faces of this triangulation.
Now pull the triangulation on N back to a triangulation on M via f. Prove that
the induced triangulation on M has nV — B vertices, nFE edges and nF' faces.
Express the Euler characteristics x(M) = 2 — 2p and x(N) = 2 — 2q of M and
N in terms of the vertices, edges, and faces of the triangulations and compare.)

1.28. Use (1.4.2) and the complex form of the Laplacian on R* = C? to prove
that the components of the orbit map f¢ : R* — W, are harmonic.

1.29. According to Schur’s orthogonality relations in representation theory, the
matrix elements of an irreducible representation are La-orthogonal with the same
norm. Use this to show that any p-eigenmap f : s3> 8 Rp> P = 2d, obtained from
the equivariant construction has Ls-orthonormal components (up to a suitable
scaling of the scalar product on R,). Prove a similar statement for fg : $° — Sw, -

1.30. (a) Let V be a complex vector space, and (, ) and {, )’ two hermitian
scalar products on V. Show that the linear endomorphism A : V — V satisfying

(u,v) = (Au,v), w,v €YV,

is well-defined, invertible, and hermitian symmetric.

(b) Let G C SO(V) be a subgroup and assume that both (, ) and (, )" are
G-invariant. Prove that A is a G-module endomorphism of V.

(c) Let G be as in (b) and assume that V is irreducible as a G-module. Use Schur’s
lemma to show that A is a real constant multiple of the identity. Conclude that,
up to a real constant multiple, there is a unique G-invariant hermitian scalar
product on V.

1.31. (a) Let puopr : SU(2) — SO(3) be the homomorphism associated to the
SU(2)-equivariance of the Hopf map in Example 1.4.2. Show that pmops is the
double cover SU(2) — SU(2)/{£I} = SO(3) (Corollary 1.2.2) precomposed by a
quarter-turn around the second axis. (Hint: This follows from (1.2.10) by noticing
that the rotation R that corresponds to z + jw € §° via (1.2.8)-(1.2.9) sends the
north pole N to the components of the Hopf map in reversed order.)

1.32. Show that U, V, W act on the octahedral forms Q;,  =0,...,4, as follows

U:Qoi—)Qo,QlHQ4,Qz4—>Qg
Vi Qo Qo, Q1 Q3, Q2 &
W: QOHQQ, Q14—>Q2, QgHQ4.

1.33. Interpret the zeros of the degree 8 forms E;, 7 =0,..., 4, geometrically.
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1.34. (a) Work out the resolvent of the five octahedral forms using the following
steps: First consider the product

4
[T(x = 95) = 2° + a12* + 022° + a3 X* + 04X + as,
7=0

where X is used as variable. Using the description of the invariants of the icosa-

hedral group in (1.3.15)-(1.3.17), conclude that this quintic resolvent reduces
to
A5 107 A% +451° X — .
Introduce the new variable
1'2
X=12—4X
J

(depending only on ¢ = z/w) and use the second table in Section 1.3 to arrive at
the quintic icosahedral resolvent polynomial

P (x) =J(x-m)

5 3 5 1
6(1 — Z)X + 16(1 — Z)2X T 12(1-2)*
(b) Describe the geometry of the “solution set” (ro((),...,74(¢)) € C’ as Z
varies in C and ¢(Z) = ¢ as follows. Introduce the sums of various powers

= X%

4
amZZr;n, m=1,...,4
=0
and verify
5 5
=0 n=ga gy =0 =)
Notice that o2 = 2004. Define
4 4
D= {[T‘o!...:'f'4] € cpP* er :Zr? :0}
j=0 j=0
and
4 4 2 4
F= {[m inlecPt| Yo =0, (g}g) =2ozr;-‘},
j=0 7=0 §=0

and prove that D and F are smooth algebraic surfaces in CP® of degree 3 and
4, respectively (where CP? is identified with the linear slice of CP* defined by
Z;zo r; = 0). Show that the projective points that correspond to the solutions
of the quintic icosahedral resolvent above fill the smooth algebraic curve DNF C
CP? of degree 12. (For a detailed treatment, see Fricke [1].)

1.35. (a) Derive an icosahedral resolvent polynomial of degree 6 based on the six
quartic forms that vanish on the six pairs of antipodal vertices of the icosahedron
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as follows. Set ¢oo = 522w?, and apply the icosahedral substitutions W57 t0 ¢oo
to obtain

di(z,w) = (W22 + 2w —wYuw?)?, j=0,...,4
Comparing coefficients, show that the resolvent form satisfies
¢® —10Z¢* + Hp+ 5% = 0.
(b) Work out the action of the icosahedral generators S and W on ¢, and ¢;,
j=0,...,4, and verify
S ¢00 — ¢O<>7 ¢]' = ¢j+1(mod5)a .7 = 07141
W $oo & do, ¢1 < ¢4, ¢2 < ¢3.
Interpret these transformation rules as congruences
S: j' =j+1(mod5);
1
W: j' = —j(modS).
Show that the icosahedral group (the Galois group of this resolvent) is isomorphic
with PSL(2,Zs) given by

. _ _aj+b o
j g = —cj+d(m0d5)’ ad — be = 1(mod5), a,b,c,d € Z.



2
Moduli for Eigenmaps

2.1 Spherical Harmonics

In this introductory section we summarize some basic concepts and facts
on spherical harmonics. The general references are Vilenkin 1] and Berger-
Gauduchon-Mazet [1].

Given a function ¢ : R™*! — R, the Euclidean Laplacian A = Y7 62
and the spherical Laplacian A™5™ of the sphere rS™ = {z € R™t!||z| =
r}, r > 0, relate as

A7 (€lrsm) = (~06 + goe+ "2 20n¢)

rSm

Here §; = 0/0x; is partial differentiation with respect to the i-th variable
z;,1=0,...,m, and 8, = Y ;- x;0; is radial differentiation. (For details
and a proof, see also Appendix 2.) In particular, if x is a harmonic homo-
geneous polynomial of degree p, then d,x = px and 82y = p?x, and we
have

AS" (x|sm) = plp +m — 1) x|sm.

This shows that the restriction x|sm is an eigenfunction of AS™ with
eigenvalue

Ap = Amp=p(p+m—1).

Unless it is relevant, the dependence of the various geometric objects on m
will be suppressed. This will not lead to confusion since most of the time,
the dimension of the domain will be fixed.

G. Toth, Finite Mibius Groups, Minimal Immersions of Spheres, and Moduli
© Springer Science+Business Media New York 2002
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In the following, we assume that
m>2 and p>1.

Since p = 1 corresponds to linear functions, this case will be omitted from
most considerations.

Let PP = P? ., C Rz, ..., Tm]| denote the (real) vector space of ho-
mogeneous polynomials of degree p in the (m + 1) variables xo, ..., Znm.
Let ‘HP = HP, C PP be the linear subspace of harmonic homogeneous
polynomials of degree p. As we saw above, the restrictions x|sm, x € HP?,
are eigenfunctions of AS™ with eigenvalue Ap- We will prove shortly that
HP|gm = {x|sm | x € HP } is the entire \,-eigenspace. We will be primarily
interested in x|sm and not x € HP, and this explains the lower index m
(and not m + 1) in HE,. PP carries an inner product, the L2-scalar product
on the restrictions to S™:

(1,&2)12 = §1&avsm, £1,&2 € PP,
Sm
where vgm is the volume form on S™.
Let

m
PP =z =) 4.
1=0

‘We have the orthogonal decomposition
PP=HP PP 2.p% p>2. (2.1.1)

To prove this, we first show the following:

Lemma 2.1.1. The Laplacian A is injective on PP~2 - p.

First let us derive a computational formula that will be used in several
instances. For £ € P9, we claim that

A(Ep%*) = 2k(2g + 2k +m — 1)Ep2 kD L Ag . p2*, (2.1.2)
This is a simple computation in the use of the differentiation rule
9;p%* = 2kp2(k_1):v,~, i1=0,...,m,

and homogeneity

08 =m0t = ¢t

i=0
Indeed, we have
A(Ep™) =) 3}(Er™)
i=0
m

=" 8i(p*™ ;¢ + 2kp*F Vi)
=0
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= 4kp**+~1) Z 2i0:€ + pPFAE + dk(k — 1)p** 2 Z 3

=0
+ 2k(m+1)p*F V¢
= 2k(2q + 2(k — 1) + m + 1)p** Ve + p** AC.
(2.1.2) follows.

PROOF OF LEMMA 2.1.1. We let n € PP~2. We need to work out A(np?).
We write 7 = £p2, [ > 0, where £ € PP~2(+1) js not divisible by p2. Using
(2.1.2) with g =p—2(l+1) and k =1+ 1, we have

A@mp?) = DEPHD)
= 2(1+1)(2p — 2+ m — 3)&p™ + (AE) - PV
If this were zero, then ¢ would be divisible by p2. This is a contradiction.

Returning to the proof of decomposition (2.1.1), we first note that the
Laplacian maps PP into PP~2? with kernel HP. By Lemma 2.1.1, H? N
PP~2p2 = (. In particular

dim H? + dim PP~2 < dim P?.
On the other hand, since A : PP — PP~2, we have
dim PP — dim HP < dim PP~2.

Combining these we obtain that the inequalities are actually equalities and

PP =HP +PP2. p? (2.1.3)
is a direct sum. Iterating (2.1.3), we get the direct sum:
[p/2] o
PP= HP U, (2.1.4)
j=0

Harmonic homogeneous polynomials of different degree are orthogonal since
they are eigenfunctions of the (self-adjoint) Laplacian with different eigen-
values. Retracing our steps, we see that the direct sum (2.1.4) is orthogonal;
in particular, we have (2.1.1).

Counting the number of monomials of degree p in m + 1 variables, an easy
induction (with respect to m) shows that

dim PP = <m+p).
m

Hence, by (2.1.1), we have

dimHP = (p :nm) - (p+z— 2) (2.1.5)
_ (2p+m_1)(p+m—2)!

pl(m —1)! °
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By (2.1.4), for € € PP, there exist unique &; € HP~%, j =0,...,[p/2], such
that

[p/2]

€= &7
=0

This is called the canonical decomposition of & with coefficients §;, j =

We also see that all the eigenfunctions of the spherical Laplacian arise
as restrictions of harmonic homogeneous polynomials to §™, i.e., given an
eigenfunction x of AS™ with eigenvalue ) then A = Ap for some p and x is
the restriction to S™ of a harmonic homogeneous polynomial x (denoted
by the same symbol) of degree p. Indeed, this follows from the decomposi-
tion in (2.1.4) along with the Stone-Weierstrass theorem asserting that the
(restrictions of) homogeneous polynomials form a dense set in the space of
C*°°-functions on S™.

If x is an eigenfunction of AS™ with eigenvalue Ap, We say that x is a
spherical harmonic of order p. By abuse of terminology, we will not distin-
guish between a harmonic homogeneous polynomial x and its restriction
X|sm as a spherical harmonic. In particular, a spherical harmonic of order 1
on S™ will be identified with a linear functional on R™+1: ! = (R™+1)*.

The idea of the proof of Lemma 2.1.1 can be used to prove the following;:

Lemma 2.1.2. Let ¢y and c; be positive constants and n € PP. Then there
exists a unique £ € PP such that

cof +e1NE-p2 =1 (2.1.6)

PRrOOF. We consider the canonical decompositions

[p/2] (p/2] '
£= Z &p” and = n;p?
3=0

Substituting, equation (2.1.6) can be easily resolved for ; in terms of 7;.
In fact, we have

¢ = 5
T o +2j(2p—2j+m—1)e;
The lemma, follows.
The harmonic projection operator H is defined as the orthogonal pro-
jection H : PP — HP. By the discussion above, H has kernel P?P~2p%. In
terms of (the powers of) the Laplacian, for £ € PP, H() is given by

[p/ 2]

£+Z

j=1

- (p—7)
NIE - p (2.1.7)
')‘2(11 1) - )‘2(11—3)
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To prove (2.1.7) we write
[p/2] ‘ _
HE) =&+ ) ¢ NE-p¥,
j=1
where the coeflicients ¢;, j =1, ..., [p/2], are to be determined. Taking the
Laplacian of both sides of this equation and using (2.1.2), we obtain

[p/2]
AH(E) = A6+ ) ¢, A(NE- p¥)
Jj=1
= A{
[p/2] . ' o
+ 3 ¢j(2i(2p — 25 +m — 1)pP 0D ATE 4 pPT NITHE) = 0
j=1

The corresponding recurrence relation for the coefficients is

_ 1 _ p—1
“a= 22p+m—3) A2(p—1)
Cj+1 = — 57~ 1 A Cj = —— P=J Cj, ]21
20+ 1)(2p-2j+m—-1) (7 + D)A2p—j)

This gives (2.1.7).

We point out two consequences of the harmonic projection formula
(2.1.7). First, we let £ = a* - x, x € HP, where a* € H! = (R™1)* is
the linear functional associated to a € R™+!:

a*(z) = (a,z), =e€R™

Since
A= Aa"-x) = Zzaia* <0ix = zzaiaix = 20uX,
=0 =0
we obtain
H(a™-x)=a" x - )\Egaa)('p2, a€R™ (2.1.8)
2p

In particular, if a = e;, the i-th vector in the standard basis {e;}!™, C
R™*1 then a* = e} = 7;, and we get

2

—0;x, 1=0,...,m.
2p+m—1 Xt m

H(zix) = zix —
Second, for £ = zP,, we have
N(ah)=pp—-1)...(0—2j+ Vel ¥, j=0,...,[p/2).
Substituting this into (2.1.7), we obtain
H(zP) =z, (2.1.9)



100 2. Moduli for Eigenmaps

+[§] (= (-1...(p-5)pp—1)...(p—2j + Y yo-23 23

31 - A2(p—y)

Jj=1

The coefficient of 22,27 p?J in the sum can be written in terms of the Gamma
function I' as follows

(=(p=1)...(p=g)plp—1)...(p—2j +1)
FMa(p-1) - - - Aa(p—7)
_ (=plp-1)...(p—2j+1)
T j129(2p+m—3)...(2p+m—2j—1)

_ (=1)p!
3122 (p -2 (p+ 22 - 1) ... (p + =L —5)
_ p! (-1)’T (p+ mz_l _j) op=2j
2T (p+ 251) jl(p —25)! '
With this (2.1.9) becomes
[p/2] m-1 _
p! (-1'T (p+ 25t —5) 2 2
H xfn = ; . 22, )P p™.
@) 2T (p + 251) JZ::O 3l(p - 24)! (@m0

We now introduce the ultraspherical (or Gegenbauer) polynomial C§ defined
by

[d/2]

0= 3 Taga-mi ¢ e

=0

(cf. Szegd [1], p. 84, or Vilenkin [1], p. 458).
Comparing this with the expansion of H(zP,) above, we obtain

T (5L m
H(ah,) = 2;‘ (p(+2mTzl)p”C,‘,’"‘1)/2 (%) : (2.1.11)

The ultraspherical polynomials are special cases of Jacobi polynomi-
als, and they possess many important properties. The most important
is orthonormality. Namely, for fixed a, the normalized ultraspherical
polynomials

2(d + a)d! >1/2 .

2“—1F(a)(m C3(t), d >0,

form an orthonormal system on the interval [—1, 1] relative to the weight
(1 _ t2)a—1/2:

/1 CaCE (1 - ) H2dt =0, d#d, (2.1.12)

-1
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an

7l'(d + 2a)
220-17(a)2(d + a)d!’

d
1
/ Ca(t)2(1 —t2)o V24t = (2.1.13)
-1

(For a integral or half-integral, (2.1.12) follows from L2-orthogonality of
H(x4,,,) and H(z%,,,), d # d’; see Problem 2.22. A more general ap-
proach will be given in Section 2.8. The proof of (2.1.13) is more involved;
two different approaches are found in Szego [1], p. 67, via the Rodrigues for-
mula for Jacobi polynomials, and in Vilenkin [1] via Schur’s orthogonality
relations applied to HP.)

PP is the representation space of the orthogonal group O(m + 1), where
the action of an isometry g € O(m+1) is given by g: £+ Lo gL, € € PP.
The volume form vgm is invariant under the usual action of O(m+1) on S™
by isometries. Thus the Lo-scalar product on P? is also O(m+1)-invariant.
Since the Laplacian commutes with isometries (the elements of O(m + 1)),
and p? is O(m + 1)-invariant, (2.1.4) gives a decomposition of PP into the
invariant subspaces HP~29p%7 | j = 0,...,[p/2]. When we regard HP~% p%I
as an O(m + 1)-submodule of PP, we suppress p?, i.e., we write

[p/2] ‘
PP =Y HY, (2.1.14)
3=0

as O(m + 1)-modules. By (2.1.7), H also commutes with the actions of
O(m+1) on PP and on HP.

We now claim that (2.1.14) is the rreducible decomposition of PP into
SO(m + 1)-submodules. To show this, we first prove that, up to constant
multiple, H(z%)) in (2.1.9) is the unique zonal in HP, i.e., a spherical har-
monic left fixed by the subgroup SO(m) = SO(m) & [1] C SO(m + 1).
(In what follows, SO(m) as a subgroup of SO(m + 1) will always mean
SO(m) @ [1].) This can be seen as follows. Let x be a zonal in HP. Since
SO(m) acts on the tangent space T,(S™) at o = (0,...,0,1) by ordi-
nary rotations, on S™, x depends only on the distance cos™! z,, between
z = (zo,...,%m) and o. This means that, on R™*! y is a homogeneous
degree p harmonic polynomial depending only on x,, and p?. We write
X = Egpz/g] c;z87%p% where ¢; € R, j = 0,...,[p/2]. The difference
X — coH (z?,) is harmonic and, by (2.1.9), it is a multiple of p%. By (2.1.3),
it must be zero. We obtain x = coH (z?,) as stated.

Returning to the claim, we now show that SO(m + 1) acts on HP ir-
reducibly. Let V' C HP be an SO(m + 1)-invariant linear subspace. Let
a € V* be the linear functional given by a(x) = x(0), x € V.If V # 0
then, by SO(m + 1)-invariance, « is not identically zero on V. Thus ker
is of codimension 1 in V, and since o is left fixed by the subgroup SO(m),
it is SO(m)-invariant. It follows that (ker a)* is spanned by a zonal spher-
ical harmonic. We conclude that each (nonzero) invariant subspace of H?
contains a zonal. On the other hand, we just proved that, up to a con-
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stant multiple, H? has a unique zonal. Hence H?P has no proper invariant
subspaces. Irreducibility therefore follows.
Restricting HE, to the subgroup SO(m), we next claim that

p
Hhlsom) = Zan_l (2.1.15)
q=0

as SO(m)-modules. (We inserted the lower indices to keep track of the do-
main dimensions.) In this equality we let H;,_; denote H(zE;9HI _,), the
image of 25, 9H;,_, C P2, under the harmonic projection H : P¥ ., —
HP,. Since H is SO(m + 1)-equivariant and z?; 9] _, is an irreducible
SO(m)-module, Schur’s lemma implies that H is injective on zB79HI .
Thus, H(zP79H;],_;) and H} _; are isomorphic as SO(m)-modules. We
agree that H_ _,, when considered as an SO(m)-submodule of HE,, will al-
ways mean H(zP 9H?} ;). We obtain that the right-hand side in (2.1.15)
is contained in HE, |so(m)- Now (2.1.15) follows from (2.1.5) for reasons of

dimension. Indeed, iterating the binomial identity

ERGENG

we obtain

Thus, we have

-0 -2l ()

and the differences are exactly the respective dimensions of the modules in
(2.1.15). (For a different proof of (2.1.15), see Problem 2.1.)

The decomposition in (2.1.15) just proved is called the branching rule for
‘HP, and it is very useful since it allows the use of induction with respect
to m. (A more general branching rule for SO(m) C SO(m+1) is discussed
in Appendix 3.)

Remark. By easy induction in the use of Schur’s lemma, it follows that if
C is a linear endomorphism of #?, commuting with the action of SO(m+1)
then C' is a real constant multiple of the identity.

There are two basic operators acting on spherical harmonics. These are
the directional derivative 8, : HP — HP~! at the direction a € R™*!, and
the operator &, : HP — HPT!, defined by multiplication with the linear
functional a* € H! = (R™t1)* (associated to a € R™*!) followed by
harmonic projection:

box =H(a" - x), x € HP. (2.1.16)
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The operators 9, and §, relate by (2.1.8). We will also prove shortly that,
adjusting the degrees, up to constant multiples, they are transposes of each
other. For simplicity, we use the notations 0; = 0., and 6; = é.,, where e;
is the i-th vector in the standard basis {e;}*, C R™*1.

Since H! = (R™*1)*, varying a € R™"!, these operators give rise to
homomorphisms

Ly HPE 5 4P @ M

of SO(m + 1)-modules. We define 14 up to positive constant factors ¢ (to

P
be determined later) by
(X)) = ¢ 8a(x) =, H(a" - X), X €M™,
and
e (X")(0) = ¢f Bax”, X" € HPYL.
With respect to the standard basis {e;}T., C R™!, we have
m
()= Y 6x ®yi, X €W,
i=0
and
m
wx) = > X" @, X' e H,
i=0
where we used the variables y;, ¢ = 0,...,m, in the second tensor com-

ponent. Throughout, we use the convention that xy € HP, ¥’ € HP~! and
X" € HPT! denote typical elements.

The L2-scalar product on PP restricts to the L2-scalar product on HP.
For future purposes, however, it will be convenient to scale the latter, and
define

dim HP dim HP

—_ —_—_—_—_———— _————— m p-
{(x1, X2) vol (S™) (X1, X2) L2 Vol (5™) Jom X1X2 Vs, X1,X2 € H
(2.1.17)
Here the volume of the sphere S™ is
271'_;—’1'
vol (Sm) = ATmEive
r (=)

where I' is the Gamma function. The action of SO(m+1) on the irreducible
‘HP leaves this scalar product invariant. We express this by saying that H?
is an orthogonal SO(m + 1)-module.

The values of the normalizing constants czf are determined as follows: By
the remark above, the compositions Ll o tt, being endomorphisms of the
irreducible HP*1, are constant multiples of the identity. We now require
that 14 : HPEL — HP @ H! are linear isometric imbeddings:

1oy =1 (2.1.18)
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These conditions determine ¢ uniquely.

The actual values of c;,t are given in the following:

Proposition 2.1.3. For a € R™*! and x € HP, we have

2
T(x®a™) =[x, . (2.1.19)

Azp

T * /\2p
L (x®a”) =4/ 57 bax, (2.1.20)

2X,

and
_ P Aep-1)

(2.1.21)

C) = —F/—=—"

P A2p/2 201
1 /2x

AR pusk: 2.1.22

Cp p+ 1\/ A?p ( )

For the proof, we need the fact that, up to constant multiples, the operators
8, and &,, a € R™T!, are transposes of each other.

Lemma 2.1.4. On HP, we have

8] = pipbs, and 8] = 0., a € R™+1, (2.1.23)
Hp—1
where
— (1) (2.1.24)
Hp p 2Ap M . .
Equivalently, for a ¢ R™* y € HP and x" € HPT!, we have
(X, 0aX") = pp(H(a" - x), x")- (2.1.25)

ProoOF. Up to the constant multiple dim H?/ vol (S™), the left-hand side
of (2.1.25) is

/ X 0o X" vgm.

Spherical harmonics of different order are L2-orthogonal. Using this and
(2.1.8), we compute

/ X aaX” Vgm = / szaaX” vgm
m Sm

)‘2(P+1) / * N "
=-——= [ x(a*x" - H(a"x")) vsm

Aa(pt1) / .
== | a'xx"vgm
2(p + 1) Sm
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Mwn/
H(a 'U ™
2p+1 (@*x)x" vs
vol (S™) Ag(pt1) ,
= H(a* ".
Tm AP 2(p + 1) @ X)X
Thus, we have
dlme )\2( +1)
X " — p H * " .
By (2.1.5), the value of the constant is
dimHP  Az(p+1) (P+1)(2p+m—1)
= 2 1 —-1).
dmAr i 2p1+1) - Gpim+lprmopeTIm=1)
This is pp as defined in (2.1.24). The lemma follows.
For £ € P?, we denote by
é%:'Hp+q—+7#2
the polynomial differential operator defined by £. For example,
A = 0.
Since 0, acts on harmonic polynomials, by (2.1.7), we have
¢ = O (e)-
By induction, we obtain from (2.1.25) the following:
Corollary 2.1.5. For x; € HP, x2 € HPT9, and £ € P?, we have
(X1, 0¢X2) = Bphp+1 - Hprq—1{H (£ - X1), X2)- (2.1.26)

Setting x1 =1 in (2.1.26), we have

Corollary 2.1.6. The scaled L2-scalar product (2.1.17) can be written as

m(m+1)---(m+p—2)
plm+1)(m+3)---(m+2p—3

{x1,x2) =

)6X1X2a X1, X2 EHP-

(2.1.27)

We are now ready to prove Proposition 2.1.3.

PROOF OF PROPOSITION 2.1.3. Let x € H? and x’ € HP~L. By (2.1.25),

we have

(x®a* (X)) = c; (x,6aX) = {0ax> X)

p—1
so that

C
?_8.x.
Hp—1

LI(X@ a*) =



106 2. Moduli for Eigenmaps

Using this and (2.1.8), we compute

m )2
(Lo )X)=¢, ZLI (&'X' ® yi) = () Z@'@'X'
i=0 Fr-1 35

() ( 2(p-1)
=——> 0Oilzx - *0; ')
Hp—1 ; A2(p-1) pox

—\2 m _
= @‘ Z <X’ + 20X — Af\(p USUz’@'X’)

Hp—1 575 2(p—1)
c;)? -1
S G
() 2p+m-1)(p+m-2) ,
Hp—1 2p+m—3 X
(C;)z ﬁ 2)‘17—1 ’
Po—1 2P Aopp-1y”

(2.1.19) and (2.1.21) follow. The computations for (2.1.20) and (2.1.22) are
analogous.

Given a,b € R™"!, we define the linear map E,; : HP — HP by
Eop = 6400, — 6, 0 p.
By Lemma 2.1.4, E,; is skew on HP. In fact, we have
El, =98] 08 -8/ o5,

= 0500 — 600,

= Epo = —Egp.
The set {Eqp}, perm+1 can be pieced together to a homomorphism

th: HP = HP ® so(m + 1)*
of SO(m + 1)-modules, by setting
in(x)(@aAb) = Eupx, x€HP, a,bc R™,

This definition makes sense because Eq, = —Ep, so that Eg, depends only
on a Ab € A2(R™*1) = so(m + 1). In the definition of E,;, harmonic
projection can be dispensed with:

Eupx =b"0ax —a"0x, x € HP,

since the right-hand side is harmonic.

Let a,b € R™"! be orthogonal unit vectors. Then Eg, acting on HP?,
is induced by the infinitesimal rotation in the plane spanned by a and b
(Problem 2.5). The operator ¢, will play an important role in Chapter 4.
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2.2  Generalities on Eigenmaps

A map f : R™"! — V into a Euclidean vector space V is spherical if
f maps the unit sphere S™ of R™*! to the unit sphere Sy of V. A map
f: R™ = V is a p-homogeneous polynomial map if the components oo f,
a € V*, of f are homogeneous polynomials of degree p, i.e. a o f € PP,
a € V*. Given a spherical p-homogeneous polynomial map f : R™*! = V|
its restriction f : S™ — Sy (denoted by the same symbol) is said to be a
p-form.!

A map f : R™! — V is said to be harmonic if the components of f
are harmonic functions. If f is a harmonic p-homogeneous polynomial map
then, according to the previous section, each component aco f, & € V*, is
(actually restricts to) a spherical harmonic of order p on S™. If, in addition,
f is spherical then the p-form f : S™ — Sy (denoted by the same symbol)
is called a p-eigenmap. According to the previous section, every spherical
harmonic of order p on S™ is the restriction of a harmonic p-homogeneous
polynomial on R™*!, Hence, if f : S™ — Sy is a map such that each
component ao f, @ € V*, is a spherical harmonic of order p then f is a p-
eigenmap, and f is the restriction (to the respective spheres) of a harmonic
p-homogeneous polynomial map f: R™+! — V.

Example 2.2.1. The equivariant construction of Section 1.4 applied to an
SU(2)-submodule W of HP| sy (2) gives p-eigenmaps fe : S° — Sw, £ € Sw.

A map f:R™! - V (resp. f: S™ — Sy) is full if f has no vanishing
component, or equivalently, if the image of f is not contained in any proper
linear subspace (resp. proper great sphere). Indeed, for « € V*, ao f
vanishes iff the image of f is contained in the kernel of a. In general, taking
the linear span Vj of f (resp. the least great sphere Sy, which contains the
image of f) defines a full map f : R™** — Vj (resp. f : S™ — Sy,). Clearly,
f is p-homogeneous polynomial, harmonic (resp. p-form, p-eigenmap) iff fy
is.

Two maps fi : R™*! = V; and fo : R™t! — V; are congruent, written
as fi1 = fo, if there exists a linear isometry U : V1 — V5 such that fo =
U o f1. Since linear isometries leave the unit sphere invariant, the same
definition applies to maps between spheres. Clearly, if f1 is p-homogeneous
polynomial, harmonic etc. then so is a congruent f5. Let f : S™ — Sy be
a full p-eigenmap. Precomposition by f defines a linear map f*: V* — HP
that is injective since f is full. We let V; C HP denote the image of this
linear imbedding:

Vi={aoflaeV*}.
We call V¢ the space of components of f.

IThis is not to be confused with the concept of form & la Klein introduced in Section
1.3.
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Each spherical harmonic x in V; can be written as x = ao f, @ € V*.
Since f is full, « is uniquely determined by yx. Restricting to the image,
we obtain the linear isomorphism f* : V* — V;. Since V is Euclidean, the
“musical isomorphisms” (defined by the scalar product on V) naturally
identify V with V*. With these, we have the isomorphisms

Under these isomorphisms, the vector v € V, the linear functional (v, -) €
V*, and the spherical harmonic (v, f) € HP correspond to each other. In
particular, for f full, dimV = dimV}. Note also that if f; = fo then
Vi, = Vg,

Let f: S™ — Sy be a full p-eigenmap. With respect to an orthonormal
basis in V, we have V = R"*!, dimV = n+ 1, and we can write f : S™ —
S™ with component functions f°,..., f* spanning V; C HP. We say that
f has orthonormal components if f°,..., f™ are orthogonal in HP with the
same norm with respect to the scalar product (2.1.17) in H#?. The common
norm is /dimH?/dim V.

Indeed, integrating )7 _o(f7)*> = 1 over S™, we obtain Y 7 o |f7|* =
dim H?, and the claim follows. It is clear that if f : S™ — Sy has or-
thonormal components with respect to an orthonormal basis in V, then
it has orthonormal components with respect to any orthonormal basis
in V. Downplaying the role of the bases, we will simply say that f has
orthonormal components.

Let f : S™ — Sy and f' : S™ — Sy be full p-eigenmaps. f’ is said
to be derived from f, written as f’' — f, if Vp» C V}. Equivalently, every
component of f’ is also a component of f. Hence f’ — f iff there exists a
surjective linear map A : V — V' such that Ao f = f'. If f/ — f, then
dim Vy» < dim Vy and equality holds iff f = f. The relation — is clearly
transitive.

In what follows, for brevity, we set

N(p) = N(m,p) =dimH?, — 1,

with the actual value given in (2.1.5). For a fixed orthonormal basis {f] =

fi;l,p};v:(g) C HP, we define the p-homogeneous polynomial map fp = fmp :
R™H1 — HP by

fo@) =Y fi@)f], zes™ (2.2.1)

fp does not depend on the orthonormal basis chosen. Indeed, the transfer
matrix between orthonormal bases of HP is orthogonal, and the matrix
entries cancel in the summation (2.2.1).
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Let pp = pmp : SO(m + 1) — SO(HP) be the homomorphism that
defines the orthogonal SO(m + 1)-module structure on H?:
po(9) 1 x = xog™!, x€HP, g€ SO(m+1).
We claim that f, is equivariant with respect to pp:

foog=rpp(g)ofp, g€SO0(m+1). (2.2.2)

To prove this, we compute

N@) _
=Y filg-o)f]
j=0
N(p) _
= Z pp(9) ™" 0 f3)(2) 3
N(p) _ _
=Y H@ea)of
= (Pp(g) 0 fp)(x)

Since SO(m+1) acts transitively on S™, f, is spherical, and the restriction
fp: 8™ — Su» is a p-eigenmap. For m =2 and p > 2, f, = fap:
S?P is (congruent to) the Veronese map Ver, introduced in Sectlon 1. 4
(This follows either from the fact that both have orthonormal components
(Problem 2.7), or from a general rigidity result (Corollary 2.5.2). Notice
also that we adjusted the notation so that p is the degree of Verp.)

For the same reason as for Ver), in Section 1.4 (transitivity of the isotropy
subgroups of SO(m + 1) at points of S™ in the unit tangent spheres, and
thereby conformality), f, is a minimal immersion of degree p. We call f,
the standard minimal immersion of degree p. Since V;, = HP, any full
p-eigenmap f : S™ — Sy is derived from fp.

Remark. DoCarmo and Wallach [1] were the first to generalize orthonor-
mality of the components of the Veronese map Very : $? — $%¢ to arrive
at the concept of the standard minimal immersion.

Let f : S™ — Sy be a p-eigenmap and assume that f is equivariant with
respect to a homomorphism py : G = SO(V), where G C SO(m + 1) is a
closed subgroup. Equivariance means that

fog=ps(g)of,

for all g € G. In particular, the image of f is an orbit in V' under the action
of G by py. Since f is full, ps is uniquely determined. As in Chapter 1,
we will also say that f : S™ — Sy is G-equivariant without the explicit
mention of py : G — SO(V'). The homomorphism py defines an orthogonal
G-module structure on V' (a representation of G on V with the scalar
product being G-invariant), and therefore on V*. Under the isomorphism
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V* = Vy C HP, V becomes a G-submodule of HP|g. Here g € G acts on
V*asg-a=aops(g)~!, a € V*, since

(9-a)of=g-(aof)=aofog™ =(aops(g)™")of.

2.3 Moduli

Let V be a Euclidean vector space. The symmetric square S?V can be
viewed as the vector space of symmetric endomorphisms of V. The scalar
product on S?V C Hom (V, V) defined by

(C,C"y = trace(C' - C), C,C' € Hom (V, V)

makes S2V a Euclidean vector space. With respect to an orthonormal basis
in V, writing C = (¢j5)7 j1—o and C' = (¢;/)} j—g, dimV = n+1, we have

(c,ch = Z CjjeCjjr-

J,3'=0

This scalar product corresponds to the usual dot product of vectors when
a matrix is considered a vector by “reading off” the entries.

For v,v' € V, let v ® v’ € S?V denote the symmetric tensor product of
v and v’. By definition,

(v O v')(w) = %((v,w)v’ + (W), wevV.
For v = v/ € Sy a unit vector, we have
(veOv)(w) = (v,w)w, weW.
Geometrically, v ® v is the orthogonal projection in V to the line R - v.
Since symmetric endomorphisms are diagonalizable:
S%V = span{v Qv |v € Sy}. (2.3.1)

If C € 8?2V and v,v' € V then, writing C and v,v’ in components with
respect to an orthonormal basis in V', we have

n

(Cvov) = Z cjj(vO V) = z ¢jjvivy = (Cu,v'),

J,3'=0 4,3'=0
where we used symmetry of C.
Let f: 8™ — Sy be a full p-eigenmap. We define

& ={f) o f(z)|z €S}
= {C € 8%V | (Cf(z), f(x)) = 0,2 € S™} C S?V,

where + denotes orthogonal complement in S2V. (By the computation
above, the defining equality (C'f(x), f(z)) = 0 is equivalent to CLf(z) ®

f(z).)
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Finally, let
Lr={Cec&|C+1I2>0},

where I = Iy is the identity map of V, and “>” means “positive semidef-
inite.” Looking at the defining relation of Ly, we see that Ly is a conver
body in & (a convex set with nonempty interior), and the origin of & is
contained in the interior of Ly.

Theorem 2.3.1. Given a full p-eigenmap f : S™ — Sy, the set of con-
gruence classes of full eigenmaps f' : S™ — Sy that are derived from f
can be parametrized by the convex body Ly. The parametrization is given
by associating to the congruence class of f' the endomorphism

(ff=AT-A-T€8%, (2.3.2)
where f' = Ao f.

Remark. For spherical minimal immersions, Theorem 2.3.1 is due to
DoCarmo-Wallach [1], and it is a cornerstone of the classification theory.
Its present form, adapted to p-eigenmaps, is taken from Toth [5].

PrROOF OF THEOREM 2.3.1. (f'); € S2V clearly depends only on the
congruence class of f’. Letting z € S™ and using (2.3.2), we compute

(f)g, f(2) © () = (AT A - D) {(2), f(2))
= [Af@)]* - |f (=)
=1 (@F-1=0.

Thus (f'); € &s. Since AT A > 0 for any A, we have (f'); € L;.

To show injectivity of the parametrization, let f1 : S™ — Sy, and f :
S™ — Sy, be p-eigenmaps with fi = Ajo fand fo=Azof, A1:V =V
and Ay : V — V, linear and surjective, and assume that {f1); = (f2);.
Then we have

AT A; = A] A,. (2.3.3)

In particular, A; and Ay have the same kernel K C V. We may assume
that K is zero (or else, restrict A; and Ay to K+ C V). According to the
polar decomposition in linear algebra, any linear isomorphism Ag : V — V}
between Euclidean vector spaces can be written as Ag = Uy o Qqg, where
U:V =V is a linear isometry and Qo € SV is positive definite. Thus
we can write A = Uy o Q1 and Ay = Uy 0 (o, where Uy : V — V; and
Us : V — V, are linear isometries and 1 and () are symmetric positive
definite endomorphisms of V. Substituting this into (2.3.3) and taking the
square root of both sides, we obtain Q1 = Q2. Thus A; = U; o U2_1 o A,,
and f; and fy are congruent. To show surjectivity of the parametrization,
let C'€ Ly, and define A =+/C +1:V — V. Notice that the square root
exists since C' + I is positive semidefinite. Restricting the range of A to its
image, we obtain Ag : V — Vo, Vo = im A. Then fo = Apo f: M — Sy, is
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a full eigenmap derived from f with (fo); = AJ Ao —I = A2 —1=C. The
theorem follows.

The convex body L of £;(C S2V) is called the (relative) moduli space as-
sociated to the full eigenmap f : S™ — Sy. By (2.3.2), f itself corresponds
to the origin: (f); = 0. It also follows that the interior int £; parametrizes
those full eigenmaps f' : S™ — Sy for which f = f', or equivalently,
f'=Ao f with A:V — V' linear and invertible. Since A is always onto,
this holds iff dim V' = dim V’. Thus the boundary 0L corresponds to those
eigenmaps f' : S™ — Sy for which f' — f and dim V' < dimV.

Since — is a transitive relation, for f' < f, L4 can be imbedded into
L. We define this imbedding ¢ : Ly — L by

({f) ) = ()5
whenever f” — f’ — f. We claim that this imbeddding can be extended
to an affine map
v: 8%V - S?V,
and the image of L under ¢ is actually an affine slice of £ (the intersection
of Ly with an affine subspace in £;). To obtain an explicit form of the
extended map, we let f: S™ — Sy, f/: 8™ — Sy+, and f” : S™ — Sy»
be full p-eigenmaps with f” — f" — f, ie. Vi CVy C V. Let f' = Ao f
and f’ = A’ o f', where A : V — V' and A" : V! — V" are surjective
linear maps. We have f” = (A’- A)o f. By (2.3.2), the points in the moduli
corresponding to our eigenmaps are
(fy=AT - A-1Iy,
<f/,>f’ — A/T _A/ _ IV’;
(fy=A-AT (4 4)-Iv.
By definition
(AT A —Ty)= (A AT - (A A) - Iy.
Setting C' = A'T - A’ — Iy € SV, we rewrite this as
WC)=AT - (C'+Ty)-A-Iy = AT -C'- A+ (f');. (2.3.4)
We now extend ¢ to any C’ € S?V’ by this formula.

Clearly, this extended ¢ is affine and injective (since A is onto). For
C' € &, we have

(UC)f(z), f(x)) = ((C" + Iv)f'(z), f'(z)) — | ()
= (C'f'(2), f' (@) + |f (@) = £ ()|
= (C'f'(z), f'(z)).

—

This shows that C’ € & iff (C') € &, in particular, ¢ maps £ into ;.
Finally, since C’ + Iy > 0 iff t(C') + Iy = AT(C' +Iy/)A > 0, we see that

L(ﬁf/) = L(Sf,) N ﬁf.
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From now on, we identify £ with its image in L. Notice that the interior
of Ly C Ep becomes relative interior of Ly C Ly in £. For simplicity, the
interior int £ will always mean the relative interior with respect to £¢.
We can also consider the “linearized map”
SV = S*V
defined by
w(C)=AT.C'-A, C' eS8V

We claim that, under the isomorphisms V' = V; and V' = V}/, the image
of v is S?(Vy:), where S?(V}) is considered as a linear subspace of S?(V})
via the inclusion Vy C V;. Indeed, recall that, under the isomorphism
V = V¢, v € V corresponds to (v, f) € V§, C € S?V corresponds to, say,
Cy € S2(V§): Cy - (v, f) = (Cw, f). Thus, for C' € S?V’, we have

I’O(C/)f ’ <U7f> = <1’0(C/)Uaf>
= ((ATC' A, f)
= (C'(Av), Ao f)

=(CV, f)
=Cp - (v, '),
where v/ = Av € V'. This shows that
im sy = S*(Vp). (2.3.5)

As before, C" € £ iff 10(C”) € &, and 1o maps £ injectively into £;. In
particular, by (2.3.5), we have the linear isomorphism
gf/ = S2(Vf/) n Sf. (236)

For f = fp, we denote LP = LF = Ly, and P = EF = &;, . For simplicity,
we set (f)y, = (f). We call L? the standard moduli space. Since all p-
eigenmaps are derived from f,, £P parametrizes the congruence classes of
all full p-eigenmaps f : S™ — Sy. By the above, for any full p-eigenmap
f:8™ = Sy, Ly is an affine slice of £P. Moreover (2.3.6) specializes to

Er = S2(Vy)nEP. (2.3.7)
f i

We say that a full p-eigenmap f : S™ — Sy is of boundary type if dimV <
dim #HP, or equivalently, if (f) € L.

Remark. (2.3.7) was first noticed by Weingart; for a special case, see
Escher-Weingart [1]. The proof here is new.

Lemma 2.3.2. Let f : S™ — Sy be a full p-eigenmap and assume
that f has orthonormal components. Then £ C S2V consists of traceless
symmetric endomorphisms.

PROOF. By definition, C € &y, iff
(Cf(x), f(x)) =0,
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for all z € S™. In coordinates,

n

3 i F@)f (@) =0,

3,3'=0

where dim V' = n + 1. Integrating, and using the fact that the components
f7 are orthogonal with the same norm, we obtain

n
chj = traceC = 0.

J=0

Corollary 2.3.3. L is compact.

PrOOF. It is enough to prove that £? is compact. By Lemma 2.3.2, &P
consists of traceless symmetric endomorphisms. On the other hand, if C €
LP then C + I > 0 so that the eigenvalues of C are > —1. Since the trace
of C is zero, the eigenvalues are also bounded from above. Compactness
therefore follows.

Corollary 2.3.4. SO(m + 1) acts on EP with no nonzero fized points.

PRrROOF. If C € £€P is SO(m+ 1)-fixed, then, as a symmetric endomorphism
of HP, C commutes with the SO(m+1)-module structure on #?. By Section
2.1, C is areal constant multiple of the identity. Since C is traceless (Lemma
2.3.2) it must be zero.

We will encounter situations where the argument in the proof of Theo-
rem 2.3.1 goes through with appropriate modifications depending on the
geometric objects to be parametrized. In these cases we will say that a
DoCarmo-Wallach type argument applies. As an example, we see that a
DoCarmo-Wallach type argument applies to the set of congruence classes of
full harmonic p-homogeneous polynomial maps f : R™t! — V so that this
set can be parametrized by the convex (noncompact) body KP of S%(HP)
given by

KP ={C € S?*(HP)|C + I > 0}.
As usual, the parametrization is given by
frif)=C=ATA-1,

where f = Ao f, with A: HP — V is linear and surjective.
Adding the condition of sphericality, we obtain

LP=Krner,

i.e. the standard moduli space £? is a linear slice of K? cut out by £P. (For
another example, see Problem 2.10.)
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Theorem 2.3.5. Let fy : S™ — Sy, and fy : S™ — Sy, be incongruent
full p-eigenmaps. Let Ay, Aa > 0 with Ay + Ay = 1. Then the point

A{f1) + Xa(fa) € LP

on the segment connecting (f1) and (f2) can be represented by the p-
cigenmap f : S™ > Sy, V = Vi x Vy, given by f = (vAif1,vafz)
made full. In particular, f — f1, fa and
Vi=Vn+Vp
so that
dim Vy = dim Vy, + dim Vj, — dim(Vfl N Vfg).

PROOF. Let fi = Ajo f, and fo = Ap o fp, with A1 : H? — V; and
As : HP — V; linear and surjective. By (2.3.2), we have

(fiy =A] A1 =1 and (f2)=A; Ay —1I.
By definition, f = (v/A1f1,VA2f2) = (VA141,VA243) o fp. Thus
(f) = (MAT A1 + Mg Ag Ay) — 1
=M(A] A1 — 1) + Ao(A3 Ay — 1)
= A (f1) + Xa{f2),
where we used A\; + Ay = 1. The rest is clear.

Given a convex set £ in a finite dimensional vector space £, we say that
a point C € L is extremal if C is not in the interior of any (nontrivial)
segment contained in L. Clearly, C is extremal iff £ — {C?} is still convex.

A full p-eigenmap f : S™ — Sy is said to be lnearly rigid if Ly is
trivial, i.e. if £Lf consists of (f); alone. Equivalently, f is linearly rigid if
f' — f implies that f’ is congruent to f. For example, if a p-eigenmap
f 8™ — Sy is surjective then it is linearly rigid. Indeed, if f is surjective
then we have

& ={f(x) o f(z)|z € S™}+
={vov|ve Sy}t
= ($°V)* = {0},
where we used (2.3.1).
Lemma 2.3.6. Let f : S™ — Sy be a full p-eigenmap. Then the extremal

points of the moduli space Ly parametrize the linearly rigid full p-eigenmaps
derived from f.

PROOF. Let f' : S™ — Sy be a full p-eigenmap with f' «— f and
assume that (f’); is not extremal. Let (f’); be contained in a seg-
ment with endpoints (fi); and (f2)f in £y. By Lemma 2.3.5, we have
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Vi = Vi, + Vp,. In particular, Vy,,Vy, C Vp so that fi, fo — f'. We thus
have (f1)s,(f2)¢ € Ly and Ly is nontrivial.

For the converse statement, let f': S™ — Sy be a full linearly nonrigid
p-eigenmap with f° — f. Then Ly is nontrivial. Since (f’)s is in the
interior of Ly, there is a nontrivial segment in Ly C L; passing through
(f") ¢, so that this point cannot be extremal.

The Krein-Milman theorem (Theorem A.1.1 in Appendix 1) asserts that
a compact convex set in a finite dimensional vector space is the convex hull
of its extremal points. We thus have the following:

Theorem 2.3.7. Given a full p-eigenmap f : S™ — Sy, the moduli space
Ly is the convex hull of the points that correspond to the linearly rigid
full p-eigenmaps derived from f. Moreover, this set of extremal points is
minimal in the sense that the convex hull of any proper subset of extremal
points is a proper subset of Ly.

Remark. The concept of linear rigidity was introduced by Wallach [1]
(Definition 10.1, p.29). The connection between linear rigidity of eigenmaps
and extremal points of the moduli is contained in Toth-Ziller [1].

Let f : 8™ — Sy be a p-eigenmap and assume that f is equivariant with
respect to a homomorphism ps : G — SO(V), where G C SO(m +1) is a
closed subgroup. Recall that, under the isomorphism V = V* — V; C HP,
V becomes a G-submodule of #?|g. The G-module structure on V' extends
to that of S?V, and it is given by

9-C=ps(9)-C-pslg)™", CeS%, geg.

Ly is G-invariant. More precisely, for f': S™ — Sy a full p-eigenmap with
f' — f, we have

g-(f)=(fog™. (2.3.8)
Indeed, let f' = Ao f, where A : V — V' is linear and surjective. For
g € G, equivariance of f implies that
flog™t :Aofog_1
=Aops(g™h)of
= Aops(g)7tof.
Taking the corresponding point in L¢, we have
9-(fs=9-(ATA=I)=ps(9)(ATA~I)ps(9)"
= (A-ps(9) )T (A-ps(g) ) =T =(f og™").
(2.3.8) follows. The isotropy group Gy, at (f')s is
Gy, ={9€G|Uo f' = f'og, for some U € SO(V')}.
This is because £ parametrizes the congruence classes. In particular, given
a (closed) subgroup G’ C G, the fixed point set (£ f)G/ parametrizes the
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congruence classes of full G’-equivariant p-eigenmaps f’ : S™ — Sy that
are derived from f.

As an application, we see that, by Corollary 2.3.4, a full SO(m + 1)-
equivariant p-eigenmap must be standard.

The relation = on Ly is an equivalence and the equivalence classes are
the (relative) interiors int L4/, f' — f, of the relative moduli in L.

Remark. The equivalence = defines a cell division of Ly in the sense that
each cell (equivalence class) is homeomorphic with an open ball and the
homeomorphism can be extended to a continuous map to the boundary. In
addition, the boundary of a cell is the union of cells of lesser dimension (see
Thurston [1], pp. 18-19). This cell division is, in general, not differentiable.

If, in addition, f is equivariant with respect to a homomorphism p : G —
SO(V), where G C SO(m +1) is a closed subgroup, then G acts on Ly via
(2.3.8). This action preserves — (since (f —) f' — f” implies f'og — f"og,
g € G), and hence it permutes the equivalence classes. The following result
shows that G acts “transversally” on these equivalence classes.

Theorem 2.3.8. Let f : S™ — Sy be a full G-equivariant p-eigenmap.
Let f' : S™ — Sy be a full linearly nonrigid p-eigenmap derived from f.
If g: R — G is a I-parameter subgroup such that the orbit t — g(t) - (f')¢,
t € R, is tangent to int Ly at t = 0 then this orbit is entirely contained in
int £ 1

PROOF. As usual, let f' = Ao f with A: V — V’ linear and surjective. We
set

U(t) = ps(g(t)) = €'F € SO(V), t€eR,
with B = (d/dt)U(t)|t=0 € so(V). We have
gty (fhr=(fog®)™) =UMATAU®)" -
Differentiating, we obtain

L (9(0)- ()1)eco = BATA~ ATAB.

Using the explicit form (2.3.4) of the imbedding ¢ : L — Ly, the condition
of tangency means that there exists C’ € £ such that

BATA-ATAB=A"C'A
We now claim that this implies the existence of a linear map B’ : V' — V'
such that
AB = B'A. (2.3.9)

In fact, since A is onto, A" is injective so that B leaves K = ker A invariant.
But B is skew and hence it also leaves K1 invariant. We now define

= (AB)|x o (Alg2)™"
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Exponentiating the commutation relation (2.3.9), we obtain
Ae B = AU T = e7tF A
Precomposing both sides of this with f, we get
flog®)™ =eF o "

In terms of the moduli space, this means that

9(t) - (f')s €int L.
The theorem follows.

Corollary 2.3.9. Let f : S™ — Sy be a full G-equivariant p-eigenmap. Let
/8™ — Sy be derived from f such that (f')s is the centroid of Ly C
Ly. Then the G-orbit G((f')s) intersects int L only at (f')¢. Moreover,
G(int L) is a smooth submanifold of £f. In fact, G(int L) is the total
space of a fibre bundle over the G-orbit G((f')f), where the projection

7:G(intLy) = G{f')f)

1s obtained by associating to a point the centroid of the interior of the
relative moduli in which the point is contained.

PROOF. Let g € G be such that g - (f')y € L. Since g maps interiors
of relative moduli into one another, it must map int Ly onto itself. The
centroid of int Ly, then must be fixed by g. By assumption, this centroid is
(f')s. We obtain g - (f')f = (f') s and the first statement follows. For any
g € G, the centroid of g-L is g-(f') . Hence the projection 7 above is well-
defined. Smoothness, and in fact local triviality of = follows by selecting a
smooth local cross section of the orbit map G — G((f')¢).

In the rest of this section we will take a closer look at the DoCarmo-
Wallach parametrization (2.3.2), and derive various facts about the
geometry of £P. In most cases this parametrization is inadequate for tech-
nical purposes since it requires the knowledge of the components of the
standard minimal immersion f,. Although an explicit orthonormal basis in
‘HP can be written down in terms of ultraspherical polynomials (Vilenkin
[1]), the actual formulas are complicated and difficult to work with. It
is thus desirable to look for other ways to express the parameter point
(f) € LP corresponding to a full p-eigenmap f : S™ — Sy, especially to
make (f) computable in terms of the components of f.

Remark. Weingart [1] describes another method for obtaining a paramet-
rization of the moduli without the use of the standard minimal immersion.
His approach (adapted here for eigenmaps) is as follows:

Given a harmonic p-homogeneous polynomial map f : R™*! — V, pre-
composition by the restriction f|sm defines a linear map f* : V* — HP,
f*(a) =ao f, a € V*. (To simplify the notation, we suppress the restric-
tion. This conforms to our earlier convention not to distinguish between a
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harmonic homogeneous polynomial on R™*! and its restriction to S™ as a
spherical harmonic.) With respect to an orthonormal basis in V & R™1,
under f*, the elements of the dual basis in V* correspond to the compo-
nents 7, j = 0,...,n, of f. The symmetric square of f* gives a linear
map S%(f*) : S?(V*) — S2(HP). We call the image of the Euclidean scalar
product {.,.)y under S?(f*) the eigenform Gy of f:
Gy = S*(f)((Iv).
Once again, with respect to an orthonormal basis in V 22 R"*!, we have
n . .
Gr=) flof.
§=0

It is clear that Gy is positive semidefinite. It is equally clear that Gy
depends only on the congruence class of f. We consider the composition

sm 5 qry Yy,

where § is the Dirac delta functional? (defined by evaluating spherical har-
monics at the points of S™), and (f*)* is the dual of f*. We claim that
this composition is f. To show this, for & € V* and x € S™, we compute

a[(f*) 8] = [*(2)[6z] = (0 f)[8] = a(f(2)),

and the claim follows. The dual map (f*)* can be factored through the
kernel of G, and it gives the sequence

sm 8 (1py 5 ey Jker G

where, by the very definition of G ¢, the last map is an isometry with respect
to the scalar product on (HP)*/ker G5 induced by G¢. This shows that G
determines f up to congruence. Finally, for z € S™, we have

[f(@)]* = {(F*)"60, (F)"62) = S*(f*) ({62, 62)) = G 5(b2, 8a)-

Conversely, given a positive semidefinite bilinear form G € S%(HP), we can
form the composition

S™ 4 (1P)* 5 (HP)*/ker G,

and ask whether G = Gy for a p-eigenmap f : S™ — Sy, where V =
(HP)*/ ker G is endowed with the scalar product induced by G. The answer
is clear: A positive semidefinite symmetric bilinear form G € S%(HP) is the
eigenform of a p-eigenmap iff

G(bs,6,) =1, z€8™,

2This is not to be confused with 6., a € R™*1, defined in Section 2.1.
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and, in this case, the p-eigenmap whose eigenform is G is the composition
above. We conclude that the moduli £P can be parametrized by positive
semidefinite bilinear forms G € S%(HP) satisfying this condition.

In this setting, the Dirac delta functional
§:8M—> S(HP)*

can be considered as the standard minimal immersion of degree p. (6 is
SO(m + 1)-equivariant since, for z € S™, we have

(6 og)(m) = 5g(z) =0z 0 9_1 =g-6;.

Being a p-eigenmap, § must be standard (Corollary 2.3.4).)

We let f = Ao f,, where A : H? — V is linear and surjective. An
orthonormal basis in V = R™*! allows us to view A as a matrix with
entries aji, j =0,...,n,1=0,...,N(p). With this, we compute

n n N(p)
Gr=Y fof =Y > aupfiofl
=0 j=01,I'=0
N(p) )
= Z (14-1—14)”/_]";7 ® le)
LI'=0
N(p) )
=Y {(H+Dwflofl.
L,i'=0

Hence, with the proper identifications, we have
Gy=(N+1

We now return to the original setting, and describe our new parametrization
of the moduli. Again for technical convenience we will fix an orthonormal
basis in V and write our full p-eigenmap as f : S™ — S*, V = R"*!. With
this A: V — HP in f = Ao f, becomes an (n+ 1) x (N(p) + 1)-matrix. We
define the Gram matriz G(f) of f as the (n + 1) x (n + 1)-matrix whose
jj'-entry is (f7, f'), where fi, j = 0,...,n, are the components of f and
the scalar product is given by (2.1.17). (The Gram matrix G(f) depends on
the choice of the orthonormal basis in V. However, different orthonormal
bases give conjugate Gram matrices (Problem 2.11).) Since f : S™ — S™
is full, the Gram matrix is positive definite.

Example 2.3.10. Writing the Hopf map from Example 1.4.2 in terms of
real variables (z,y,u,v) € S® C R?*, z = z + iy, w = u + iv, we have

HOpf (mayaua’u) = (1172 + y2 - U2 - '1)2, 2($U + y’U), 2(yu - ‘TU))

Using the scalar product (2.1.27), a quick computation shows us that the
Gram matrix is G(Hopf) =3 - I3.
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Example 2.3.11. In a similar vein, the complex Veronese map in Example
1.4.1, written in terms of real variables (z,y,u,v) € S° takes the form

VerC(z,y,u,v) = (2 — y?, 2zy, V2(zu — yv), V2(yu + z2v),u® — v2, 2uv).

The Gram matrix is G(Ver®) = 3/2 - Is.

Example 2.3.12. In general, the p-eigenmaps f; : 5% — Sy, = §%+!
for p odd, and f; : S* —» S R, = SP for p even, have orthonormal
components (Problem 1.29). The common value of the norm square is

dimH%/dim W, = (p+ 1)/2 for p odd, and dimH%/dim R, =p+1 for p
even. It follows that the Gram matrix

+1[ if pis odd,
. p+1, 1 pis o
G(fe) = { (p+ 1)L, if pis even.

For example, for the tetrahedral Tet : S3 — S8, octahedral Oct : §3 — S8,
and icosahedral Ico : S3 — S'2 minimal immersions (Section 1.5), we have

G(Tet) = 7[7, G(OCt) = 9[9, G(ICO) = 13113.

Let f: S™ — Sy be a full p-eigenmap with f = Ao f,, A: HP = V linear
and surjective. The Gram matrix G(f) can be expressed in terms of A as
follows

G(f)y=A-AT. (2.3.10)
To prove this we write f in coordinates, f/ = N(p ) aji f}- We have
o, N(p) ) N(p)
Gy = (F,. ) =Y auaj(fi. f5) =Y anajn = (AAT);5.
LI=0 1=0

(2.3.10) follows. By definition, V7 is spanned by the components f7, j =
0,...,n. The significance of the Gram matrix is apparent from the fact
that

n
Z G52 cV; (2.3.11)
i io
is an orthonormal basis in V;.
Proposition 2.3.13. Let f : S™ — S™ be a full p-eigenmap, and
C = (f) € S (HP). Then C + I : HP — HP has image V;, it leaves V;

invariant, and the restriction C + I |V is positive definite. With respect to
the orthonormal basis (2.3.11), we have

C+1|Vs=G(f). (2.3.12)

In particular, the eigenvalues of G(f) are the same as the nonzero
etgenvalues of C + I counted with multiplicity.
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PRrROOF. To work out (C +I)f7, j =0,...,n, we first note that, by (2.3.2)
and (2.3.10), we have
A(C+1) = A(ATA) = G(f)A.

Using this we compute

' N(p) N(p) ,
(Cc+nf = Zajl(C-l-I) Il,= Z ajl(C—l-I)”/le,
1=0 1,I'=0
N(p) , N(p) )
=D (AC+D)ufh =Y (G A f,
I'=0 I'=0
n N(p)
= Z G(f) JJ'aJ’l' Z G(f)is f
§'=0 1'=0 §'=0

We obtain that C' + I leaves V; invariant. (This also shows that, under
the isomorphism V' = Vi, the restriction of C' + I to V; is simply G(f).)
Making the scalar product with another component of f, we have

(C+DF, ) = G(f)

In particular, C'+1 is positive definite on V. Since rank (C+1) =dimV =
dim V%, it follows that the image of C + I is V. Finally, to show (2.3.12),
we compute

<c+1 zn:G Al ZG k,j,/2fk’>

3'=0
= (G())*G(f)? G(f)_1/2)jk = G(f)jk-
The proposition follows.

Assume that £? is nontrivial. (This happens iff m > 3 and p > 2, see
Section 2.5.) Recall that the origin is an interior point of £P. By convexity
and compactness of £LP (Corollary 2.3.3), any line in £P through the origin
intersects JLP in exactly two points. (This follows from elementary convex
geometry, see Berger [1], Chapter 11.) Thus, given a full p-eigenmap f :
S™ — Sy of boundary type, (f) € 9LP, the line R - (f) intersects 0LP
at (f) and at another point called the antipodal of (f). A representative
f°: 8™ — Sy of the antipodal of (f) is called an antipodal p-eigenmap of
f. f¢ is unique up to congruence.

As shown in Appendix 1 the distortion of LP at C € JLP is defined as

CI

|Ce|”
where C° is the antipodal of C. The next result implies that the smaller
the range dimension is for a full p-eigenmap f, the larger the distortion of

LP is at (f).

Mo (C) = (2.3.13)
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Theorem 2.3.14. Let f : S™ — Sy be a full p-eigenmap of boundary type:
C = (f) € OLP. Then the distortion Ao(C) of LP is the mazimal eigenvalue
of C as a symmetric endomorphism of HP. The multiplicity v(C) of this
eigenvalue satisfies v(C) < dim V', and we have
im P im P

L VETRPL. L S
For the antipodal C° of C, the mazimal eigenvalue is Ao(C°) = 1/A¢(C),
its multiplicity is v(C°) = dimH? — dimV, and the range dimension for
the p-eigenmap f°: S™ — Syo antipodal to f is dimV° = dim H? — v(C).
f 8™ — Sy has orthonormal components iff v(C) = dim V; in particular,
in this case equalities hold in (2.5.14).

PRrROOF. Consider —tC + I for t > 0. Since C is traceless (Lemma 2.3.2)
the largest eigenvalue A\o(C) of C is positive, and thus there is a maximal
interval [0,to) such that —tC + I is positive definite for 0 < ¢t < ty. By the
definition of the moduli £?, for 0 < t < ty, —tC is in the interior of LP.
At tg, the determinant of —tgC + I vanishes, and so —tgC = C° € OLP.
Since Ag(C) is the largest eigenvalue of C, we have —tgAo(C) +1 =0, or
equivalently, to = 1/Xo(C). We obtain

1
C°=- C. 2.3.15
%(0) (2:3:19)
Taking norms, we arrive at
C
Ao(C) = ||Col| (2.3.16)

The first statement follows. (Notice the formal coincidence of this with
(2.3.13), and the different meanings of Ag.)

For simplicity, we let Ag = M (C), v = v(C), and n+ 1 = dim V. Since
C+1 is positive semidefinite, all eigenvalues of C' are > —1. Since rank (C'+
I) = dimV = n + 1, the multiplicity of the eigenvalue —1 is N(p) — n. Let
Ajy 3 =0,...,n, be the eigenvalues > —1 of C in decreasing order. Since the
largest eigenvalue A\g has multiplicity v, we have v < n+1. By (2.3.15), the
largest eigenvalue of C° is 1/A¢ with multiplicity N(p) —n, and the smallest
eigenvalue —1 is of multiplicity v. In particular, rank (C°+I) = N(p)+1-v.
To obtain (2.3.14), we first write the condition that C is traceless in the
form

V)\O+Z)\j = N(p) —n.
j=v

Since —1 < A; < Ao, we obtain
vAo+1) < NP +1<(n+1)(Xo+1).
(2.3.14) follows.
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Example 2.3.15. The antipodal of the Hopf map (Example 1.4.2) is the
complex Veronese map (Example 1.4.1). To show this we first note that
H2 = Viops ® Vyerc is an orthogonal direct sum. This follows by evaluating
the scalar product (2.1.27) on the components of the Hopf and the complex
Veronese maps (Examples 2.3.10-2.3.11).

In fact, using (2.3.11), we can choose as an orthonormal basis for H2:
1/v/3 times the components of the Hopf map, and \/2/—3 times the compo-
nents of the complex Veronese map. With respect to this basis, by (2.3.12),
we have

(Hopf) = (213) ® (—1I5)

and
(Ver®) = (-I3) @ (1/2)I6.

Since Ao((Hopf)) = 2, we see that (2.3.15) is satisfied as (Ver®) =
—(1/2)(Hopf). Thus (Hopf) and (Ver®) are antipodal points on JL2
distorted by 2. As a byproduct, evaluating traces, we also see that

3

s

Since 1 < ¥(C) < dimV < dim#HP, C € 9LP, (2.3.14) immediately implies
the following:

|( Hopf )| = 3v2 and |( Ver®)| =

Corollary 2.3.16. The distortion function X : OLP — R satisfies

1

—_— <A i P 1. 2.3.1
dim’HP—1< o < dimH (2.3.17)

In Section 2.5 we will determine the exact dimension of £P. From the
dimension formula for £P it will follow that

dim £P = dim P = O(dim S?(H?)) = O((dim HP)?), as p,m — oo.

We conclude that, for £, even the crude estimate (2.3.17) is significantly
better than the general estimate (A.1.3) for the distortion of convex sets
(Appendix 1). This indicates that the moduli £P is getting significantly less
distorted than a simplex as p,m — oco.

Example 2.3.17. Let f¢ : S — Sw, for p odd, and fe : S3 - Sg, for
p even, as in Example 2.3.12. By (2.3.12), the maximal eigenvalue of (f¢)
is (p — 1)/2, for p odd, and p, for p even. By Theorem 2.3.14, these are
also the values of the distortion of £} at (f¢). In particular, we have the
following distortion values

Xo({Tet)) = 6 in LS
Xo({Oct)) = 8 in L
Xo((Ico)) = 12 in L£32.
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According to Theorem 2.3.14, the distortion function Ag, defined on 4L?,
extends continuously to L£P as the maximal eigenvalue of the symmetric
endomorphisms of H? that comprise LP. It is well-known from linear algebra
that the maximal eigenvalue satisfies

M(C) = max{(Cx, x) | x € Swr}, C € LP.

Since the right-hand side is convex in C, we conclude that the function
Mo : L? — R is conver (Appendix 1). In particular, the maximum Apay of
Ao is attained at an extremal point of LP.

Corollary 2.3.18. The mazimum distortion of the moduli LP is attained
at a point that corresponds to a linearly rigid p-eigenmap.

Remark. For general convex sets, Aymax may also be attained at non-
extremal points (e.g. take £ to be a convex polygon in the plane with
some parallel sides). Note also that the set of points where A\pax is attained
may be disconnected (e.g. take £ to be an isosceles triangle on the plane
with interior point on the symmetry axis away from the base).

Example 2.3.15 suggests the following:

Theorem 2.3.19. Let f : S™ — Sy be a full p-eigenmap of boundary
type, (f) € OLP, and f° : S™ — Syo its antipodal. Then V5 and Vo are
orthogonal in the sense that :

Vi C Vg (2.3.18)

Moreover, dim(Vy N Vyo) is the number of nonmazimal and nonminimal
eigenvalues of (f) in (=1, o((f))), or equivalently:

dim(Vy N Vyo) = dim V — v((f)), (2.3.19)

where v({f)) is the multiplicity of the largest eigenvalue Ao((f)) of (f).
Equality holds in (2.3.18) iff f has orthonormal components. In this case
f¢ also has orthonormal components, and V; ® Vyo = HP is an orthogonal
direct sum.

PROOF. Let C = (f) € 0LP. By Proposition 2.3.13, im (C' + I) = V; and
im (C° + I) = Vyo. Since C' and C° are symmetric, ker (C' + I) = V;- and
ker (C° + I) = V. We need to show that if x € H? is in ker (C' + I)
then x is orthogonal to all x' € ker (C° + I). We have Cx = —x and
C°x' = —x'. By (2.3.15), the latter rewrites as Cx' = AgX/, where g
is the largest eigenvalue of C. We conclude that —1 and )Ag are distinct
(14 X > 0) eigenvalues of C with respective eigenfunctions x and x’.
Since C is symmetric, x and x’ must be orthogonal. (2.3.18) follows.
The second statement follows from

1
ViNVie = im(C +I)N im <—>\—C+I>,
0
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and the fact that the largest eigenvalue of C is Ay and the smallest is
—1. Since f has orthonormal components iff G(f) is conformal (a constant
multiple of the identity), iff dim(Vy N Vo) = 0, the last statement also
follows.

Corollary 2.3.20. Let f : S™ — Sy be a full linearly nonrigid p-eigenmap
of boundary type and assume that f has orthonormal components. Then the
cone Cy with base Ly and vertex (f°) is straight and the boundary of Cy is
entirely contained in the boundary of LP.

PROOF. Since f has orthonormal components we have Vy @ Vo = HP
(Theorem 2.3.19). If (f'); € OLy then V» C Vy is a proper subset so that
Vg + Vo does not give the whole of HP. By Theorem 2.3.5, each point on
the segment connecting (f’) and (f°) is on the boundary. To show that Cy is
a straight cone, we need to work out the scalar product of ¢«((f’)¢)—(f) and
(f°) in EP. By (2.3.4), the former has the form AT (f’); A, where f = Ao f,,
with A : HP — V linear and surjective. We thus have

(WF) ) = (A (1) = (AT() 5 A4, (F2)
= trace (AT (f')fA(f%)).
By Theorem 2.3.19, choosing suitable orthonormal bases, we have f, =
(cf,cof°) for some constants c,c, > 0. Writing A in terms of these bases,

we obtain that the last trace is a constant multiple of trace (f’)¢. This,
however, is zero by Lemma 2.3.2.

Theorem 2.3.21. With the notations of Theorem 2.8.14, we have
dimV — v(C)
2

where v(C) is the multiplicity of the largest eigenvalue Ao(C) of C = (f) €
OLP. In particular, if f : S™ — Sy has orthonormal components then
|C|? = Ao(C) dim HP.

PRroOF. Since C is traceless, we have
|C + 1> = |C|*> + 2traceC + N(p) + 1 = |C|* + N(p) + 1.
On the other hand

IC|2 = Xo(C) dim HP| < (Mo(C) + 1), (2.3.20)

n

|IC+1)?= Z(,\j +1)2=v(No+1)2+ f:(,\j +1)2,

j=0 j=v
where Aj, j =0,...,n, are the eigenvalues > —1 of C' in decreasing order.
Combining the last two formulas, we have
vM+1)2<|C24+N@p)+1< (n+1)(o+ 1) (2.3.21)

This is valid for any C' € 0LP. We now replace C by its antipodal C°. To do
this, recall that the largest eigenvalue A\ of C is of multiplicity v and the
smallest eigenvalue is of multiplicity N(p) — n. By (2.3.15), C° has largest
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eigenvalue 1/\g with multiplicity N (p) —n and smallest eigenvalue —1 with
multiplicity v. Thus, to replace C by C° amounts to replace Ag by 1/Ag, v
by N(p) —n, and n + 1 by N(p) + 1 — v. Using (2.3.15), we obtain
(N(p)=n)(Ao+1)* < [CI*+X3(N(p)+1) < (N(p)+1-v)(Ao+1)?, (2.3.22)
where we multiplied through A3. Adding (2.3.21) and (2.3.22), we have
(N(p) = n+v)(ho +1)? <20 + (A + (N (p) + 1)
< (N(p) +1—v+n+1) (A +1)>2%
Completing the square in A% + 1, after simplification, we arrive at
~(n+1-v)(A§ +1)° + Xo(N(p) + 1) < 2/CP?
<(n+1-v)(AF+1)>+X(N(p) +1).

This is (2.3.20). The second statement is clear since f has orthonormal
components iff v =n + 1.

Combining the upper estimate in (2.3.14) and (2.3.20), we can obtain
an upper bound for any C € O0LP. Using the Gram matrix representa-
tion (2.3.12), we can also obtain a suitable lower bound for any C € LP
corresponding to a full p-eigenmap f: S™ — S, C = (f).

Theorem 2.3.22. Let f : S™ — Sy = S™, V. = R, be a full p-
eigenmap, C = (f) € LP. Let

Cr = min0§j<jrgn COS2 54,
where aj is the angle between f7 and f7" in HP. We have
(dimV —1)cp +1
dimV
If, in addition, f is of boundary type, C = OLP, then we have
dimV +v(C) 1
2v(C)?

If f : S™ — Sy has orthonormal components then equalities hold in
(2.3.23)-(2.3.24).

Proof. As noted above, the upper estimate (2.3.24) follows from Theorems
2.3.14 and 2.3.21. To derive the lower estimate (2.3.23), we will make use
of the equation

dim HP <dim HP 1) <|C)2. (2.3.23)

IC|? < dim HP (dim’;‘{p (2.3.24)

Y IFP=N@)+1, (2.3.25)
=0

a consequence of the fact that Y7_;(f7)* = 1 on S™. We compute

n

CP+ NG +1=IC+IP =GR = 3 (7,71

3,3'=0
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11 +2 Y PP cos® oy

Il

Jj=0 0<j<j’'<n
n
. . -
> 1P +2es Y PRI
7=0 0<j<j'<n

Il
M:

|4+CfZ|fJ p)+1—|f%)

o

=(1-cs) Zlfjl"‘ + (N(p) + 1)y

This attains its minimum in the variables |f/|2, j = 0,...,n, subject to
(2.3.25) when |f°|2 = ... = |f"|? = (N(p) +1)/(n+1). The lower estimate
(2.3.23) follows.

Given a compact convex set £ in a Fuclidean vector space £, assume
that the origin is in the interior of £. We denote by 7(L£) and R(L) the
inradius and the circumradius of L:

(L) =min{|C||C € L} and R(L)=max{|C||C € L}.

Corollary 2.3.23. We have

dim HP
" < P\ < 4 ; ; _1). 3
1<)/ T 1 ST SR < VdimHP(dimHP — 1). (2.3.26)

PROOF. The lower estimate for r(LP) follows from (2.3.23) by setting
dim V' = dim H? — 1. To prove the upper estimate, we will use the notations
in the proof of Theorem 2.3.22. We compute

n

CP+N@) +1=IC+IP =GP = 3 ()

j7j,=0

n
=Y 1P 2 Y PP P cos® ayye
=0

0<j<j’'<n

n
<M UA+2 Y PRI
j=0 0<j<j’'<n
2

Y IFP| = W@ + 1>
J=0

The corollary follows.

The last result in this section follows directly from the lower estimate
(2.3.23). It implies that, up to scaling, ,/C5 is a lower bound for |C|, when
C is in the interior of the moduli £P.
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Corollary 2.3.24. For C in the interior of LP, we have
|C| > \/c5y/dim HP(dim HP — 1). (2.3.27)

2.4 Raising and Lowering the Degree

Let f : S™ — Sv be a p-eigenmap. We define the harmonic (p + 1)-
homogeneous polynomial maps

R LV QH!

_ Az - _ _2_ m
Fr@) = 20t d f(@)= 5200, ac R

Here, as usual, #! = (R™*1)* and f : R™t! — V is considered as
a harmonic p-homogeneous polynomial map, and, in é,f = H(a*f) and
0.f (Section 2.1), the harmonic projection operator H and 8, act on f
componentwise. With respect to the standard basis {e;}™, C R™*!, we
have

by

A2p - _ 2 «
[t 6if @y and fT=[=% afoy,  (241)
2% = Ap {25
where, el = y;, 1 =0,...,m, are the elements of the dual basis in H!. (We

use here the variable y € R™*! to distinguish it from the natural variable
z of f.) Note that f* may not be full even if f is (Problem 2.17).

Proposition 2.4.1. f* are spherical so that the restrictions f* : ™ —
Svent are (p+1)-eigenmaps.

Before the proof we derive some useful formulas.
Let f1,fo : R™*! = V be harmonic p-homogeneous polynomial maps.
We have the following identities

m

> (0 f) = SO o) (242)
and
g@fl,«sim = (= Dy (fu fo)
+ i%szl,fﬁ Pt (2.4.3)
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(2.4.2) follows immediately from harmonicity of f; and f,. To show (2.4.3),
we use (2.1.8), and compute

> (Sifr,bif2) =Y <50z'f1 - xgaiflpz,mib - /\—paifzp2>
i=0 =0 2 2p

= U1 )6 = 01 £)0° = S D
2p

Zaflvan )

21’10

where 8, = > i, z;0; is the radial derivative. By homogeneity, 0, f1 = pfi
and 8, fa = pf2. (2.4.2) now gives (2.4.3).

PROOF OF PROPOSITION 2.4.1. Since f is spherical, we have |f|? = p?P as
polynomials. Taking the Laplacian of both sides of this equation and using
(2.4.2), we obtain

- 1 A
D 18:f P = 5007 = S

=0

The last equality is because Ap?P = Agpp*P~1) (as p = 1 on S™; see also
(2.1.2) with k¥ = p and £ = 1). Restricting to S™, we obtain that f~
spherical. Using this and (2.4.3) we now have

- 2p 20
> 16:if1> = (m —1)—If*p* + 52, Alf*-p
. Azp A2
=0
M=l g ﬁ D)
2p+m-—1 A2p ’

Restricting to S™ again, sphericality of f* follows.

Remark. Raising and lowering the degree was used by Toth [4] and later
by Gauchman-Toth [1] as a technical tool to solve the DoCarmo-Wallach
problem. This will be discussed in Chapter 3. Degree-lowering for (locally
defined) spherical minimal immersions also appears implicitly in Wallach
[1] (Lemma 6.3).

For the standard minimal immersion f, : ™ — Sy», we have f;ﬂ : 8™ —
Surgra. Since the Laplacian commutes with the isometries on S™, it also
commutes with the harmonic projection operator H. It follows that f;t are
SO(m + 1)-equivariant with respect to the SO(m + 1)-module structure of
the tensor product HP®H!. The images of fa + actually span the SO(m+1)-
submodules HP*! in the tensor product H? ®’H1 For the next lemma, recall
from Section 2.1 that ¢q : HPEL — HP @ H! are SO(m + 1)-equivariant
isometric linear imbeddings of HP*! into HP ® H1.
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Lemma 2.4.2. We have
£ (@) = 12 (fpea(2)), © € 8™, (2.4.4)

in particular, fi (made full) is standard.
PROOF. We fix orthonormal bases {fJ}N(g) C HP and {f}_ 1}N(p V¢
HP~!. Using Lemma 2.1.4, we compute

N(p—1)

L (fp-1(2)) = Z fl_l(x)L—(f;lz—ﬂ
1=0
m N(p-1)
3 Y @l sy
i=0 1=0

m N(p-1) N(p)

=G Z Fooa@) Y Sifpors BV @ ws
=0 j=0

N(p)

N(p 1) o
Z @ Y (L el oy

j=0

N (P)

D @) @) f D us

“plzogo

= fp (@),

where we used (2.1.21) and (2.1.24). Our formula (2.4.4) follows for f~.
The computation for f* are analogous.

p

Np 120
2

Remark. Using Corollary 2.3.4, the congruences f; * o f41 follow from the
SO(m + 1)-equivariance of f3". + Indeed SO(m + 1) -equivariance translates
into (fi) € LPT! being left ﬁxed by SO(m + 1). Thus (fi) correspond to
the origin.

Let f : S™ — Sy be a full p-eigenmap. Setting f = Ao fp, by definition,
we have f* = (A®I)fF. Using (2.4.4), we have

(F5) = L(AT ® A8 D — T
= (ATA-1)® )i
=1 L((f) ® Dex.
In view of this, we define the degree-raising and -lowering operators
* = oF : S2(HP) - SP(HPE)
by
P(C) =1L o (C®I) o
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Clearly, <I>;,b are homomorphisms of SO(m + 1)-modules. The previous
computation amounts to

OE((f)) = (F*). (2.4.5)
In particular, we have

&E(LP) C LPEL.,

2.5 Exact Dimension of the Moduli £P

We are now ready to describe the SO(m + 1)-module structure of £P.

Theorem 2.5.1. The symmetric square S?(HP) contains P?** as an
SO(m + 1)-submodule and

EP = S2(HP)/P?P. (2.5.1)
In particular, by (2.1.5), we have
dim £? = dim P

_ ((”Tnm) - (’; ) + 1) _ (2p +m). (2.5.2)

m

Corollary 2.5.2. If f : S — Sy is a full p-eigenmap then dimV = 2p

and f is congruent to the standard minimal immersion.

Remark. Theorem 2.5.1 can be found implicitly in DoCarmo-Wallach [1]
(4.4. Lemma, p.51) who used higher fundamental forms for their proof. Our
elementary exposition below is new. Corollary 2.5.2 is due to Calabi [1] and
DoCarmo-Wallach [2]. (For more details of this approach, see Wallach [1],
p.33.)

Proor OF COROLLARY 2.5.2. For m = 2, we have

dim P = (2p N 2) = S2(HB)

since dim H5 = 2p + 1. By (2.5.1), £} reduces to a point.

By Theorem 2.5.1, £P is nontrivial iff m > 3 and p > 2. The first
nonrigid range corresponds to m = 3 and p = 2, and, again by Theorem
2.5.1, the moduli space £3 is 10-dimensional.

A key step in the proof of Theorem 2.5.1 is to encode the information as
to how far a full harmonic p-homogeneous polynomial map f : R™** — V
is from being spherical. We do this by associating to f the polynomial

V() =1f? = 1fl* = 1f? - o € P.
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Setting, as usual, f = Ao f, with A: HP — V linear and surjective, we
have

VOf) = Ao fiol® = |fol?
= <ATAfp»fp> - <fp»fp>
= (Cfp?fp>v

where C' = (f) = ATA — I € S?(HP) is the point corresponding to f (see
the discussion after Corollary 2.3.4). This suggests that we consider the
linear extension

00 : S3(HP) — PP
defined by
V(C) = (Cfp, fp), C € S*(HP).

Clearly, ¥° is a homomorphism of SO(m + 1)-modules. By definition,
VO(f) = UO((f)), and we have

ker U9 = £P.
This reduces Theorem 2.5.1 to the following:
Theorem 2.5.3. The homomorphism
00 S2(HP) —» PP
1s onto.

Example 2.5.4. For p = 1 the standard minimal immersion f; : ™ — S™
is the identity. Hence ¥° : S?(H!) — P? associates to C € S?(H!) the
quadratic form ¥9(C) = (Cw,x). Thus, in this case, ¥0 is actually an
isomorphism. This fact, combined with (2.1.14), gives the isomorphism

S2(rH1) o P2 o~ HO EBHZ

Under this isomorphism the projection S?(H!') — HO is defined by the
trace.

Remark. There is a very simple algebraic interpretation of ¥ as follows.
Let P = Pp,41 denote the space of all homogeneous polynomials in m + 1
variables. P is a graded algebra, where the grading is given by the degree.
As usual, PP C P denotes the linear subspace of homogeneous polynomials
of degree p. P is an SO(m+1)-module with the module structure that pre-
serves the grading. (The SO(m + 1)-module structure on P? was discussed
in Section 2.1.)

We let I : P ® P — P denote the homomorphism given by
multiplication:

H0(€®TI)=§77, &UEP
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We have II°(PP®P9) C PPT7. We denote the restriction II°| ppgpa by II9 .
With this, we have

where S%(HP) is considered as a linear subspace in HP @ HP C PP ® PP.
The simplest way to see this is by writing everything in coordinates. Let
{5 };V:(g) C HP be an orthonormal basis, and Z;V:(g) ciufi ® f} a typical

element of S?(HP) with matrix C' = (le);\’]l(i)z], cji = ¢ij. We have
V(C)(z) = (Cfp(@), fo(2))
N(p) N(p)
= <0 Y HB@E f},(w)fi.>
=0 1=0
N(p)

= Y (CH @ @)

3,l=0

(p)
= > cufi(@)fi(x)

5,1=0
N(p) ‘
=10, | Y cufi®f, | (@)
.77l=0

The claim follows.
Returning to the proof of Theorem 2.5.3, we first show the following:

Lemma 2.5.5. H? C P?P is in the image of Y.

PROOF. Let f : R™"! — R be given by f(z) = H(z2,), z = (zo,-..,Zm) €
R™*1. Since H?? is irreducible, it is enough to prove that the harmonic
part of ¥O(f) is nonzero. Using the definition of ¥°, we have

since, by (2.1.9), H(zZ,) = zB,(mod p?) and H(p?:) = 0, by definition. By
(2.1.9) again, H(z2P) is nonzero. The lemma follows.

We prove Theorem 2.5.3 by induction with respect to p. We accomplished
the first step (p = 1) in Example 2.5.4. To perform the general induction
step, we will bring in the degree-raising and -lowering operators @% in-
troduced at the end of the previous section. We write \Ilg to indicate the
dependence of ¥ on p.
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Theorem 2.5.6. For C € S?(HP), we have

¥2,1(85(C)) = (m— 1)%%‘3(0)/)2
;7 ATY(C))p. (2.5.3)

ApA2p

PROOF. First of all we rewrite the left-hand side of (2.5.3) as

\112+1((I)+(C)) < ( )fpafp>
=(CeoDf 1)

A” Z (6:Cfp,6:f0),

where we used (2.4.4). We now use (2.4.3) with fi = Cf, and fo = f,, and
obtain

m

S (6(C ) bify) = (m— 1>f—i<0fp, f)6?

=0

2p?
+ 3T A !

(2.5.3) follows since ¥O(C) = (Cfp, fp)-

ProOOF OF THEOREM 2.5.3. We proceed by induction with respect to p.
For the general induction step, we assume that \IJO S2(HP) — P? is onto.
By Lemma 2.5.5, H%(P+1) is in the image of ¥ poL- In view of (2.1.1), it is
enough to show that P??p? is in the image of \I/p +1- Let n € P?. We need

to show that np? is in the image of \I/p +1- To do this, we apply Lemma
2.1.2 with
2

>‘p )‘ZP

cop = (m— 1)>\£ and ¢ =
P

to obtain £ € P?P satisfying

co +a - p? =n.

By the induction hypothesis, there exists C' € S?(#P) such that ¥2(C) = ¢.
Retracing our steps and using (2.5.3), we obtain

Vo 1(®F(C)) = np.
Theorem 2.5.3 and, hence, Theorem 2.5.1 follow.
Remark 1. For C € S%(HP), we have
ATY(C)) = MapT0_,(; (C)). (25.4)
This can be deduced from (2.4.2) along the same lines as (2.5.3).
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Using the comparison formula for the Euclidean and spherical Laplacians,
for ¥9(C) € P?, C € S*(HP), we have

AWY(C)) = (/\2,,1 - AS"’) w9(C).

Restricting (2.5.3) and (2.5.4) to S™, we obtain

¥a@50) = (1-5 A%AS’") %),

and
1 m
0 - _ s 0
¥, 1(®,(0)) = (I — /\—sz ) T, (C).
These formulas express the commutativity of the diagrams

*
S2(HP) 5 S2(wrtL)
w) |94
g
P?p LN rPQ(pil)

where the invariant differential operators <i>:t are given by

— p Sm
R R AY
P A2y

and

gy L pasm
A2p
The eigenvalues of AS" on P = Zp H% are A25, J =0,...,p. Since

p%/)Ap < 1, we see that <I>+ is injective. It is also clear that <I> is surjective
w1th kernel H2P C PP

Remark 2. In Section 2.1 we saw that the zonal spherical harmonic H (z2,)
can be expressed in terms of the ultraspherical polynomial C,(,m_l)/ 2, Using
deeper properties of these polynomials, a simple proof of Theorem 2.5.3
can be given as follows: In the remark after Example 2.5.4 we showed
that U9 : S2(HP) — P? is given by the multlphcatlon operator IIY ,. We
let H” HP C P? denote the image of U0 = | s2(Hr)- By deﬁmtlon
HP - HP is the SO(m + 1)-submodule of PP con31st1ng of sums of products
of spherical harmonics of order p. Theorem 2.5.3 asserts that HP-HP = P?P,
To give another proof of this, we first observe that H(z2,)? certainly belongs
to HP - HP. By (2.1.11), up to a constant multiple, H(zF,)? (restricted to
S™) is C’,(,m_l)/ %(2). On the other hand, expanding with respect to the
ultraspherical polynomials, we have the decomposition

C(m 1)/2 ZCJ (m 1)/2
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(Notice that odd-degree ultraspherical polynomials cannot occur:) If the co-
efficient c; is nonzero then the orthogonal projection P — H? restricted
to HP - HP is onto H? since it contains C’é;-n_l)/ ® and H¥ is irreducible.
Hence, H? is a component of HP-HP. Thus, to complete the proof we need
to show that all coefficients c;, j = 0,...,p, are nonzero. This however is a
consequence of the formula

min (d,d’) ’

(d+d +a—2k)

Ci(2)Cq(2) =

4(2)Ca (2) kg d+d +a-k)
(a)r(a)d—k(a)a—k(20)a+a —k
k'(d — B){(d' — k)Y (@) dra—k

d+d —2k) _,
X £—‘—)—C'der'—zk(»”«’),

(20)d44a 2k

where (a)r = I'(a + k)/I'(a). (This so-called Dougall’s formula is a special
case of “linearization of products” for Jacobi polynomials. This problem
has a long and interesting history; for details, see Askey [1], pp. 39-40.)

Let f: 8™ — Sy be a full p-eigenmap. Recall that f is linearly rigid iff
Ly is trivial. By (2.3.7), f is linearly rigid iff S?(V}) and EP have trivial
intersection in S?(HP). By Theorem 2.5.1, we have

2
dim S%(HP)/EP = dim P = (m:; p).
Thus, if f: S™ — Sy is linearly rigid, then
dimV(dimV + 1)
2
Let m be fixed. For p — oo, we have

(m+2p> _@Cp+tm)2p+m—-1)...(2p+1)
m m!

= dim $?V = dim $%(V}) < dim P? = (m + 2p).

m

=00[™).

Thus, if f is linearly rigid then dimV < O(p™/?) as p — oo.
In contrast, for any full p-eigenmap f : 5™ — Sy, we have V; C HP, so
that dimV = dim Vy < dimHP = O(p™~1) as p — oo.

2.6 Equivariant Imbedding of Moduli

The main result of this section is the following:

Theorem 2.6.1. The degree-raising operator <I>z",’ : EP — EPYL s injec-
tive, and its restriction defines an SO(m + 1)-equivariant imbedding of the
standard moduli space LP into LPT1. Up to a constant multiple, the degree-
lowering operator @, : P — EP~ s the transpose of @;’_1, and therefore
1t 15 surjective.
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Remark. Under the equivariant imbedding, the boundary points of £? may
not map to boundary points of £LP*!. This is certainly the case for boundary
points corresponding to full eigenmaps with high (but not maximal) range
dimension (Problem 2.18).

For the same reason, the restriction ¢, : L7 — LP71 is, in general, not
surjective.

Here, we introduce the differential operator
D:HPQHI > HP P @HI!
defined by

=0

For p = q, S?(HP) C HP ® HP, so that D can be restricted to LP C
EP C S?(HP). We claim that the restriction D|» is essentially given by the
degree-lowering operator.

Remark. The differential operator D was introduced in DoCarmo-Wallach
[1] (Appendix, p. 57) for the purpose of deriving a recurrence formula for
the irreducible decomposition of the tensor product H?®#H?. The geometric
content of D acting on eigenmaps has been recognized in Toth [4].

Theorem 2.6.2. Let f : S™ — Sy be a full p-eigenmap. We have

D((f)) = 222 (f7)

and

D) = (o + 1)2§—§';<f+>.

PROOF. By (2.4.5), it is enough to show that, on S?(HP),

D= %@; (2.6.1)
and
T 2 A2p ot
D' =(p+1) Kq)” . (2.6.2)
P

Fix orthonormal bases {fJ };V:(g) C HP and { le,_l}fi%'—l) C HP~!, and let
C= (ij/)j-\:}/pz)o € S?(HP). We compute
N(p)

DC)=D| Y cpfief

3,3'=0
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m  N(p)

= Z Z ijfaifg ®6if£'

i=0 j,5'=0
m N(p) N(p-1)

—Z Z Z i afp’ >(3if£', ;l;,_1> ;l;—1®f;l;,-1

i=0 j,j'=0 Ll'=
m N(p—1)
= ?) Z Z C‘Sifl 175f;l) 1> ®f1l) 1
i=0 I,l'=
m N(p— 1)
=pp1 Y Y (BCEfL 1, Fy )1 ® fia,
i=0 1,l'=0

where we used Lemma 2.1.4 several times. Thus, on HP~!:

D(C) = Mp—1 i@,C& (263)

=0
On the other hand, by Proposition 2.1.3, we have on HP~1:

Ao
o (C) = T (C ® I)_ = P22e= ”Zac&

b )‘21717110

Comparing this with (2.6.3), (2.6.1) follows.
Finally, we prove (2.6.2) by showing that, up to a constant multiple, o,

is the transpose of ®F_,. We compute, for C' € S?(HP) and C' € S*(HP™1):

N(p—1)
(@,(C),Cy= > ((I(C®I)f)1,C' 1)
1=0
m N(p-1)
PAap-1) ! 1l
= 0;Cé;f, _1,C"f,_
’\Z;D)\p—l ; e < fp 1 P 1)
p/\ 1 m N( )N(I’—l) ) ]
= JHeml N (6ifh 1, FENBCFE,C 1L 1)
ApAp-1 25 j=0 1=0
9 N(p) N(p—1)

=522 X e dGCH.C )

(2.6.2) follows.
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Remark. (2.6.3) can be generalized to the effect that
D:HPQHT - HP L @HI!

corresponds to the map

m
Cr pp-1 Z 0;C%é;,
=0
where C € HP ® H? is considered as a linear map C : HP — H? under the
isomorphism (HP)* = HP (and so is D(C) under (HP~1)* = HP~1).

PRrROOF OF THEOREM 2.6.1. According to Corollary A.3.3 in Appendix 3,
the operator D is onto. By (2.6.1), the second statement of Theorem 2.6.1
follows. Since D is onto, its transpose D' is injective. By (2.6.2), up to a
constant multiple, DT is ®+. Thus ®7 is also injective. The first statement
of Theorem 2.6.1 also follows.

Remark. Surjectivity of D plays a key role in the proof of Theorem 2.6.1.
In Section 3.5 we will give a different proof of this.

2.7 Quadratic Eigenmaps in Domain Dimension
Three

Theorem 2.5.1 implies that the moduli space LP parametrizing the con-
gruence classes of full p-eigenmaps f : ™ — Sy is nontrivial iff m > 3 and
p > 2. The main purpose of this section is to describe the 10-dimensional
moduli space £3 corresponding to the first nonrigid range.

The SU(2)-equivariant p-eigenmaps will play an important role within
L5, p>2.

Recall that a map f : S3 — Sy is said to be SU(2)-equivariant if there
exists a homomorphism py : SU(2) — SO(V) such that

f ° Lg = pf(g) °© fa g € SU(2), (271)

where L, is left multiplication on S by g (as a quaternion). py defines
an SU(2)-module structure on V. Under the isomorphisms V = V* =
Vi C HE, V becomes an SU(2)-submodule of H§|sy () and the image of
f in V is an SU(2)-orbit. On the moduli space L%, SU(2)-equivariance
of f means that the corresponding point (f) € L} is left fixed by SU(2)
(Section 2.3). Thus, the congruence classes of full SU(2)-equivariant p-
eigenmaps f : S2 — Sy are parametrized by the equivariant moduli space
(£5)SU@) | the SU(2)-fixed points on £]. Since the linear span of £5 is &5,
the equivariant moduli space is the linear slice

(5 = £50 (),
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We identify C? and R* in the usual way. (C? 3 (z,w) = (z + iy, u + ) —
(z,y,u,v) € RY) With this identification, SU(2) becomes a subgroup of
SO(4). The orthogonal matrix v = diag(1,1,1,—-1) € O(4) (or, using
complex coordinates (z,w) € C2, v : z — z, w — W) conjugates SU(2) to
the subgroup

SU2) =~vSU(2)y Cc SO(4), v =1, (2.7.2)
of SO(4) and (as simple computation shows), we have
SU(2)NSU(2) = {I}.
For reasons of dimension
SU(2)-SU(2) = SO(4). (2.7.3)
The local product structure (2.7.3) indicates that both SU(2) and SU(2)’
are normal in SO(4). In particular, (2)5U®) is SU(2)'-invariant. Since —1I
acts on % C S?(HE) as the identity, (£5)5U®@ is also an SO(4)-submodule
of £5.
Given an SU(2)-equivariant map f : S — Sy, the composition f o~ :
S$3 — Sy is SU(2)'-equivariant in the obvious sense, i.e. (2.7.1) holds with
f replaced by f o~ and SU(2) replaced by SU(2)'. The congruence classes

of full SU(2)'-equivariant p-eigenmaps are parametrized by the equivariant
moduli space (£5)SV?)" the SU(2)’-fixed points on £5. As before, we have

(LY@ = 5 (€)@’
and (£2)SU(2)" is SU(2)-invariant, thereby an SO(4)-submodule of 2.
Lemma 2.7.1. (E2)SY® and (£2)SU®?)" are orthogonal in EF.

PROOF. If (£2)5U) and (£2)SUR)" were to intersect nontrivially, then, by
(2.7.3), a nonzero intersection would be left fixed by SO(4). This contra-
dicts Corollary 2.3.4. Orthogonality now follows from the fact that both
(EPYSU@) and (£2)SU?) are SO(4)-submodules of £F, and that S2(H3)
has multiplicity 1 decomposition into irreducible SO(4)-modules (Corollary
A.3.4 in Appendix 3).

Restricting from SO(4) to U(2), the SO(4)-module HE of complez spherical
harmonics on $2 of order p splits as

Hg'U(g) = Z Hc’d, (274)
c+d=p; c,d>0

where H®¢ is the complex irreducible U(2)-module of harmonic polynomi-
als of degree ¢ in z,w and degree d in Z, @. (This can be seen by writing a
harmonic p-homogeneous polynomial in terms of the variables z, z, w, w.)
The center

I = {diag (", e?) |6 e R} C SU(2) (2.7.5)
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of U(2) acts on each H*¢ as a character.
Remark. For p =2, (2.7.4) reduces to
H2U(2) = H2O o HM @ HO2.

The complex Veronese map Ver® : $3 — S5 and the Hopf map Hopf :
5% — S? introduced in Examples 1.4.1-1.4.2 are orbit maps in the U(2)-
modules H?° and H'!. They are obtained by the same recipe as the
standard minimal immersion f,; relative to orthonormal bases in H2° and
HY1, the components of VerC and Hopf are orthogonal with the same
norm.

Restricting (2.7.4) further to SU(2) C U(2), we obtain
Hilsue) = (p+ DWW,

as complex SU(2)-modules. Here, as in Section 1.4, W, denotes the (unique)
complex irreducible SU(2)-module of dimension p + 1. Actually, the local
product structure (2.7.3) gives us

Ho =W, @ W),

where W), is the complex SU(2)"-module obtained from the SU(2)-module
W, by conjugating SU(2)" to SU(2) by « in SO(4). (For some facts on
SU (2)-representations used here, see Fulton-Harris [1], Vilenkin [1], or
Weingart [1].) More generally, if W is an SU(2)-module then W’ denotes
the SU(2)'-module obtained from W by conjugating SU(2)" to SU(2). If,
in addition, —I acts on W’ trivially then W’ becomes an SO(4)-module
with SU(2) acting trivially on W’. The situation is similar when the roles
of SU(2) and SU(2)’ are switched.

For p = 2d even, with obvious notations, we have
H2% = Ryg @ Ry, (2.7.6)

as real modules, where Rgg C Wy is the real SU(2)-submodule defined in
Section 1.4. In particular,

H3lsu() = (2d+ 1)Raa. (2.7.7)

We showed in Section 1.4 that, up to congruence, a full SU(2)-equivariant
quadratic eigenmap fe : S* — Sg, = S? is given by (1.4.9)-(1.4.10). The
pairs of coefficients (c1, cp) satisfying (1.4.9) can be parametrized by S?,
setting

c1 = isin(t) and c; = & = cos(t) - /2, |t| < 7/2,5 € R.

Here s and t are viewed as spherical coordinates on S2. (t = 0 gives the
equator parametrized by s, and ¢ is the parameter for the parallels of
latitude.) Taking congruence classes, this parametrization gives rise to a
smooth map of S? into £3. It is clear that the parameter values (t,s) and
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(—t,s + ), corresponding to antipodal points in S2, give congruent eigen-
maps. Looking at the components of f¢ in (1.4.10), we see that the converse
is also true. Thus the mapping of S? into £% factors through the antipo-
dal map of S? and gives a smooth imbedding of the real projective plane
RP? into £3. Let P denote the image of this imbedding. Summarizing, we
see that the set of points in £2 that parametrize the full SU(2)-equivariant
quadratic eigenmaps f : S2 — S? is a smooth imbedded real projective plane
P in 9(£32)5U(2),

Recall again from Section 1.4 that both Ver® and Hopf are SU(2)-
equivariant. In fact, they are also equivariant with respect to the unitary
group U(2) € SO(4) since U(2) is generated by SU(2) and its center T
given by (2.7.5) above. According to Example 2.3.15, Ver® and Hopf are
also antipodal.

By U(2)-equivariance, the isotropy subgroup of (Hopf) contains U(2).
Since there are no connected closed subgroups between U(2) and SO(4),
we have

50(4)(}101# = U(2)a

where the superscript indicates the identity component. In fact, simple
computation, in the use of the complex form of the Hopf map (Example
1.4.2), shows that ygy € SU(2)' is in the isotropy subgroup SO(4)mops) iff
g € SU(2) is diagonal or antidiagonal. The diagonal elements correspond
to I' and the antidiagonals fill another component, a topological circle. We
obtain that SO(4)/U(2) is a 2-fold cover of the SO(4)-orbit of (Hopf). It is
well-known that SO(4)/U(2) = S? and that the only (smooth) factor of S2
is RP?. We conclude that the SO(4)-orbit of (Hopf) is a smooth imbedded
real projective plane. Since it is contained in P it must coincide with P.
We obtain that

SO(4)((Hopf)) = SU(2)'((Hopf)) = P.
Summarizing, we have the following rigidity result:

Corollary 2.7.2. Given a full SU(2)-equivariant quadratic eigenmap f :
S3 — 82, we have f = U o Hopf og, for some U € O(3) and g € SU(2)".

P is contained in a sphere in (£2)5U(? of radius 3v/2 (and center at the
origin) since |(Hopf)| = 3v/2 (Example 2.3.15). Since the real projective
plane cannot be imbedded into R? (or S%), we obtain that (£2)SU(® is at
least 4 + 1 = 5-dimensional. In a similar vein, (£2)5U®" is also at least 5-
dimensional. Thus, dim(£2)5V(®) = dim(£2)5U()" > 5, so that, by Lemma
2.7.1, (£2)5V @ (£2)SU2) is at least 10-dimensional in £2. On the other
hand, we know from Theorem 2.5.1 that dim£% = dim&Z = 10. Thus,
dim(£2)5U®@ = dim(£2)5U®" = 5, and we have

£3 = (£3)5V@ g (£3)5V (2.7.8)
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as SO(4)-modules. Since it is 5-dimensional, it is also clear that (£2)SV(?)
is irreducible as an SU(2)’-module. Similarly, (£2)SV®)" is irreducible as
an SU(2)-module. Hence

(£2)SU@) =~ R, and (£2)SV?) >R, (2.7.9)

(These will also follow from a more general setting in Section 3.6.) I" acts
diagonally on the orthonormal basis of W, obtained from (1.4.5) by replac-
ing w with @. The fixed points of I" fill the line R - 22w2. In fact, looking
at the standard action of SU(2) on C?, we see that the isotropy subgroup
of this line consists of those ygy € SU(2)’ for which g € SU(2) is diag-
onal or antidiagonal. As before, the SU(2) -orbit of z2w? is topologically
a real projective plane. (Under the first isomorphism in (2.7.9), the lines
R - (Hopf) and R - 22@? correspond to each other.) Every closed connected

1-parameter subgroup of SU(2)’ is conjugate to I, and thereby serves as
the isotropy subgroup of a point on the orbit SU(2)'(22w?). We see that,
away from the line R - 222, all SU(2)"-orbits are three-dimensional.

Restricting the action to the four-dimensional sphere in R} that con-
tains the orbit of 22w?, the SU(2)'-orbits thus form a homogeneous family
of hypersurfaces Wlth two antipodal singular orbits, that are imbedded real
projective planes. (In fact, the orbits are the level hypersurfaces of an es-
sentially unique isoparametric function, a cubic polynomial restricted to
the 4-sphere in R). The cubic polynomial is explicitly known: £ for v =1
in Problem 2.28 (b) see also E. Cartan [1-2]. It also follows that the “mid-
dle” hypersurface is minimal and self-antipodal, while the the rest of the
hypersurfaces are paired in antipodal pairs.) It is a classical result that the
singular orbits are minimal. By Corollary 2.5.2, up to congruence, the singu-
lar orbits are imbedded as the Veronese surface in S*. Passing to (£3)5U(
by the first isomorphism in (2.7.9), we conclude that P C (£2)SV®) is
imbedded minimally into its respective 4-sphere of radius 3v/2 as a (scaled)
Veronese surface.

Let f : S — Sy be a full SU(2)-equivariant quadratic eigenmap.
As noted above, the space of components V; is an SU(2)-submodule of
H3|su(2)- By (2.7.7), the latter splits as

H3|su(2) = 3R>
so that
dimV =dim V; = 3,6,9.

Thus the possible spherical range dimensions dim Sy of a full SU(2)-
equivariant quadratic eigenmap f : S — Sy of boundary type are 2 and
5.

We now determine (Ly,,c)5U®. Since I fixes (Ver®), it has to leave
(Lyerc)U? invariant. The circle group T' acts on 9(Ly,.c)5U@ and
thereby on its linear span Ey,,c without fixed points (except the origin
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in €y,,c) by the local uniqueness of U(2)-fixed points on 8(£2)SV@). Thus
(Lyerc)3U@ is even dimensional. This dimension cannot be four since the
boundary of (£ y.c)5V® is contained in P.

Ver© is linearly nonrigid among SU (2)-equivariant quadratic eigenmaps,
since each quadratic eigenmap in the one-parameter family Hopf, : S3 —
S% « € R, given by

Hopf ,(z,w) = (€%**2% + 0*, 23(e** zw)).

is derived from Ver®. (To see this, compare the components of Hopf,,
with those of Ver® given in Example 1.4.1.) Thus (Ly,,<)5Y® is two-
dimensional. Notice that Hopf,, = Hopf,, iff a1 = oz (modn) so that
the corresponding points {{Hopf,)}acr/xz give the entire boundary of
(Lyerc)SU @ The center T rotates (L y,,c)5V? since

diag(ew?ew) : <H0pfa> = (Hopfa+20>’

It follows that (Ly,,c)5U® is a flat two-dimensional disk D. (For an ex-
plicit computation, see Problem 2.16. Note also that, as we will see later
(Corollary 2.7.7), (Lyerc)5Y® coincides with Ly,.c.)

Corollary 2.3.20 applied to Ver® : §3 — $° says that the cone Cyerc
with base disk D and vertex (Hopf) = ((Ver©)®) is straight and 8Cy,,c is
part of the 4-dimensional boundary of (£2)5U(?),

Consider the interior of D. Through any point of int D the SU(2)-orbit
is transversal to int D. This is an easy application of Theorem 2.3.8. Indeed,
SU(2)' has no two-dimensional subgroups, and SU(2)’ cannot leave int D
invariant since the centroid of an(y) orbit would then be SO(4)-fixed; a
contradiction to Corollary 2.3.4. Thus the orbit SU(2)’(int D) is an open
submanifold in 8(L32)5U(). The boundary points of this orbit are on P
since they correspond to range dimension 2. On the other hand, P is of
codimension 2 in 8(L2)5V(?) go that the points corresponding to quadratic
eigenmaps with range dimension 5 form a connected set in (£2)5U(2), Since
SU(2)'(int D) is a component it must coincide with this set. We obtain

S0(4)(D) = SU(2)'(D) = 8(£2)SV @, (2.7.10)
As a byproduct, we have the following:

Corollary 2.7.3. Given a full SU(2)-equivariant p-eigenmap f : S — S5,
we have fog= Ver® for some g € SU(2)'.

Since the points on P correspond to linearly rigid eigenmaps, Lemma
2.3.6 along with the Krein-Milman theorem (Theorem A.1.1 in Appendix
1) give:

Corollary 2.7.4. The equivariant moduli (£3)5U?) that parametrizes the
full SU(2)-equivariant quadratic eigenmaps f : S — Sy is isometric with
the convez hull of the real projective plane imbedded minimally in S* (of
radius 3v/2 ) as a scaled Veronese surface.
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A very transparent picture of (£3)5U(?) emerges as follows. The outer-
most SU(2)'-orbit on the boundary is the SU(2)"-orbit of the Hopf map,
and it is an imbedded Veronese surface in the 4-sphere of (£2)5V(2) of ra-
dius 3v/2. The innermost SU(2)'-orbit on the boundary is the SU(2)’-orbit
of the complex Veronese map, and it is another imbedded Veronese surface
in the 4-sphere of (£2)5U(®) of radius 3/v/2. These two SU(2)"-orbits are
antipodal and scaled by distortion 2. The points on the innermost orbit are
centers of flat 2-disks whose boundary circles are contained in the outer-
most orbit. By (2.7.10), these 2-disks form a single SU(2)-orbit. (Various
3-dimensional projections of the configuration of the two orbits are depicted
in the front page illustration. The Veronese surfaces in S* are first stereo-
graphically projected to R* and then projected to R? as Roman surfaces.
Notice that only four disks in (2.7.10) are projected isometrically to R3.)

Theorem 2.3.7 asserts that the moduli space £32 is the convex hull
of points that correspond to linearly rigid eigenmaps. The full linearly
rigid SU(2)-equivariant quadratic eigenmaps correspond to the orbit P
in (£2)SU2). The same holds for P’ in (£2)5U?)’. Our next result gives a
complete geometric description of the moduli space £2:

Theorem 2.7.5. L2 is the convez hull of (£2)5U® and (£2)SU?)', Hence
L2 is the convez hull of two orthogonal real projective spaces P and P’
imbedded minimally in their respective 4-spheres of radius 3v/2.

Corollary 2.7.6. The inradius and circumradius of L3 are

r(ﬁ%):g and  R(L2) = 3v/3.

Corollary 2.7.7. We have
(‘c Verc)SU(z) = ‘cVerc .

Before proving Theorem 2.7.5, we will digress from the main line and prove
a result that enables us to compute the dimension of the moduli (£;)5U(?)
for any full SU(2)-equivariant p-eigenmap f : S — Sy for p even. Given
[,V =2V C Hilsuq) is an SU(2)-submodule, and, by (2.7.7), V = kR,
for some k =1,...,p+ 1. Using (2.3.7), we obtain

g}sv(z) = (S2(V;) N ERYSUR) = (S2(Vy) N EF)SU@), (2.7.11)

Here S2 denotes the traceless part of the symmetric square, and the second
equality is because £ C SZ(HP) (Lemma 2.3.2). On the other hand, by
Theorem 2.5.1, (2.1.14) and (2.7.7), we have

(S5(HE)/ED)°Y = (H @ Hy @ ... @ HP) U
= (3R2®5R4 D ... ® (2p+ 1)Ry,)°V® =0,
Continuing the computation in (2.7.11), since
S5(Vy) C S3(H3) = €5 @ S(HE) /€3,
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we have
g5V = (83(Vy) NSV = SE(Vy)SU ).
To decompose this into irreducible SU(2)-modules we need to recall the

Clebsch-Gordan decomposition for the tensor product
b
Wo @ Wy = ZWa+b~—2j7 a>b>0.
3=0
(See Fulton-Harris [1] or Vilenkin [1].) For a,b even, we obtain

b
Ra®Ry = Ratp-zj, 02520,

=0

as real SU(2)-modules. For a = b even, retaining only the components in
R, ® R, that contribute to the symmetric square, we have

a/2
S%(Re) = Roq-sj.
=0
Since V = V; = kR, we have
S2(Vf)SU(2) — 52(kRp)SU(2)
— kS?(R,)V® @ k(k; 1) (R, ® R,)SU®
k(k—1)

=kRy®

k(k+1)
2
Summarizing, we obtain the following:

Theorem 2.7.8. Let p be even, and f : 83 — Sy a full SU(2)-equivariant
p-eigenmap with V = kR,. Then we have

Ry

Ryp.

dim(£,)SU® — E(’“T“_) 1

In particular, we have
dim(Lops)S"® =0 and  dim(Lyeec)SU@ =2,

Theorem 2.7.8 thus gives alternative proofs for some of the conclusions we
made above.

ProOF oF THEOREM 2.7.5. We need to show that any line segment con-
necting 8(£2)5U® and 8(L2)5V?) is entirely contained in L3, since then
the union of these line segments make up the entire boundary of £2.

Let f1 : S — Sy, and fa : S° — Sy, be full quadratic eigenmaps with
f1 SU(2)-equivariant and fo SU(2)'-equivariant. Consider a full quadratic
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eigenmap f : $3 — Sy whose corresponding point {f) is in the interior of
the line segment connecting (f;) and (fz). The space of components V7, is
an SU(2)-invariant proper submodule of H3|sy(2), and V¢, is an SU(2)'-
invariant proper submodule of HZ| su(2)y - The following lemma generalizes
this situation.

Lemma 2.7.9. Let G be a compact Lie group, R an absolutely irreducible
(real) G-module, and W a trivial G-module. Then any G-submodule Z of
R W is of the form Z = R® Wy, where Wy C W is a linear subspace.

ProOOF. Without loss of generality, Z can be assumed to be irreducible.
Let {ws}7"_; C W be a basis and write R W =Y | R,, as G-modules,
where Ry, = RQR-w; £ R, s =1,...,n. Now the statement follows from
Schur’s lemma applied to the projections Z — R;.

Returning to our proof of Theorem 2.7.5, we have
Vi, =R, ®W; and Vj, =Wy®Rj,
where Wy C Ry and W C Rj are linear subspaces. On the other hand, by
Theorem 2.3.5, we have
Vi=V5 + Vs, =Ry @ Wy + Wy ® Ry (2.7.12)

Since V}, and Vy, are proper submodules, it follows that V; is a proper
linear subspace of 2. Thus f is of boundary type: (f) € 0£2. Theorem
2.7.5 follows.

Corollary 2.7.10. The possible spherical range dimensions of a full
quadratic eigenmap f : S — Sy are

dim Sy = 2,4,5,6,7,8.
In particular, there is no full quadratic eigenmap f : S — S3.
PROOF. By (2.7.12), we have
dimV = dim V;
= dim Ry ® W} + dim Wy ® R}, — dim Wy @ W
= 3(dim Wy + dim Wy) — dim Wy dim Wj.
Since dim Wy, dim W < 2, the corollary follows.

Corollary 2.7.11. A full quadratic eigenmap f : S — Sy is SU(2)-or
SU(2) -equivariant iff dim V' is divisible by 3.

Remark. The role of SU(2)-equivariant maps in £5 was first exploited in
Toth-Ziller [1] for spherical minimal immersions. For quadratic eigenmaps,
the treatment here is new. The main result of this section, Theorem 2.7.5,
first appeared in Toth [6]. We present here a different (and much simpler)
proof.
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2.8 Raising the Domain Dimension

The degree-raising and -lowering operators enable us to manufacture eigen-
maps of arbitrary degree from a given eigenmap without changing the
domain dimension. In this section, we construct a domain-dimension-
raising operator for eigenmaps. Domain-dimension-raising appeared first
in Gauchman-Toth [1] to solve the DoCarmo-Wallach problem for spheri-
cal minimal immersions with higher order isotropy. This will be discussed
in Chapter 3.

In the following, we use the notations introduced in Section 2.1. Since
keeping track of the domain dimension is important, we reintroduce here
the subscript m for various geometric objects.

To define the domain-dimension-raising operator, we need to take a more
analytical look at the decomposition in (2.1.15). It is technically more
convenient to raise the domain dimension m by one. We thus consider
p-homogeneous polynomials £ € P%, ,, in the variables z = (2o,...,2m) €
R™*! and z,,41 € R and write £(z, Z1n+1) when display of the arguments
is necessary.

In view of (2.1.15) (with m replaced by m+1), given x € H5 ; C PP o,
we can write

p
'T mm-}-l ZH m+1Xq ) (281)
g=0

where x4 € H1,,¢=0,...,p. Using the harmonic projection formula (2.1.7)
for £(z) = xb % x4(x), we can work out each term on the right-hand side.
Since x4 is harmonic and does not depend on the variable z,,1, we have

AN (@B dixg(@) =(p—a)p—q—1)...(p— g — 25 + 1)zl %5 ¥ x,().

Substituting this into (2.1.7) and repeating essentially the same computa-
tions as in Section 2.1 leading to (2.1.11), we arrive at the following

H(a} ixq(2)) = (’;;_‘jil{;f‘itn’;‘gf ) pac m/“"(%T“-)xq(z), (28.2)

where I' is the Gamma function and C§ is the ultraspherical polynomial
(2.1.10). (Note that (2.8.2) reduces to (2.1.11) for x4 = 1.)
Observe that the factor

0= TG+ m/2) ke (Ents
oy G (52) ee

Km,l’,q (pz’ xm+1) =

in (2.8.2) is a (harmonic) polynomial in z,,41 and p°.
We need an elementary integral formula that establishes a relation be-
tween integrals on S™+! € R™*2 and on the subsphere S™ C R™*! (given

by Zm+1 =0).
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Lemma 2.8.1. Given £ € Py, and n : [0,71] = R any continuous
function, we have

/ E@(@mr 1 )vgmes = / n(cos @) sin™" gdé - [ &(a)vsm.
Sm+1 0 gm
(2.8.4)

PRrROOF. Consider the transformation
v:[0,7] x R™+! 5 R™+2
defined by
v(¢,z) = (sing - z,cos ¢ - |z|), == (20,-..,Zm) € R™, ¢ €0,7].

Restricting to the unit spheres, v projects the cylinder [0, 7] x S™ to S™+1
with 0 and 7 corresponding to the north and south poles. The determinant
of the Jacobian of v is

(—=1)™|x| sin™ &.
Now the general change of variable formula specializes to (2.8.4).

Lemma 2.8.2. With respect to the decomposition (2.8.1), the standard
minimal immersion fmy1p: S™T — Syr. ., can be written as

fma1,p(2, Tmi1) = (Cm,p,qH(xfn_flfm,q(x))) ) (2.8.5)

0<q<p

where © = (o, ..., Tm) and

Cm,p,q = (Z)(m+2q_1)(m+q—2)! [m(m+2)...(m+2p—2))?

(m+p-DImm+1)...(m+p+q—1)
(2.8.6)

PROOF. For ¢ = 0,...,p, we fix orthonormal bases {fﬂ,{’,q};y(zrg’q) C HY,.
Writing fr,, in terms of these as components, we need to show that the
spherical harmonics in (2.8.5) are orthonormal. By (2.8.2), up to a constant
multiple

—q i —q' s
L HGT R @ HE Sy )usnes

is equal to

. j’ 2+ 24 /
/S o £t (@) ol @O @) it (@t Y.
m

By Lemma 2.8.1, this is rewritten as

/0 C;"_/qz+‘1(cos ¢)C’pm_/q2,+q' (cos @) sin™tat+d’ ¢'d¢/s fﬂ;f,q(iﬂ)fif,’q'(x)vsm'
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Now orthogonality follows from (2.1.12) and orthogonality of the compo-
nents of the standard minimal immersions. It remains to work out the
normalization constants ¢, p 4 in (2.8.6). For brevity, for fixed ¢ = 0,...,p,
we replace f,{l’q by a spherical harmonic x, € HZ, and assume that

N(m,q)+1
|Xq|2 = —‘Eﬁ‘ /Sm Xq(x)Q'US'” =1 (2.8.7)

Using (2.8.2), (2.8.4) and (2.1.13), we compute

(p—q)'T(q+ m/2)>2
20=4T'(p + m/2)

2+
* /S +1 C;’n_/q q(xm+1)2Xq(x)2vSm+1

_ <<p—q>!r<q+m/2>)2
2r—a'(p + m/2)

H(z m+1Xq( )) Vgm+1 = (

Sm+1

/ Cm/2+q (cos $)2 sin™ 27 ¢ d¢p

X /m Xq(m) vgm

_ m(p—q)'T(p+q+m)
—22ptm=1(p 4 m/2)T(p + m/2)2

X / Xq(z)*vgm.
Sm
Thus we have
- N(im+1,p)+1
@) = Tt e [ () Posne

__ mp—qT(p+q+m)
22ptm=1(p + m/2)T(p + m/2)?
N(m+1,p)+1 vol(S™)

N(m,q)+1 wvol(Sm+1)’

(2.8.8)

For p=q =0, (2.8.8) gives the ratio:

vol (S™) 2™ 2mI(m/2)?
vol (§m+1) 7I'(m) '

Substituting this back into (2.8.8), the value of ¢, p ¢ in (2.8.6) follows.

Remark. In the last step of the proof we obtained the recurrence

ml'(m)

vol (Sm+1) m Vv

ol (§™), wvol(8') =
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Using the duplication formula
_ 2IN()(z 4 1/2)
= T ,

for z =m/2, and I'(z 4+ 1) = 2I'(z), the recurrence formula is rewritten as

I'(22)

I (2 I (mtl
%vol (8™ = B%VOI (8™).

Since this is 1 for m = 1, we obtain the volume of the m-sphere
m<+1
2rT 2
vol (™) = =ty
r (=)
(cf. Section 2.1).

Finally, we are ready to define the domain-dimension-raising operator.
We first split off fm, p in (2.8.5) corresponding to p = ¢:

Srmt1,p(®, Tmt1) = (Cm,p,pfm,p(x): (cm,p,qH(xfn_flfm,q(l'))OSqSP—l .

(2.8.9)
Let f: S™ — Sy be a full p-eigenmap. We define

p—1
FR™2 Ve (HE, /HE), HE /MR, =) HE,

g=0
by

f(@,Zmi1) = (Cm,p,pf(l')’ (cm,p,qH(xfn—flfm,q(‘”))OSqu—l) . (28.10)

To show that f is spherical we note that fmy1p = fm,p differs from f by
replacing fr, » by f. Thus
|f|2 - |fm+1,p|2 = |f|2 - |fm,p|2

= c?n,p,p(|f|2 - |fm,p|2)-

This is zero since f is spherical.
Restricting f to the unit spheres, we define the p-eigenmap

F:8™ 5 Sy, mn)

We say that f is obtained from f by raising the domain dimension. It is
clear that f is full. We then obtain the following:

Theorem 2.8.3 Given a full p-eigenmap f : S™ — Sy, the p-homogeneous
harmonic polynomial map f defined by (2.8.10) is spherical and restricts
to a full p-eigenmap f : ST — Svemz,,, /Hz)-
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Raising the domain dimension f ~ f gives rise to a map ©,, : e —
cr 41 between the standard moduli spaces. Indeed, let f = Ao f,, , with
A:HP — V. Comparing (2.8.9) and (2.8.10), we have

f=A6he  e)o fmiip
Thus

On((f)) = (N =(ATA- D) ® 0 e,
=N @0 /.
Hence O, extends to an SO(m + 1)-module homomorphism
O L - EF

induced by the inclusion S*(HE,) C S?(Hh 1), C— C® Oz, 1z,> C €
S%(H?E,). Finally, note that if f : S™ — S™ is a p-eigenmap with n <
N(m,p) then f has range dimension

In particular, ©,, carries boundary points of LE, to boundary points of

Lm—f—l
Summarizing, ©,, imbeds L2, into L% as a linear slice and the imbed-

ding is equivariant with respect to the inclusion SO(m + 1) C SO(m +
2).

The domain-dimension-raising operator is obtained by replacing the first
component in the decomposition (2.8.9) with a full p-eigenmap. A more
general operator can be obtained by replacing each component f,,, in
(2.8.9) with full g-eigenmaps, ¢ =1,...,p

Theorem 2.8.4. Given full g-eigenmaps g4 : S™ — S™, ¢ =1,...,p, the
map §: R™2 5 RNTL N =3P (n,+1), defined by

3, Zm11) = (cmp,o H (2}, 194(2))0<qp) (2.8.11)
is spherical, and it restricts to a full p-eigenmap §: S™t1 — SN,

PROOF. As noted above, K, p , in (2.8.3) is a polynomial in p? and T,41-
By (2.8.9) and (2.8.10), we have

p
132 = 102 = Y 2 p g (H (@890 (2))P ~ |H (@2 fimg(2)))
q=0
p
Zc paBmpa(P?, Em+1)?(19 (@) ~ | fimg(2)]?) = 0.
q=

Sphericality of (2.8.11) follows.
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2.9 Additional Topic: Quadratic Eigenmaps

A. Generalities on Quadratic Eigenmaps

In this section, we develop an independent treatment for quadratic eigen-

maps. The advantage lies in gaining geometric insight into some of the

general features of eigenmaps without the use of any representation theory.
Let f: S™ — Sy be a quadratic form. We write f as

ZaTx + Z asiTsty, T = (To,...,Tm) € R™TL (2.9.1)

0<s<t<m

where ar,a; €V, r=0,...,m,0< s <t <m. We set as; = a;,, so that
ast is defined for all distinct indices 0 < s # t < m. Substituting (2.9.1)
into the condition of sphericality |f(x)|? = p* and expanding, we obtain
that f is spherical iff

lar| =1,
(ar,ars) = 0, r, s distinct
lars|? + 2(ar,as) =2, s distinct (2.9.2)
(ar,ast) + (@rsyare) =0, 7,8, distinct
)=

<afrsa akl> + (ark, asl> <arl; Gsk , r,s, k, [ distinct.

If the unit vectors a, and ag are linearly independent, then the first
three equations of (2.9.2) mean that the three vectors a,, as, a,s are
linearly independent, and, in their three-dimensional linear span, a,; is
v2/+/1+ {(a,,as) times the vector cross product a, x a, provided that the
orientation is chosen properly. This is because

Ia'r X asl =v1- <araas>2 = Iars| vV1+ <a’7”’ as>/\/§'

A system of vectors {a,}o U {@st}o<s<t<m C V, is said to be feasible
if it satisfies (2.9.2). Given a quadratic form f with associated feasible
system, f is a (quadratic) eigenmap iff its components are harmonic. Since
Af(z)=23",ar, fis an eigenmap iff

> ar=0. (2.9.3)

Given a quadratic form f : S™ — Sy with associated feasible system
of vectors {a,}ry U {ast}o<s<t<m C V, for U € O(V), the congruent
quadratic form Uo f has {Ua, }72qU{Uast }o<s<t<m C V as the associated
feasible system of vectors.

Let f: 8™ — Sy be a full quadratic form with associated feasible system
of vectors as above. Let F': R™*! — W, W = span {as }o<s<t<m, be the
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mized part of f in (2.9.1):
F(z) = Z AstTs Tt

0<s<t<m

We call F : R™t! — W the quadratic polynomial map associated to the
quadratic form f. By the last equation of (2.9.2), we have

F(z)? = Z P2 a? —1—2 Z Ve, (2.9.4)

0<s<t<m r=00<s<t<m

where

Hst = Hts = |a'st|2v V;t =Vis = <aTS7aTt>v V.:T =0.

In terms of these, (2.9.3) is rewritten as

Z,ust:2(m+1), forallt=0,...,m
s=0

and

m

Zy;'t:o, forall0 <s <t <m.

r=0
We first claim that F' determines f up to congruence. To show this we can
consider the decomposition a, = a] + a; relative to V = W & W+, i.e.
a] € W and a;- € W+. The second and fourth equations in (2.9.2) give

<a;~r7 ars> =0,

(a] ,as) = —v7,, ,s,t distinct.
Since W is spanned by {as:}o<s<t<m, unicity of a, follows. Now, for the
entries of the Gram matrix of the orthogonal components {a;}, we have

L2 1 T2
lar|* =1—la, %,
(at,at) =1- (o] 0] ) - BL.

Since, up to isometry, the Gram matrix determines the corresponding
system of vectors (in W+ C R"+1), unicity of a;- follows.

B. Separable Eigenmaps

We now introduce the concept of separability which plays an important
part in this section not only because of the abundance of classical examples
which have this property but because it enables us to visualize the moduli
space L3.

Let £ € P? be a quadratic polynomial in zg,...,T,. We say that £ is
pure (resp. mized) if £ (z) = Y10 crx? (resp. & (z ) Y 0<s<t<m CstTsTt)-
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A quadratic polynomial map f : R™*! — R"™*! (resp. quadratic form
f 8™ — S") is separated if f is congruent to a quadratic polynomial map
(resp. quadratic form) such that each component (relative to the standard
basis) is pure or mixed. A quadratic polynomial map f : R™+! — R"+1
(resp. quadratic form f: S™ — S™) is separable if there exists an isometry
g € O(m + 1) such that f o g is separated.

In terms of the feasible system of vectors, a quadratic form f is separated
iff

(ar,a5) =0, forallrs,t=0,...,m, s#t
or equivalently, iff
vy, = 0.

If V =R, we will always take f : S™ — S™ in its congruence class such
that {a,}, C R¥, where R* C R"*! is the linear subspace spanned by
the first u coordinates, and {ast}o<s<t<m C RUT1, where RVt! = (R%)*,
uU+v=n.

Example 2.9.1. We give an explicit formula for the standard minimal
immersion fp, 2 : S™ — SN where

3
N+1:N(m,2)=m+(m;1) =T—n—(m2L).

Since this is still classical, we will also call it the Veronese map and denote
it by Very, : 8™ — SVN. Keeping track of the domain dimension and
the degree will eliminate any confusion between Ver,, : S™ — SV and
the generalized Veronese map Ver, : S2 — S?P of degree p introduced in
Section 1.4. In any case, for m = p = 2 these maps are congruent, as we will
see below. We first define Ver,, : R™*! — RN*2 by listing its components:

/ 1 2 1
1+—-<a:f— p ),r:O,...,m,\/i 1+ —xz524, 0< s <t <m,
m m+1 m

where as usual we set p? = |z|? = 2% +...+ 22, z = (20,...,Tm) € R™L.
The first m + 1 components add up to zero and, this being the only linear
relation among the components, the image of Ver,, spans the corresponding
linear hyperplane Rév 1 ¢ RV*2, We have

N+1 _ pm N+1-m
RV =RT xR ,

where

3 }
0
The squares of the components of Ver,, add up to p* so that, restricting

(and retaining the notation), we obtain a full quadratic eigenmap Ver,, :
sm 5 SN = RN That this is congruent to the standard minimal

Ry = {(yo,. . Ym) € R™FL
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immersion fp, o follows either by checking SO(m+1)-equivariance of Ver,,,
or by working out orthonormality of the components of Ver,, relative to
an orthonormal basis in the hyperplane R(I)V +1 ¢ RV*2, Up to congruence,
the Veronese map Ver,, : S™ — S can be characterized by saying that it
is separated, (ar,as) = —1/(m+1), r # s, and {ast }o<s<t<m is orthogonal
with |as|? = 2(1 + 1/m). Geometrically, ag, ..., a, € R™ are the vertices
of a regular m-simplex with centroid at the origin, and {ast}o<s<t<m C
R™m+1)/2 is orthonormal with the same norm v/2,/1 + 1/m.

Returning to the main line, let f be separable with associated quadratic
polynomial map F : R™*! — W. Then (2.9.4) reduces to

|F(z)* = Z patziz?. (2.9.5)

0<s<t<m

Conversely, let F: R™*! — W be a quadratic polynomial map satisfying
(2.9.4), and assume that

G(l/‘) = (1 - %) >0, pst=ps >0, prr =0.
s,t=0

Then, up to isometry, there exists {a,}/r, C R*, u = rank G(u), such

that the Gram matrix of the system {a,}I%, is G(u). Putting a, and a4

(which define F) together in R* @& W, by the results of Section 2.9/A, we

obtain a separated form f : §™ — Sy, where V = R* @ W. Finally, f is

an eigenmap iff the sum of the entries of each row in G(u) is zero, i.e. iff

m

Zﬂst=2(m+1), forallt=0,...,m.

s=0
Extracting all these facts about the coefficients pg;, we introduce the
signature space

Yo = {N = (ﬂst)?ft=0 € RM(m+1)/2 I G(N‘) = (1 - “st/2)g,lt=0 >0,
Pst = ts = 0, Hry = 0}

Note that ¥, is convex and semi-algebraic (since it is defined by polyno-
mial inequalities such as nonnegativity of the diagonal minors of G(1)). By
a quadratic polynomial map F with signature y € ¥,, we mean a quadratic
polynomial map F : R™*! — W satisfying (2.9.5). Summarizing the dis-
cussion above, to each full separated form f: S™ — S™ there corresponds
a full quadratic polynomial map F : R™*! — R¥*! of signature p € %,,.
The correspondence f +— F' is one-to-one.

The signatures corresponding to quadratic eigenmaps comprise the slice:

z&:{uezm

m
Z,ust=2(m+1), for alltzO,...,m}.
s=0

As before, this is a semi-algebraic submanifold of ¥,,.
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We now construct an imbedding 7 : £%,; — £,, with image

Z pst =m(m+2) p, (2.9.6)

0<s<t<m

T(E?n+1) =QHEXR

the intersection of ¥, and the affine hyperplane defined by

> pe =m(m+2). (2.9.7)

0<s<t<m
Let & € £0,,,, and define 7(i) = p € R™M+1D/2 a5 1 ¢ R(MH(M+2)/2
with the components fis m+1, s =0,...,m, deleted. When [ is considered

as a symmetric (m + 2) X (m + 2)-matrix, the (m + 1) x (m + 1)-matrix p
is obtained from [ by deleting the last row and last column. Since ji € £9,,
the sum of entries of each row of the Gram-matrix G(f) is zero. Thus we
have

m
ﬁs,m+1 = 2(m + 2) - Zﬂst

=2(m+2)— i List. (2.9.8)

In particular, det G(1) = 0. Hence, G() > 0 iff G() > 0 and p € %,
follows. Moreover, y completely determines fi by (2.9.8). Finally, the sum
of the entries of the last row of G(fi) is zero. By symmetry, these are
precisely the entries of the last column given by (2.9.8). Adding up and
using symmetry again we arrive at (2.9.7). Since this is the defining relation
in (2.9.6) we obtain that 7 : i — p is a bijection between X0, and the
slice in (2.9.6).

Given p € X, there is a universal quadratic polynomial map F), :
R+ & RUWH y(u) + 1= {pus > 0|0 < s < t < m}, with signature
4, defined by

FM(SL') = (V ;u'stxsxt)055<t§m,

where we delete the zero components on the right-hand side. Universality
means that, for any full quadratic polynomial map F : R™*! — Ru*!
with signature p, we have F' = Ao F},, where A is a (uniquely determined)
(u+1) x (u(p) + 1)-matrix. As usual, we set

(F) = ATA—I € S (RWH),
and
L,={C€é&,|C+12>0},
where

£, = span {Fy(x) © Fu(z) | = € R™H}E € SRUWH).
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A DoCarmo-Wallach type argument (Section 2.3) applies to this situation
and we find that the correspondence F' — (F') parametrizes the congruence
classes of full quadratic polynomial maps F : R™*! — R%*! with signature
p by the compact convex body L, of £,. Note again that £, is semi-
algebraic. Moreover, for u € X9 | the separated forms corresponding to the
points of £,, are automatically eigenmaps.

Taking union with respect to all signatures, we obtain that

Sm= | L. (resp. sh=U cu) (2.9.9)

HEXm I-LEE?n

parametrizes the congruence classes of full separated forms f : S™ — S™
(resp. full separated eigenmaps f : S™ — S™). We think of S, (resp. SY,)
as the “total space” of the “fibre bundle” with projection

T:8m = Zm, (resp.n®:8% —x0)

associating to the congruence class of a quadratic polynomial map F' its
signature .

We now describe the “fibre” £,, over p. Assume first that ps; # 0, for all
distinct s and ¢. In coordinates, the condition C' € £, gives

Z V Hrs gl Crs k1 TrTsTET] = 0.

r,8,k,l

Analyzing this, we obtain that ¢, = 0 if r, s, k, [ are not all distinct and
otherwise

V HrstkiCrs,kl + \/ lrkbsiCrk,st + / rilbskCrl sk = 0, r,s,k,1 distinct.
(2.9.10)

In particular:

dim L, = 2<mi— 1).

Assume now that u,; = 0 for some r # s. Then, by the very definition of
F,, ¢rs k1 (and, by symmetry, ¢k rs) are nonexistent for all &, and they are
simply missing from the relations in (2.9.10). In this case dim £,, < 2("‘2’1).
There is a simple geometric interpretation of (2.9.10). Assume, for sim-
plicity, that s # 0 for all r # s. Let Prgy € S2(R™™+1D/2) be the
three-dimensional linear subspace given by setting all entries of C other
than ¢ ki, Cri,st and crp sk equal to zero. In Prgg, the set of points
(Crs kly Crk,sl, Cri,sk) for which C + I > 0 holds is the cube [—1,1]3. By
(2.9.10), P,skiNLy, is the intersection of this cube with the plane through the
origin with normal vector (\/,ursﬂkl’ Prkbsts /Briftsk). The intersection is
a hexagon or a quadrangle.
Note that, for m = 3, we have exactly four distinct indices so that the
intersection Pz N £, will give the entire £,,.
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As for dimensions, by (2.9.9), we have

. _,(m+1 m+1
dlmSm—2< 4 )+( 9 )
o0 _ofmt1 m+1) (m+1
amst=2(" ) (") - ("),

Letting SO(m+1) act on the separated forms (resp. eigenmaps), we obtain
that an upper bound for the dimension of the space of congruence classes of
full separable forms is 2(™; 1) +2(™;") (resp. for eigenmaps 2(™; ') +m? —
1). In particular, for m = 3, the latter gives 10 as an upper bound, which
coincides with the dimension of the entire moduli space £32. In fact, in the
next subsection we will show that all quadratic eigenmaps f : S — S™
are separable. It also follows from the dimension formula for £2, (Theorem
2.5.1) that, for m > 4, there are nonseparable quadratic eigenmaps. (For
an explicit example, see Problem 2.28.)

and

C. Separable Figenmaps of the 3-sphere

To illustrate the general ideas, we will work out the signature space 3
and describe the fibre bundle S over ©J. Along the way we will see that
some specific points of the total space correspond to classical separated
eigenmaps f : §3 — S™ for various n.

To begin with, we realize ¥ in ¥z by the imbedding 7. First we determine
Y9. An element p of 3y is a symmetric (3 x 3)-matrix with zero diagonal
entries:

Oab
a0c
becO

We identify this with the vector (a,b,c) € R3. Evaluating the diagonal
minors of the Gram matrix

1 1-a/21-b/2
G(p) = G(a,b,c)=[1-a/2 1 1-¢/2
1-b/21—¢/2 1

we see that G(a,b,¢) > 0iff 0 < a,b,c <4 and
a? + b2 + ¢? — 2(ab+ bc + ca) + abe < 0.
Thus, we derive the signature space
¥y = {(a,b,c) € [0,4]3|a® + b* + ¢® — 2(ab + bc + ca) + abc < 0}.

It is not hard to visualize ¥5. Let 7 be the tetrahedron with vertices
(4,4,0), (4,0,4), (0,4,4) and the origin. Then 7 is contained in X; in
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The Signature Space

Figure 25. The signature space.

fact, the edges of 7 are the intersections of X5 with the faces of the cube
[0,4]3. Note also that the one point slice {(3,3,3)} is £ and it corresponds
to the standard minimal immersion Ver, : $% — S4. Its 8/9 multiple is the
orthogonal projection of (3, 3,3) to the center of the face of 7 opposite the
origin. ¥ itself looks like the tetrahedron 7~ “inflated” (see Figure 25).

We now determine how %J is imbedded in ¥4 by 7. First of all, a typical
element of LY is a symmetric (4 x 4)-matrix with zero diagonal entries
which therefore has the form:

Oabe
alcbh
bcOa
cbaol

(2.9.11)

with a+b+c = 8. Since 7 deletes the last row and last column we see that it
associates to this matrix the vector (a, b, ¢) € ¥3. Thus, identifying ¥ with
its image, we see that £J is the triangle A with vertices (4,4,0), (4,0,4)
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and (0,4,4). The center (8/3,8/3,8/3) of A corresponds to the standard
minimal immersion Vers : % — S8.

Let o = (a,b,c) € ¥ and determine the fibre £,. Using coordinates
(z,y,u,v) € R*, we have

F,(z,y,u,v) = (Vazy, Voru, ez, veyu, Vbyv, vauw). (2.9.12)

Assume first that p has no zero components, i.e., the corresponding point
in A is not a vertex. Evaluating

(C,Fy(z) © Fy(z)) =0, (2.9.13)

for C € S?(RP), we find that the (6 x 6)-matrix C has antidiagonal entries
o, B, v, v, B, @ with aac + b3 + ¢y = 0 and all other entries are zero:

C + I > 0 translates into (a,3,7) € [-1,1]> C R® Thus £, can be
visualized as the intersection of the cube [—1,1]3 with the plane through
the origin with normal vector (a,b,c) € A. If (a,b,c) is in the interior of
the triangle A then the intersection is a hexagon. If (a,b,¢) is on an edge
of A but it is not a vertex then the intersection is a quadrangle.

Finally, assume that (a,b,c) is one of the vertices of A, say (a,b,c) =
(0,4,4). Then the first and last components of F), are missing and C
collapses to a (4 x 4)-matrix with antidiagonal entries 8, v, 7, 8. Since
(8,7) € [-1,1]2, with 3 + v = 0, we obtain that £, is a segment
parametrized by, say, 8 € [-1,1].

We can also determine the corresponding quadratic eigenmaps, or what
is the same, the quadratic maps F : R* — R¥*! via F = Ao F,,, where
A = /C+1. (Note that F obtained this way is usually not full.) In all
cases, C + I is built from diagonal minors

lz
z1
with |z| < 1, whose square root is

121" [Vitz+vi-zVitz-+I—z
[m] T Vitz-Vi-zVI+z+V1I-z]|°

Taking an appropriate representative in the equivalence class of F', we arrive
at

F(z,y,u,v)
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= (\/a(l + @) /2(zy + w), v/ a(l — a)/2(zy — uwv),
b(1 + B)/2(zu + yv), Vb1 — B)/2(zu — yv), (2.9.14)
T e+ ), T 7)o ).

The corresponding full separated eigenmaps f : S2 — S™ can be written
down explicitly. (Recall that the Gram matrix G(u) determines the pure
square part of f up to congruence.)

Here are some worked out examples.

Example 2.9.2. Let (a,b,c) = (0,4,4) a vertex of A. Then (a,(,7) =
(0,1, —1) gives a boundary point of the segment £, and, up to congruence,
it corresponds to the Hopf map Hopf : S — S? introduced in Section 1.4.
Indeed, F' in (1.9.14) is rewritten as

F(Iaya u, U) = (2(1”“ + y'U), 2(1"0 - yu))

Taking the negative of the second component and working out the associ-
ated pure part gives us the Hopf map. Note that in complex coordinates
z =1z + iy and w = u + v, we have

F(z,w) = 2zw.

In the examples below, we will use complex terminology whenever
convenient.

Example 2.9.3. Let (a,b,c) = (0,4,4) as in the previous example and let
(a,8,7) = (0,0,0) be the center of the segment £,,. We have

F(z,y,u,v) = (V2(zu + yv), V2(zu — yv), V2(zv + yu), V2(zv — yu)).

Now we replace the first two components FO and F! by (FO 4+ F1)/\/2
and (F° — F')/+/2 (corresponding to a reflection to the line with angle of
inclination 7/8 to the first axis in the coordinate plane spanned by these
components). We do the same with the last two components F2 and F3,
i.e., replace them by (F2? 4+ F3)/+/2 and (F? — F3)/+/2. This brings us to
the congruent

F(z,y,u,v) = (2zu, 2yv, 220, 2yu).

In terms of the vectors (z,y) and (u,v) and again up to congruence, this
is twice the real tensor product

®:R?*xR? — R?
given by
®((z,y), (u,v)) = (xu, zv, yu, yv).
The corresponding quadratic eigenmap fg : S3 — S* is given by

fo(z,y,u,v) = (2% + y? — u? — v?, 2zu, 220, 2yu, 2yv).



164 2. Moduli for Eigenmaps

Example 2.9.4. Let (a,b,¢) = (4,2,2) be the midpoint of the edge
of A connecting the vertices (4,0,4) and (4,4,0). As noted above, £,
is a quadrangle. The two pairs of opposite vertices +(1,—1,—1), resp.
+(0,1, —1) correspond to quadratic eigenmaps with n = 4, resp. n = 5. Let
(o, B,7) = (0,—1,1). Again up to congruence, the corresponding quadratic
eigenmap is the complex Veronese map Ver® : $3 — S° given by

Ver®(z,y,u,v) = (2% — y*,u® — 0%,

2y, V2(zu — yv), V2(zv + yu), 2uv).
In complex coordinates z =z + iy and w = u + v
Ver®(z,w) = (22, V22w, w?).
Now we will prove the main result of this subsection.
Theorem 2.9.5. All full quadratic eigenmaps f : S — Sy are separable.

PROOF. First note that in the moduli space the separated eigenmaps fill a
linear slice. (This is because the respective matrices consist of two diagonal
blocks corresponding to the linear spans of {a,}7, and {as}o<s<t<m-)
In particular, “being separated” is a convex property. Let f : S3 — S»
be a full quadratic eigenmap and set C = (f) € LZ. Since the standard
minimal immersion is separated and corresponds to the origin in £§, we
may assume that C # 0. Consider the radial segment through C and let Cy
denote its intersection with L2. We now recall that the opposite isometry
v : (z,w) > (2,@) interchanges (£2)5U® and (£3)SU®" (Section 2.7).
For an eigenmap f : S — Sy, we will denote f’ = f o~y. We also extend
this notation to the corresponding points in the moduli space: (f)’ = (f’).
Finally, for G C SO(4), we set G' = v¥G~. Using the notations in Section
2.7, by Theorem 2.7.5, up to an isometry on the domain, there exists a
segment S with endpoints in D and D’ such that Cy € S. We now use the
circle groups I and I to rotate D and D’ such that the endpoints of S get
to the radial segments connecting Ver® and Hopf, in D and Ver'® and
Hopf in D'. These are separated so that the endpoints of the rotated S are
also separated. Thus, by convexity, the rotated Cj is also separated. The
rotated C is on the radial segment between 0 and Cj so it is also separated.
Hence f is separable and the proof is complete.

Remark. Using the notations above, we see that S§ can be identified with
the four-dimensional slice cut out from £2 by the linear subspace spanned
by the four (linearly independent) vectors (Hopf,), (Hopfq), { Ver®) and
(Ver'©). Using the geometric description of £2, it is easy to see how the
fibre structure 7% : S§ — ¥ fits in the slice. For example, the antipodal
of (Ver®) in 82 is (Hopf). Similarly, the antipodal of { Ver'®) is (Hopf')
and the three segments connecting (Hopf,), (Hopf /) and (Hopf) with
their conjugates correspond to the three fibres £, at the three vertices p
of the triangle A. The interior of the segment with endpoints {Hopf,) and
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(Hopf" /2) corresponds to the trace of a vertex of the quadrangle £,, as
slides along an edge of A.

Problems

2.1. Given £ € PE . ;, write

2 P
z2,
f=€0+$m£1+—2!‘£2+---+%£p,

where &, r =0,...,p, do not depend on Z,.

(a) Show that & = &|rm and &1 = Oé|rm, where R™ = ;.

(b) Assuming ¢ € H5,, show that, if & and &; are given, there is a unique £
satisfying the decomposition above.

(c) Conclude that the correspondence & — (£o, £1) defines an isomorphism

HE|s0(m) = Ph @ PE

of SO(m)-modules.
(d) Use (2.1.14) to derive (2.1.15).

2.2. Use Lemma 2.1.4 to show that the scalar product (1.4.3) of £1,&2 € W, C H}
can be written as

_(+1)
<€17£2>Wp - vol (Sg) 53

Compare this with (2.1.27) for m = 3. (Hint: Perform the differentiation in
APR(£:1€2), integrate over S, apply Lemma 2.1.4, and finally use (1.4.4).)

%(5152)1)53, vol (SS) = 27‘(’2.

2.3. Show that the p-eigenmap f, : S° — Sw, defined by

=gt (o).
VI -9l T )

is congruent to the standard minimal immersion f3,. Here f,p-q,q is the orbit
map obtained by the equivariant construction applied to 22~ %w? € W, (Section
1.4). (Hint: Use Schur’s orthogonality relations applied to the orthonormal basis

P
V(p—a)q 40

to conclude that the components of f, are orthogonal with the same norm.)

2.4. Derive the formula

4
[%mzmm+§&b
2p

on HP.

2.5. Let a,b € R™*! be orthogonal unit vectors. Let Rg o5 € SO(m + 1) denote
the positive rotation with angle 6 in the plane spanned by the vectors a and b
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(and identity in the orthogonal complement). Show that

d -
Eab£ = @5 o Rg‘iblozo-

2.6. Let p > q. Define F : H?P @ H? — PP by F(x1 ® x2) = X1 - X2, X1 € H?,
x2 € HY.

(a) Show that F is a homomorphism of SO(m + 1)-modules.

(b) Use (2.1.7) and Schur’s lemma to show that the image of F' is HP™? @
Hp+q—2p2 D...0 Hp—qp2q_

(c) Conclude that HP*? @ HPT 92 @ ... ® HP~? is an SO(m + 1)-submodule of
‘HP? ® H?. (For a complete decomposition of H? @ H? into irreducible components,
see (3.1.5)-(3.1.7).)

2.7. Consider the generalized Veronese map Verg : % — S$2¢ defined in (1.4.11).
(a) Indicate the dependence of Verq on z € S*> C R® and on (z,w) € C? by
writing Verg(z)(z,w). Use (2.1.26) (for m = 3) to derive the formula

1
HNer 4 (z)(z,w) Vera(z) (', w') = ﬁ(zwl — Jw)®,

(b) Use (2.1.26) again to show that, with respect to the orthonormal basis (1.4.6),
the components of Very(z) are orthogonal with the same norm.

2.8. Prove that a full p-eigenmap f : S™ — Sy has orthonormal components iff
the image of the standard minimal immersion fp : S™ — Syp» is contained in the

product of spheres
dimV dim VL
Vaimme ™ * V G v <

2.9. Let f: S™ — Sy and f': S™ — Sy be full p-eigenmaps with f' — f. Let
A :V — V' be a surjective linear map defined by f' = A o f. Show that the
linear map of Vs to Vs that corresponds to A under the isomorphisms V = Vy
and V/ o Vf/ is (f/>f +IV

2.10. (a) Let f : R™"! — V be a harmonic p-homogeneous polynomial map.
Show that (f) € KP is traceless iff

| usm = wol(s™,
sm 20

where f7, j =0,...,n, are the components of f relative to an orthonormal basis
inV.
(b) Apply the DoCarmo-Wallach argument to the linear slice

KP = KP N S3(HP),
where SZ(HP) is the traceless part of S*(HP). Conclude that K7 is compact.

2.11. Let f : S™ — Sy be a full p-eigenmap. Write f; : S™ — S™ and f5 :
S™ — S™ the full p-eigenmaps obtained from f by fixing two orthonormal bases
in V. Show that for the Gram matrices we have G(f2) = UG(f1)U", where
U € O(n + 1) is the transfer matrix between the two bases.
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2.12. Use (2.3.12) to show that the DoCarmo-Wallach parametrization is injec-
tive on the congruence classes of full p-eigenmaps. (Hint: If (fi1) = (f2) € £P
then Vi, = Vy, and G(f1) and G(f2) are conjugate. To show that f; and f, are
congruent, use the fact that, in general, the Gram matrix determines the basis
up to an isometry. See also Problem 2.11.)

2.13. Extend the orthonormal basis (2.3.11) to an orthonormal basis in H?, and
write the standard minimal immersion f, in terms of this extended basis. Show
that

VC + Ify(z) = f(z), ze€8™.
(Compare this with the proof of Theorem 2.3.1.)

2.14. Show that a full p-eigenmap f : S™ — Sy has orthonormal components iff
(fy+1is Ao + 1 times the orthogonal projection to Vy iff

(N = (o = D)(f) + NI,
where Ao = dimH?/dim V' — 1 is the largest eigenvalue of (f).

2.15. Show by explicit computation that Lpopy is trivial, and conclude that the
Hopf map is linearly rigid.

2.16. Show by explicit computation that
Eyerc = {C(a,b) € S*(R%) |a,b € R},

where

S
|
o>

C(a,b) =

>R OO0 OO
Qo O OO O
OOG“QIOO
SO R o0 O
oo OO o
oo oo

Show that C(a,b) + Is > 0 iff a> + % < 1, and conclude that Ly, .c is a flat
2-disk.

2.17. Give an example of an eigenmap f : S™ — Sy for which f* : ™ — Syent
are not full.

2.18. Give an example of a p-eigenmap f : S™ — Sy such that (f) € dLP, but
(f*) € int £PEL,

2.19. (a) Extend the degree-raising and -lowering operators to harmonic
p-homogeneous polynomial maps f : R™*! — V.
(b) For a linear subspace V C HP, define

OV = {8ux|x € V,a e R™}
and

§V = {6ux|x € V;a e R™}.
Show that

Vi =6Vy and Vi- = 0Vj,
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for any harmonic p-homogeneous polynomial map f: R™t! — V.,
(c) Differentiate (2.1.8), and derive the relation

88V = 69V,

for any linear subspace V' C ‘HP. (Hint: First derive the inclusions V C 86V and
V .Ccéov.)
(d) Use (c) to prove that

(®5 0 ®F)(L3) C int L3,

2.20. Prove (2.3.7) using the following steps.
(a) Given a full p-eigenmap f : S™ — Sy, show that

(v, f) © (w, ))(2) = (v, f(@)){w, f(2))-

(For the definition of ¥°, see Section 2.5.)
(b) Use EF = ker ¥° to show that, under the isomorphism SV 2 §2(V;) induced
by V 2V}, C € & C S*V corresponds to an element Cf in E7(NS?(V})).

2.21. Prove that a full nonstandard quadratic eigenmap f : S — Sy has or-
thonormal components iff, up to an isometry on the domain, f is congruent to the
Hopf map or the complex Veronese map. Conclude that the congruence classes
of full quadratic eigenmaps f : S — Sy with orthonormal components fill an
antipodal pair of SU(2) -orbits in (£2)5V® scaled by distortion 2, and another

pair in (£2)5U®" and the origin in £3 C £2.

2.22, Use Lemma 2.8.1 to derive the orthogonality relation (2.1.12) for
ultraspherical polynomials for a € Z/2.

2.23. Give an alternative proof of Corollary 2.7.2 by analyzing the possible config-
urations of the feasible system of vectors in R? associated to quadratic eigenmaps
f:8 > 82

2.24. As in Examples 2.9.2-2.9.4, let (a,b,¢) = (4,2,2). Show that the interior
of the quadrangle £, corresponds to quadratic eigenmaps with spherical range
dimension n = 7. In particular, work out the quadratic eigenmap that corresponds
to the center («, 3,v) = (0,0,0).

2.25. As in Examples 2.9.2-2.9.4, let (a,b,c) = (2, 3,3). Show that the interior of
the hexagon £,, corresponds to quadratic eigenmaps with spherical range dimen-
sion n = 8, the edges to n = 7, and the vertices to n = 6. Work out the quadratic
eigenmap that corresponds to (a, 3,7v) = (0,1, —1).

2.26. Let f : S™ — Sy be a full separated eigenmap with associated feasible set
of vectors {a,}7eg U {ast o<s<t<m- We define the rank of f as

rank f = dim span {a- };—g.
Let f: S™ — Sy have rank 1.
(a) Show that m is odd and, up to congruence, the feasible set of vectors satisfy

m+1
apg = ... =0mg—-1 = —Aamg = ... = —QA2mg-—1, mo=—(——,

2
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and the signature p is

4if0<|r—s/ <l
prs = 2(1 = (ar, as)) {0 if |r—|8| > l|~

(b) Let F: R?™0 — W denote the quadratic polynomial map associated to f.
Use (a) to conclude that F : R™ x R™ — W, R*™0 = R™ x R™, is bilinear
and satisfies

(1/2)F(z,9)* = [z*ly*, =,y € R™.

(c) Let W be a Euclidean vector space. An orthogonal multiplication of type
(a,b, W) is a bilinear map G : R* x R’ — W which is normed:

G(z,y)* = l=’lyl>, =€R’, yeR".

Let G be an orthogonal multiplication of type (mo, mo, W). The Hopf- Whitehead
construction associates to G the separated eigenmap

fG . S2m0—1 - SR@W
defined by
fo(z,y) = (|z* - |yI*,2G(z,y)), =,y € R™.

Use (a)-(b) to show that, up to congruence, a rank 1 separated eigenmap is
obtained from an orthogonal multiplication by the Hopf-Whitehead construction.

2.27. Consider the quaternionic multiplication as an orthogonal multiplication
R of type (4,4,H) (Problem 2.26). The Hopf-Whitehead construction associates
to G the quaternionic Hopf map Hopff: §7 — S*. Show the existence of full
quartic (4)-eigenmaps in the form Hopf™ o f:8" - 8™5 n=23—8, where
f: 8% — 8™ is a full quadratic eigenmap (and the domain dimension has been
raised). (In particular, for n = 2, we can obtain a full quartic eigenmap of S’
into itself.)

2.28. (a) Let f : S™ — S™ be a separated eigenmap. Use the definition of the
rank in Problem 2.26 to show that

m+1
—_— |} < .
rankf(1+rankf+1) <n+1

(Hint: Write f in the form (2.9.1). Consider the relation ~ on {0, ..., m} defined
by 7 ~ s if ars = 0 and show that it is an equivalence. Let Ci,...,C: denote
the equivalence classes and set z; = |Ci|, | = 1,...,¢. By the definition of ~,
there are exactly t distinct vectors in {ao,...,am}. Verify that they are linearly
dependent, and rank f + 1 < t. On the other hand, Z;zl z1 = m+ 1 so that

tzy =tmin{z|l=1,...,t} <m+1,

where we assumed that the minimum is attained at z1. Let r; € C; and consider
the system of vectors {ar,s}T=o C R***. Show that this system is orthogonal so
that its nonzero vectors, of which there are m 4+ 1 — z; in number, form a linearly
independent system. Finally, verify that m+1—2z <v+1, u4v =mn, and use
tz1 <m+ 1 to obtain (m+1)(1 - 1/t) <v+1))

(b) A p-homogeneous polynomial ¢ : R™! — R is called an eiconal if

| V&P =p""0.
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In particular, the restriction f = w¢|sm is a (p — 1)-form f : §™ — S™. Ver-
ify that the following gives cubic eiconals &: Let z, y be real and X, Y, Z real,
complex, quaternion or octonian. Then £ : R2™ - R, v =1,2,4, 8, is given by
1 1
€= 32" oy + (X + V] - 22

+ Ly xp - vy + 22

Use (a) to show that the gradient of a cubic eiconal on S* is a nonseparable
quadratic eigenmap f : $* — S*.

(XYZ + ZY X).



3

Moduli for Spherical Minimal
Immersions

3.1 Conformal Eigenmaps and Moduli

Let V be a Euclidean vector space. A map f : S™ — Sy is conformal if
(fe(Xe), [+ (Vo)) = c(2)( X2, Ya), X5, Ye € Tp(S™), z€S™, (3.1.1)
for some positive function ¢ : S™ — R, called the conformality factor.

Proposition 3.1.1. Let f be a conformal p-eigenmap. Then the confor-
mality factor c is Ap/m, and f is an isometric minimal immersion of the
m-sphere ST of constant curvature k = m/)\, into the unit sphere Sy (of
curvature 1). Conversely, if f : ST — Sy is an isometric minimal im-
mersion then kK = m/X, for some p and, keeping the original (curvature
1) metric on the domain, f : S™ — Sy is a conformal p-eigenmap with
conformality factor ¢ = Ap/m.

PROOF. By Proposition A.2.1 from Appendix 2, f : S™ — Sy is a p-
eigenmap iff it is a harmonic map with energy density A,. Since the energy
density is the norm square of the differential f., assuming that f is a con-
formal p-eigenmap, the conformality factor is A,/m. Changing the domain
S™ to ST, where kK = m/)\,, f becomes an isometric immersion. We now
use the fact that an isometric immersion is minimal iff it is harmonic (cf.
Appendix 2). The converse follows by reversing the steps above.

We wish to parametrize the space of congruence classes of full isometric
minimal immersions f : S — Sy. It will be more convenient to keep
the original metric on the domain. We will consider homothetic minimal

G. Toth, Finite Mibius Groups, Minimal Immersions of Spheres, and Moduli
© Springer Science+Business Media New York 2002
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immersions f : S™ — Sy, i.e. instead of isometry, we require
A
(X, £.V)) = 22(X,Y), (312
for all vector fields X and Y on S™. The factor A\, /m is called the homothety
constant of f. We call a homothetic minimal immersion f : S™ — Sy with
homothety A,/m a (spherical) minimal immersion of (algebraic) degree p.
We suppress the degree whenever there is no danger of confusion.

By Proposition 3.1.1 above, our task is equivalent to classifying the
congruence classes of full minimal immersions f : S™ — Sy of degree
.

Let f : S™ — Sy be a full minimal immersion of degree p. As in the case
of eigenmaps, we can give a parametrization of the congruence classes of

full minimal immersions f’ : S™ — Sy of degree p that are derived from
f- To do this, we define

Fr={£.(X)0 L(Y)|X,Y € T(S™)}*  S2V.
Equivalently, we set
Fi={C e SV [(CA(X); f.(Y)) =0, X,Y € T(S™)}.

Here and in what follows, it is understood that X and Y belong to the same
tangent space of S™, and “: TV — V denotes the canonical identification
of vectors tangent to V' with vectors in V.

Proposition 3.1.2. Let f : S™ — Sy be a full minimal immersion of
degree p. Then we have

.7'_f C gf.

PRroOOF. Let C € F; and choose € > 0 such that eC'+ I > 0. Define
g=+veC+Iof:8™— V. Since the components of f are in HP, g is a
harmonic p-homogeneous polynomial map. We claim that g is homothetic
with homothety A,/m. Indeed, for X,Y € T(S™), we have
(94(X), 9+ (Y)) = ((eC + D) fu(X), £:(Y))
= e(Cf(X), fe(Y)) + (fu(X), fu(Y))

o x vy,

" m
Applying Proposition A.2.3 from Appendix 2, we conclude that the image
of g is contained in Sy . Hence

1=|g*=|VeC+TofI> =((eC+1I)of,f)=elC-f f)+1.

(Cf, f) = 0 follows. This means that C' € £ (Section 2.3). The proposition
follows.

Finally, let
Me={CeFs|C+1I2>0}.
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The defining relation C' + I > 0 for M in F; is the same as for L in &;.
Thus, Proposition 3.1.2 gives us

Mfszﬂﬁf.

Being a linear slice of L¢, My is a convex body in F;. By Corollary 2.3.3,
M is compact. The analogue of Theorem 2.3.1 is the following:

Theorem 3.1.3. Given a full minimal immersion f : S™ — Sy of degree
p, the set of congruence classes of full minimal immersions f' : S™ — Sy
of degree p that are derived from f can be parametrized by the convex body
M. The parametrization is given by associating to the congruence class
of f' the endomorphism (f'); = ATA—1I € S?V, where f' = Ao f and
A:V = V' is linear and surjective.

PROOF. A p-eigenmap is a minimal immersion of degree p iff it is ho-
mothetic. Hence we need to show that My C L; parametrizes those
full p-eigenmaps f' : S™ — Sy derived from f that are homothetic.
Let f/ = Ao f with A : V — V’ being linear and surjective. For
C=ATA—1e 8%V, we have

(C fuo(X) 0 £u(Y)) = (CAX), £(Y))
= (4 fu(X), A4 fu(Y)) = (£u(X), fu(Y))
A

= (F.X), £1(V) = 2(XY).

This is zero for all X,Y € T(S™), iff C € F; iff f' : S™ — Sy is
homothetic.

The convex body M is said to be the relative moduli space associated
to the full minimal immersion f : S™ — Sy.

Recall the standard minimal immersion f, : S™ — Sy», defined by
(2.2.1). Since the components of f, form an orthonormal basis in H?, the
standard moduli space MP = M}, = My, parametrizes the congruence
classes of all full minimal immersions of degree p. As usual, we set (f) =
(f)£,- The interior of M? parametrizes the full minimal immersions of
degree p with maximal range (=2 HP). We call a full minimal immersion
f 8™ — Sy of degree p of boundary type if (f) € OMP, or equivalently, if
dimV < dim HP.

Let f: 8™ — Sy and f' : 8™ — Sy be full minimal immersions of
degree p. If f’ is derived from f then the imbedding ¢ : L+ — L defined
in (2.3.4) restricts to an imbedding ¢ : My — M.

As in the case of eigenmaps, given full minimal immersions f : $™ — Sy
and f': 8™ — Sy of degree p with f/ — f, f' = Aof, A: V — V', for the
linearized map ¢ : S?V’ — S2V defined in Section 2.3, we have C’' € Fy-
iff 10(C”") € Fy. Indeed

(Lo(CV (XD, £ (Y)) = (AT C' A Fu(X) f(Y))
= (C"fu(X)5 £2(Y)),
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and the claim follows. Thus, we have the linear isomorphism

Fpr = 83(Vy) N Fy, (3.1.3)
and the absolute version

Fy = 8*(Vp) N FP. (3.1.4)

A full minimal immersion is said to be linearly rigid if its moduli space
My is trivial. (3.1.4) implies that a full minimal immersion f : S™ — Sy
of degree p is linearly rigid iff S2(V;) and FP have trivial intersection in
S2(HP).

Replacing p-eigenmaps with minimal immersions of degree p, Theorems
2.3.5, 2.3.7, 2.3.8, and 2.3.19 are valid for minimal immersions with some
obvious modifications. For later reference we include here the analogue of
Theorem 2.3.7.

Theorem 3.1.4. Given a full minimal immersion f: S™ — Sy of degree
p, the moduli space My is the convez hull of the points that correspond to
linearly rigid full minimal immersions derived from f. Moreover, the set of
extremal points is minimal in the sense that the convex hull of any proper
subset of extremal points is a proper subset of My .

Remark 1. This is a followup to the remark after Corollary 2.3.9. Recall
that a symmetric positive semidefinite bilinear form G € S2(HP) is the
eigenform of a p-eigenmap iff

G(b2,8:) =1, z€S™

The composition
S™ 4 (HP)* 5 (HP)* /ker G,

is an eigenmap whose eigenform is G where (H?)* /ker G is endowed with
the positive definite scalar product induced by G. Homothety (3.1.2),
imposed on this composition, is the condition

G(X6,Y8) = %(x, Y),

for all vector fields X,Y on S™. Here, for z € S™, X6 € (HP)* is the
linear functional x — X,x. From this we obtain that the moduli MP

can be parametrized by positive semidefinite bilinear forms G € S%(HP)
satisfying
G(bz,6,) =1, ze€8S™,
C(X.8Y,8) = (X, V,), XoYe €TL(S™), 2 € 8™

Geometrically, MP can be viewed as the intersection of the positive cone
PtHP = {G € S%(HP) | G > 0} with an affine subspace in S?(H?) modeled
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on the linear subspace of solutions G € S?(HP) of the equations

Go(6,,6:) =0, z€S™,
Go(X08,Ye6) =0, Xg,Y, € To(S™), z € S™

Remark 2. Weingart [1] applies Theorem 2.3.5 to conclude that there exist
spherical minimal immersions whose images are not imbedded submanifolds.
A brief outline of his argument follows:

Let f1 : S™ — Sy, and fo : S™ — Sy, be full minimal immersions
of degree p, and assume that the invariance groups G; and Gy of fi; and
fa are finite subgroups of SO(m + 1) both acting without fixed points on
S™. We claim that the minimal immersion f : S™ — Sy, xv, of degree p
in Theorem 2.3.5 (<f> = )\1<f1> + )\2<f2>, A+ =1,0< A,A < 1)
has a smooth imbedded image iff any nontrivial element in the finite set
G1G2 C SO(m + 1) acts on S™ without fixed points. Using the list of
spherical minimal immersions in Section 1.5, it is easy to give examples of
subgroups G; C SU(2) and Gy C SU(2)' in SO(4) = SU(2) - SU(2)' (G,
and G, can actually be chosen conjugate) such that G1G32 has fixed points
on S3. Applying the equivariant construction to absolute invariants of Gy
and G will then give f; and f;, and thus a spherical minimal immersion
f whose image is not an imbedded submanifold.

To prove the claim, recall that, up to congruence, f; and f; can be
recovered from their eigenforms G, and Gy, via the compositions

S™ 2 (1P)* T3 (HP)* ke Gy,
and
S™ 5 (HP)* 3 (HP)* /ker Gy, .

The minimal immersion f : S™ — Sy, xv, of degree p above has eigenform
Gy = MGy, + X2Gy,. Since 0 < A1, A < 1, we have ker Gy = ker Gy, N
ker G¢,. Thus, f is congruent to the composition

F:8™ S (HP)* 5 (HP)* /ker Gy, Nker Gy,
Now consider the short exact sequence

0 — (HP)*/(ker Gy, Nker Gy,) — (HP)* /ker Gy, & (HP)* /ker Gy,
— (HP)*/(ker Gy, + ker Gy,) — 0,

where o + (ker Gy, Nker Gy,) is mapped to (a + ker Gy,) ® (a + ker Gy,),
and (a1 + ker Gy,) ® (a2 + ker Gy,) is mapped to a; — ag + (ker Gy, +
ker Gy,). Comparing this sequence with the representations of f1, fo,
and f above, we see that f(S™) is a smooth imbedded submanifold
in (HP)*/(ker Gy, NkerGy,) iff (f1, f2)(S™) is a smooth imbedded sub-
manifold in (H?)* /ker Gy, & (HP)*/ker Gy,, iff the image of the diagonal
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immersion
A:8™ = 8"/GL x ST Gy, A(z) = (Gi(z),Ga(x)), z € S™

is a smooth imbedded submanifold.

To finish the proof, we claim that the image of A is a smooth imbedded
submanifold iff G1G2 has no nontrivial isometry with fixed point in S™.
First, notice that A(p) = A(p’) iff p’ = ¢1(p) = g2(p) for some g; € G; and
g2 € Go iff g1 1g2 € G1@G;, fixes p. If G1G4 has no nontrivial isometry with
fixed point in S™ then, with the notation above, A(p) = A(p’) implies that
gl'lg2 is trivial, i.e. g1 = g2 € G1 N Gq. Thus, A(S™) is diffeomorphic with
8™ /(G1 N Gz), a smooth manifold. Finally, assume that gy lge € G1Gy is
a nontrivial isometry that fixes p € S™, and let p’ = g1(p) = g2(p). We
claim that A(p) = A(p’) is not a smooth point of A(S™). Assume, on
the contrary, that it is. Then, for the tangent spaces Tj, and T}y (with S™
suppressed), we have A,(T,) = A,(Tp). We can factor A as (w1 X 72) 0 Ay,
where Ag : S™ — S™ x S§™ is the diagonal map, and m : S™ — S™/G,
and mg : §™ — S™/Gs are the orbit maps. Since Gy and G, are finite,
w1 and o are finite coverings, and (m; X m2),, evaluated at (p,p) and at
(¢',p') identifies T, x T, and Ty x Tp. Since g1 € G1 and g2 € Gz, we
have m; 0 g; = m; and 73 0 g3 = . By assumption, A,(T,) = A.(Tp) so
that, under (g1 X g2)«, the diagonals (Ag)«(Tp) C Tp X Tp and (Ag)«(Ty) C
Ty x Ty must correspond to each other. This is, however, a contradiction
since

{((or D)+ (X", (92 (XN 1 X" € Ty} = {((97'92): X, X) | X € Ty}

cannot be equal to {(X,X)|X € T,} as g; g2 is not the identity. The
claim follows.
On the moduli space £?, the SO(m + 1)-action

g-{fy=(fog™), g€SO(m+1), (f) € LP,

leaves MP invariant. (When precomposing eigenmaps with isometries, the
property of being homothetic remains invariant.) On the other hand, the
linear span of MP? is FP. It follows that F? is an SO(m + 1)-submodule of
EP C S%(HP) (Proposition 3.1.2), where the SO(m + 1)-module structure
on S%(HP) is defined in Section 2.3.

Our goal is to determine the SO(m+ 1)-module structure of F?, or what
amounts to the same thing, to decompose F? into irreducible submodules.
Once the irreducible components of F? are known, as a byproduct, we can
compute dim MP = dim F? by the Weyl dimension formula (Appendix 3).
This will lead to the main result of this chapter: the exact determination
of the dimension of the standard moduli space MP?.

In order to state the main result we now recall some finer results of the
representation theory of H? ® H?, p > ¢q. (For more details, see Appendix
3)
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First of all, we have the recurrence formula

q
HPRHI =Y VEtarrnh-0 g P l@Hi™t), p>g>1, m>3.
r=0

(3.1.5)
Here V(u1ud) = V,Sfﬁi""ud), d = [(m + 1)/2], denotes the (unique) com-
plex irreducible SO(m + 1)-module with highest weight vector (u,...,uq)
relative to the standard maximal torus in SO(m+1). Recall that, for m = 3
and v > 0, V4(u’v) needs to be replaced by V“(u,v) @ V4(u’_v).
For example

Hp — V(psov'-vo), (316)

as SO(m + 1)-modules. For notational simplicity, unless stated otherwise,
we denote a real (absolutely irreducible) representation and its (irreducible)
complexification by the same symbol.

Iterating (3.1.5), we get

HP QHT = Z Y00 p >0 >1 m >3,
(u,v)eAD?; utv=p+q (mod 2)
(3.1.7)
where AP'? is the closed convex triangle in R? with vertices (p—g,0), (p,q)
and (p + ¢,0).
Setting p = q, we have

HPOHP = S2(HP)OA(HP) = > V@00 > 1 m > 3,
(u,v) €A ; utveven

where we simplified the notation by setting A5 = AP?, the closed convex
triangle in R2? with vertices (0,0), (p,p) and (2p,0). Then V(%v:00) be-
longs to S?(HP) (resp. A%(HP)) iff u and v are both even (resp. both odd).
We obtain

S*(HP) = > v wv00), (3.1.8)

(u,v)€AY; u,v even

With this we can now reformulate Theorem 2.5.1, as follows: According to
(2.1.14), as SO(m + 1)-modules, we have

P

P — ZHZI — Xp:v(zl,o,...,o),

=0 =0

where in the second equality we used (3.1.6). The irreducible modules in this
sum correspond to the even coordinate points of the base of the triangle A.
By Theorem 2.5.1, EP = S%(HP)/P?. Factoring out with these components
amounts to slicing off the base of Af. Thus

= Y yewe0 (3.1.9)

(u,v)EAT; u,veven
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where A7 is the closed convex triangle in R? with vertices (2,2), (p,p) and
(2p—2,2).

By Theorem 2.6.1, ®;} : £¥ — £P*1 is an SO(m + 1)-equivariant imbed-
ding. In view of (3.1.9), this corresponds to the inclusion A? ¢ AP*!, Also
by Theorem 2.6.1, @, : EP — £P~! is onto. Since A} is AP plus the
northeast side of A}, we obtain the following:

Corollary 3.1.5. We have

lp/2] -
ker @, = ) VP=23,25.0,0),
7=0

Remark. Let f: S™ — Sy be a full p-eigenmap and assume that (f) €
Y8y (2p=2§20.-.0) By Corollary 3.1.5, (f~) = ®~({f)) = 0, so that
f~ : 8™ = Sygpr (made full) is the standard minimal immersion f,_; :
S™ — S30-1 of degree p — 1. In particular, we have

dimV @ H' > dim HP L.
Equivalently,

dim #P~1 2p+m-3 m—3)!
dmV > g = ((ﬁjl)!(m )-(Ii)T(m ¥ 1)) )
where we used (2.1.5). For fixed m, the lower bound is
2p+m—-3)(p+m-3)(p+m-—4)-
(m—Dl(m+1)
On the other hand, as noted at the end of Section 2.5, if f is linearly rigid
then

P O(p™™1) as p = .

dimV < O(p™/?) as p — .

Combining these, we obtain that, for m > 3 and p large, a full p-eigenmap
f:8™ — Sy with (f) € ng;/g] V(2P=27,2j:0,---0) cannot be linearly rigid.
Geometrically, this means that the slice

(p/2]

J=0

does not contain any extremal points of £P (Lemma 2.3.6).

The main purpose of this chapter is to give an affirmative answer to the
ezact dimension conjecture, i.e. to prove the following structure theorem
for FP:

Theorem 3.1.6. Form > 3 and p > 4,
V(2,2,0,...,0), e, V(2p—2,2,0,...,0) (3110)
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are not components of FP, so that we have

FP= > Y (@0,0-00), (3.1.11)

(u,v)EAT;u,veven

where A is the closed convez triangle in R? with vertices (4,4), (p,p) and
(2p — 4,4).

Although technically more involved, the proof of Theorem 3.1.6 follows
the pattern of the proof of Theorem 2.5.1. Indeed, to locate FP within £P,
we will construct an SO(m + 1)-module homomorphism ¥ from £P with
kernel FP. Roughly speaking, for a p-eigenmap f : S™ — S™, U((f)) will
measure how far f is from being homothetic. To show that ¥ is nonzero
on the components (3.1.10), we will use rigidity and induction with respect
to the degree. In the main induction step, the degree-raising and -lowering
operators will play crucial roles.

Remark. The main result of the theory of DoCarmo-Wallach [1] is to
show that FP contains the right-hand side of (3.1.11). This enabled them
to conclude that the moduli MP? is nontrivial iff m > 3 and p > 4, in fact
they proved that, for these ranges,

dim M? = dim F?, > dimg V®¥0--0)(> 18).
m m

(u,v)€AL;u,veven

They believed that this inequality was actually an equality. (See DoCarmo-
Wallach [1], 1.6. Remark, p.44, and 5.10. Remark, p.56.) This is precisely
the content of Theorem 3.1.6. To obtain their lower bound, DoCarmo and
Wallach used the decomposition of the normal bundle of f, into osculating
bundles, interpreted minimality in representation theoretical terms, and fi-
nally made use of induced representations along with Frobenius reciprocity.
Our “operator approach” follows a different path. In fact, the only overlap
between the DoCarmo-Wallach treatment and the one given here is the use
of the decompositions (3.1.7)-(3.1.8). Note also that in the first nonrigid
range m = 3 and p = 4, the equality

dim M5 = dim F3 = 18

has been obtained by Muto [1] by enormous but explicit tensor com-
putations. As noted in the previous chapter, a proof of the simpler
decomposition formula (3.1.9) is implicitly contained in DoCarmo-Wallach
[1]. (They did not define the concept of eigenmaps introduced essentially
in Eells-Sampson [1].) Note finally, that Weingart [1] recently gave a new
proof of Theorem 3.1.6. His proof is more algebraic in character than the
one we will present here.
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3.2 Conformal Fields and Eigenmaps

Let f : S™ — Sy be a full p-eigenmap. We define ¥(f) = U,(f), a
symmetric 2-tensor on S™, by
A

V(K Y) = (£(X), £u(Y)) - F

where X and Y are vector fields on S™. By (3.1.2), ¥(f) measures how
far f is from being homothetic (thereby minimal). In particular, ¥(f) =0
iff f is homothetic. In particular, ¥(f,) = 0, since the standard minimal
immersion fp : S™ — Syr is homothetic. It will also be convenient to write
(3.2.1) in “relative form:”

V(X Y) = (£u(X), £ (V) = ((Fp)(X), (fp)(Y)),

especially when we compare f with f,. The definition of ¥(f) makes sense
for any p-homogeneous polynomial map f : R™*! — V, and ¥(f) is
extended as a symmetric 2-tensor on R™*! by

V(f)(X,Y) = (fu(X), f(1)) - %(X, y)2o-1

= (fu(X), £s (V) = ((Fp)« (X)), (fp)(Y)),

P=z=2t+.. .22, 2= (x0,...,2m) € R™L.

(X,Y), (3.2.1)

We now restrict ¥(f) to the finite dimensional vector space of conformal
fields on S™. For a € R™*!, the conformal field X, a vector field on S™,
is defined by

(Xg)=a-a"-z=a—(az)x, TE

Geometrically, X is the constant vector field a on R™*! along the inclusion
S™ c R™*! followed by projection to the tangent bundle T(S™). It is
clear that the conformal fields span (pointwise) each tangent space on S™.
Setting

U(f)(a,b) = ¥(f)(X* X®), a,beR™,
we obtain that ¥(f)(a,b) = 0 for all a,b € R™*! iff f is homothetic.

Just as p-eigenmaps can be considered as harmonic p-forms, a conformal
field X @ can also be considered as a vector field on R™*! with the extension

(X9)'=q— <ap’f> z, z€R™L (3.2.2)

With these extensions, we have the following:

Lemma 3.2.1. For a,b € R™ ¥(f)(a,b) is a 2(p — 1)-homogeneous
polynomial, that is, ¥(f)(a,b) € P2P-1),

PROOF OF LEMMA 3.2.1. The crucial computational formula for ¥(f)
which will be used repeatedly is:

¥(f)(a,b) = =(f, 000 f) (3.2.3)
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1 1
+p(p - 1)<(1 + —)a*b* - —(a, b>p2) p*P2),
m m

Notice that our lemma follows from this since the right-hand side belongs
to PP,

For the proof of (3.2.3), we first note that
ay~ a*
f*(X ) = 8af _p_2f7
p
where™ : TV — V denotes the canonical identification given by translating

tangent vectors to the origin. Indeed, using (3.2.2) and homogeneity, we
compute

¥ a,r a*
f*(Xa) = 8(Xa)“f = aa <,02 >8:cf = (9af —pﬁf
We also have
1 1
<f’ 8af> = 5 alf|2 = §3ap2p :pa*p2(P—1).

Using these we compute

W()(a,) = (LX), LX)~ 2

< ngaabf p 2f>
Ap

a 2(p—1
m<a——ﬁx b——2x>p(” )
= (0af,0

P

b f) (3.2.4)
(3

p2)a b* 2(p—2) _ )‘P <a, b>p2(p_1).
<aafa 8bf> = _<f7 8aabf> +aa<f, 8bf>, (325)
where the second term on the right-hand side rewrites as
9a(f, 0uf) = pOa (b*p2<p—1))

= p(a, b)p* P~ 4 2p(p — 1)a*b*p2(p_2).

(X9, (X°))p*®Y)

Now

Putting all these together, we arrive at (3.2.3).

Remark. The coefficient of p?(P=2) on the right-hand side of (3.2.3) is
harmonic so that the canonical decomposition of the polynomial ¥(f)(a,b)
can be obtained from the canonical decomposition of (f, 3,0, f).
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Lemma 3.2.1 says that, for any full p-eigenmap f : S™ — Sy, ¥(f) defines
a symmetric bilinear map

U(f) : R™ x R p2le-1),

It is clear from the definition that ¥(f) depends only on the congruence
class of f. More explicitly, letting f = Ao fp, A: V — V' being linear and
surjective, and using the relative form of ¥(f), we compute

Y(f)(X,Y) =V(f)(X,Y) - ¥(fp)(X,Y)
= (A(fp)«(X) S A(fp)«(Y))
—((fp)(X) (fp)«(Y)")
= ((ATA = D)(f)+(X) (fy
= (A (fp)«(X) (fp)(Y)").
Thus, for C = (f) € LP, we have

V()X Y) = (C(£p)«(X)’ (o)« (Y))-

This enables us to extend ¥ to EP C S?(HP) as follows. For C € P, we
define

)«(Y))

¥(C) : R™! x R™H — p2e-l)
by
¥(C)(a,b) = (C(fp)(X*), (f)+(X")), @b R™
Lemma 3.2.2. We have

\II(C)(G" b) = <6afa 6bf) - <6afpa6bfp>
= (0aC fp, Obfp)- (3.2.6)

PROOF. Since L? is a convex body in £, we may assume that C = (f) for
a full p-eigenmap f : S™ — Sy. As noted above, ¥(f)(a,b) is the same
as the difference ¥(f)(a,b) — ¥(fp)(a,b). Now (3.2.6) follows from (3.2.3)
and (3.2.5) when we notice that the last two terms on the right-hand side
of (3.2.3) do not depend on f and thereby cancel:

(f)(a,b) = (0af,05f) — (Oafp, Obfp)
= (aaAfpaabAfp> - <aafpvabfp)
= (aacfpvabfp>-

Lemma 3.2.3. Let P and R be finite dimensional vector spaces and B :
R x Rx R — P a trilinear map. Assume that B is skew symmetric in the
first two variables and symmetric in the last two variables. Then B vanishes
identically.
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PROOF. The permutation [(12)(23)]* = (132)3 is the identity. Letting it
act on the variables of B, by the assumed symmetries, B will change sign
three times. The lemma follows.

Remark. Lemma 3.2.3 is known as the Braid lemma (Berger [1]). The
name comes from the fact that, in the proof, the transpositions applied to
the arguments of the tensor B correspond to crossings of the three strands
in a braid.

Theorem 3.2.4. Let f : S™ — Sy be a minimal immersion of degree p. If
p < 3, then f is congruent to the standard minimal immersion.

Remark. This result is due to DoCarmo-Wallach [1] (1.4. Theorem, p. 44).
For a generalization to any analytic domain, see Wallach [1] (Proposition
11.1, p. 32.) Rather than referring to this general result we prefer to give a
simple proof here using our framework and terminology, and pointing out
a connection to the Braid lemma.

Proor oF THEOREM 3.2.4. We have
VO(f) = (Cfp, f) =0, (3.2.7)
U(f)(a,b) = (0aCfp, O fp) =0, (3.2.8)

where the first equality is because f is spherical, and the second is be-
cause f is homothetic (Lemma 3.2.2). Differentiating (3.2.7) and using the
symmetry of C, we obtain:

(Cfp,0afp) =0. (3.2.9)
Consider the trilinear map
B:R™! x R™! x R™H — 3
defined by
B(a,b,¢) = (0,C fp,060:fp), a,b,c € R™ .

Since directional derivatives commute, B is symmetric in the last two vari-
ables. Differentiating (3.2.8), we see that B is skew symmetric in the first
two variables. By Lemma 3.2.3, B vanishes identically:

(0aC fp, O0c fp) = 0. (3.2.10)
Differentiating (3.2.9) and using (3.2.8), we have
{Cfp,0a0bfp) = 0. (3.2.11)
Differentiating this again and using (3.2.10), we finally obtain
(Cfp, 0000 fp) = 0. (3.2.12)

Turning to the proof, we first observe that the statement is clearly true for
p = 1 so that we may assume p = 2 or p = 3. Writing (3.2.11) and (3.2.12)
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in coordinates, we get

N(p) _ 3
> i f10.00f) =0
4,3'=0
and
N(p) _ y
D ¢ij f10.000f] =0.
jyj’=0

Here, depending on whether p = 2 or p = 3, the second and third derivatives
are constants so that linear independence of the components fg give

N(p) N(p)
Z ijlaaabfgl = 6a8b Z ij/fg’ = 0, _] = 0, Ceey N(p),
J'=0 §'=0
or
N(p) N(p)
3 jj10a06ef] = 0ads0e Y, ¢ f] =0, §=0,...,N(p).
J'=0 §'=0

By homogeneity of the components fg,, we can remove the derivatives in
both cases and obtain

N(p)
chj’f‘pz :O; ]:0,,N(p)
7/ =0

Once again, linear independence of the components fJ’- gives ¢;;7 = 0. Thus
C =0, and the proof is complete.

Remark. Notice that, by homogeneity, (3.2.7) follows from (3.2.8)
(Problem 3.2).

Lemma 3.2.5. trace ¥(C) = 0.

PROOF. With respect to the standard orthonormal basis {e;}™, C R™*!,
we have

trace U(C) = 3 W(C)(eire) = 3 (OCFp,Oif) = %A(C For f) = 0.
=0 =0

For C € £P, ¥(C) defines a linear map
¥(C) : SER™HL) - PP,

where we used symmetry of ¥(C) with respect to its vectorial arguments.
The trivial summand R in the decomposition

S2(Rm+1) =R ® Sg(Rm+1)
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corresponds to the trace (Example 2.5.4), and SZ(R™*!) is the traceless
part of S2(R™*1). By Lemma 3.2.5, ¥(C) is zero on R. Restricting, we
arrive at the linear map

¥(C): SFR™T) — D

Since SZ(R™H1)* = §2(H!) = U2, we will consider ¥(C) as an element of
PAP~1) ® H2. The correspondence C + ¥(C) thus defines a linear map

U P — P @ 942, (3.2.13)
By definition, we have
ker ¥ = FP.

The following lemma states that ¥ is a homomorphism of SO(m + 1)-
modules:

Lemma 3.2.6. For g € SO(m + 1), we have
¥(g-C)(g-a,9-b) = ¥(C)(a,b)og". (3.2.14)

PRrOOF. This is a direct consequence of the SO(m + 1)-equivariance of f,.
We can take C' = (f), where f: S™ — Sy is a p-eigenmap. Then (3.2.14)
is rewritten as
U(fog™')(g-a,9-b) =T(f)(ab)og™™. (3.2.15)
The transformation rule for conformal fields is
9: 1 (X%%)s = g7 (9a — (ga,z)z)
=a—(a,9g '0)g 'z =(X" 12 zES™.

This is obvious since X is the projection of the uniform vector field a (on
R™*!) to T(S™). With this, (3.2.15) follows.

Remark. In close analogy with the meaning of ¥°, as multiplication (cf.
the remark after Example 2.5.4) there is an algebraic interpretation of ¥,
as follows: Let IL, ;, : PP @ P4 — PPT9=2 @ P2 be the homomorphism of
SO(m + 1)-modules defined by

1
Ipg(§©m)(a@b) = 5(8a& - Opn+ 0ok - 0am), £ € PPin € PY, 0,0 € R™H,
where (R™*1)* = H! and S?(H!) = H® ® H? = P? (Example 2.5.4 and

(2.1.14)). In coordinates, we have

Mo ®n) =Y (8- On) ® Yivk.
1,k=0

We claim that

I pls2 ey = 9,
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where S%(HP) is considered as a linear subspace in H? @ HP C PP ® PP.

N (p ) C HP be an orthonormal

Writing everything in coordinates, we let { fJ}
basis, and E N 0 Gl fJ ® fl € S?(HP) a typical element identified with the

matrix C = (cjl)j,l(—i?)' By (3.2.6), we have
¥(C)(a,b)(z) = (8aCfp, Bofp) ()

N(p) ‘ . N(p)
- <Z (Baf2)(x)C S, Z(abf,’,)(w)ff»>

§=0 =0
N(p) . '
=) (Cfl, £)(0a0)(2) (B f}) (@)
7,1=0
N(p)
=Y ¢j(0af1)(@)(Bs £})(2)
73,1=0
N(p) .
~1,, (Y cuff® f},) (@,b)).
4,1=0

The claim follows.

I1° (Section 2.5) and II are related by the identity

0 _ 0
Hp+q—2,2 © Hp,q - pqnp,q’

an immediate consequence of the homogeneity of the polynomial argu-
ments. Setting p = ¢ and restricting to S%(HP), we obtain

M3p-1)20 ¥ = p*T".
This can be expressed in the commutativity of the diagram

er Xy p2r-1) @ 2

l lng(p—l),Z
S2(Hr) 22 pp

where the left vertical arrow is the inclusion.
We now decompose the range P2(P~1) @ H2 of ¥ into irreducible SO(m +
1)-modules. By the canonical decomposition (2.1.4), we can write

pAe-1) = pi H2 . pAP=i=D) (3.2.16)
1=0
and hence, as SO(m + 1)-modules, we have
p—1 p—1
PN = HE@H =H o) H'eH

=0 =1
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By (3.1.7), each term in the last sum decomposes as

HEQH: = > Y 0e0) > (3.2.17)

(u,v)EA82l’2); u,v even

where A(()zl’z) has vertices (2/—2,0), (2[,2) and (2{42,0). The only common
term in the decomposition of £? in (3.1.9) and (3.2.17) is V(242.0:-0), Hence
Y (@v:0.50) — £P with v > 4 must belong to the kernel of ¥. Since the latter
is FP, we obtain

FPD >  (w,00), (3.2.18)

(u,v)EAL; u,veven

Remark. This lower estimate is the main result of DoCarmo-Wallach [1].
Notice that it follows almost immediately from our setup.

We also see that, corresponding to the even coordinate points of the base
of the triangle A?, for [ = 1,...,p — 1, V@200 ¢ FP iff ¥ is injective
on V(2l’2’0""’0), Zﬁ

\pr|V(2l,2,o,.4.,o) #0, I=1,...,p—1. (3.2.19)

To complete the proof of Theorem 3.1.6, this is exactly what remains to be
shown.
Let C € &P and decompose

C= > oo
(u,v)€AY; u,veven
as in (3.1.9). By (3.2.18), we have
p—1

T(C) =) w(CH?) e pAr-l),
=1

According to (3.2.16), for a,b € R™*!, ¥(C??)(a,b) is a harmonic homo-
geneous polynomial of degree 2! multiplied by p?P=1=1)  Summarizing, we
arrive at the following:

Theorem 3.2.7. Given C € EP we consider the canonical decomposition

p—1
¥(C)(a,b) =Y h'(a,b)p*P"V, h(a,b)eH¥, I=1,...,p— 1L
=1
(3.2.20)
We have the implication
h'(a,b) # 0 for some a,b e R™ = y(2:2.0..0) ¢ 7, (3.2.21)
Given C € &P, h! is called the I-th canonical coefficient of C, and, for

C = (f), where f : S™ — Sy is a p-eigenmap, the [-th canonical coefficient
of f.
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Summarizing, the [-th canonical coefficient of C' € £P is a traceless sym-
metric bilinear map A' : R™*! x R™t 5 H2% [ =1,...,p— 1, which can
either be thought of as a traceless symmetric (m + 1) x (m + 1)-matrix
with entries in H? or as an element k' € H?* ® H?2. The importance of
the I-th coefficient lies in the fact that the nonvanishing of h' means that
Y (22,0,--.0) qoes not participate in FP.

3.3 Conformal Fields and Raising and Lowering
the Degree

Theorem 3.1.6 asserts that, for m > 3 and p > 4, V@200 | =
1,...,p— 1, are not components of FP. The direct proof of this is diffi-
cult. We therefore reduced this task to show (3.2.19). In this section we
further reduce the problem to prove

\Ilplv(z(p—l),z,o,“.,o) #0. (3.3.1)

We will accomplish this by studying how degree-raising and -lowering affect
homothety.

Theorem 3.3.1. For C € £P, we have

Fpa (@7 (0))0.) = 5 L 0(C)a b
+ )\5;2PA(\IIP(C)(a, b)p* (3.3.2)
and
A(T5(C)(a, b)) = AapTp-1(®; (C))(a,1). (3.33)

Remark. Theorem 3.3.1 should be compared to Theorem 2.5.6 and Re-
mark 1 at the end of Section 2.5. For perfect analogy, notice that the
coefficient m — 1 in (2.5.3) is limg—,0(Aq/q).

In (3.3.2)-(3.3.3), ¥,(C)(a,b) € PXP~1). Restricting to S™, and using
AH(C)(@,1)) = (ap-n = 25" ) B(C)(a,b),

(3.3.2)-(3.3.3) express the fact that the diagrams

ot
g I el

o) Joo

st
P2-1) g 32 27, P2Ar-1£1) g 32
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commute. Here

- 2 A m
§+ = _P pH1720p+1) o AS ) 1,
P Ay ( (p+1)2 ®

and

_ 1
P )\2p
The eigenvalues of AS™ on P2(P~1) = Z;’;é H?I are Agj, j=0,...,p— 1.
Since Agj < Apy1da(p+1)/(p + 1)?, We see that @ is injective.

3 (Moo I - 257 ) & 1.

Corollary 3.3.2. Let 1 < | < p — 1. Then V@20...0) ¢ Fr 5
Y (@20.0) ¢ F4 for (some or) all ¢ > p.

Proor. Without loss of generality, we may set ¢ = p + 1. Assume
V20,00 ¢ FPHL = kerW,,,. By (3.3.3) (for p replaced by p + 1),
we have V(2209  ker (¥, o @) so that V(2200 ¢ ker (¥, o
Q0 @Z‘;). On the other hand, by Theorem 2.6.1 and Corollary 3.1.5,
Q10 <I>;,*’ is an isomorphism on V(2:2.0:-:0) for 1 < | < p — 1. Thus

V(2:2.0,.0)  ker ¥,. The proof of the converse is analogous in the use of
(3.3.2).

Corollary 3.3.3. For m > 3 and p > 3,
V(2200 414 17(420,..0)
are not components of FP.

PROOF. This is certainly true for p = 3 by rigidity (Theorem 3.2.4). Now
apply Corollary 3.3.2.

PROOF OF THEOREM 3.3.1. We will only prove (3.3.2); the proof of (3.3.3)
is analogous but technically much simpler. By the definition of @;,*’ (C), and
by Lemma 2.4.2, we have

Tp41(25 (C)(a,b) = ((C @ D((£)X) () X"))- (3.3.4)
By (3.2.2) and homogeneity:
(-2 = X2 = 0u() — 0+ D5 fy- (335

Since C € £P, we have ®*(C) € EPF! (Theorem 2.6.1). Hence
((C®I) ;7f;> = <<I)+(C)fp+1,fp+1> =0.
Differentiating this and using symmetry of C, we also have
(CoDduf) f7)=(CODf,8.fF) =0.

It follows that, upon substitution into (3.3.4), the second term on the right-
hand side in (3.3.5) gives no contribution to (3.3.4). Hence (3.3.4) reduces
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to

Up41(®y (C)(a,b)) = ((C®I) Oafy 1 Osf)

)\
5 Z (0a8:C fp, Osb: f)-

It remains to work out this last sum. First we derive a formula for 9,8y,
a,b € R™*! y € HP. Taking the directional derivative 8, of both sides of
the harmonic projection formula (2.1.8):

.2
Sox = H(b"x) = b"x — /\—p—p23ax, X € HP,
2p
and using 9,b* = (a,b) and 8,0* = 2a*, a,b € R™*!, we have

4 2
%&x=mﬁu+wmx—x§f&x—x§f%&x (3.3.6)
14 D

For f : R™*! — V, a harmonic p-homogeneous polynomial map, and
b* = e} = x;, this reduces to

Babif = aif + 2:i0uf — p*af———ﬁaaf

With this, we have

m

> (8a8:C fps 065 fp)

i=0
= Z < (miﬁa +a; — iq—a*é)i - —2?—p25i8a> (Ctp),
i=0 Azp Azp
(Iiab +b; — 4_pb*6i _x 25i5b) (fp)> .
A2p A2p

Since C' € EP, we have

(Cfps o) = (0aCfp, fp) = (CfpyOafp) =0, a € R™HL, (3.3.7)

and we see that the terms that involve a*9; and b*0; vanish. The sum above
therefore reduces to

m

2 2
5 { (w0 0= 22280, ) (CF), (w00 + b= 32500, ) 1))
/\zp )‘2p

i=0
Expanding, using (3.3.7) and homogeneity, we finally arrive at

S (0ubiC o, D81 p) = (1 JEeol), 4—p)‘1/(f)(a, b)p?
2p

i=0 Azp

i” A(f)(a,b)p"



3.3. Conformal Fields and Raising and Lowering the Degree 191

(3.3.2) follows.

Let C € P and assume that ¥p,11(®; (C)) = 0. Then (3.3.2) gives
Ay p P’ 2 _
1 )\p\pr(C)(a, b) + Ap)\zpﬁ(‘l’p(c)(a, b))p” = 0.

The unicity part of Lemma 2.1.2 implies that ¥,(C)(a, b) = 0. The converse
being obvious, we obtain that

L) =0 i Ty (2F(C)) =0.

For C = (f), where f : S™ — Sy is a p-eigenmap, by (2.4.5), this means
that degree-raising preserves homothety (and minimality).

Corollary 3.3.4. Let f : S™ — Sy be a p-eigenmap. Then f is homo-
thetic (with homothety Ap/m) iff f* : S™ — Sygwur is homothetic (with
homothety Api1/m).

This along with Theorem 2.6.1 says that applying the degree-raising
operator repeatedly to a nonstandard minimal immersion, we obtain an
infinite sequence of nonstandard minimal immersions of arbitrary degree.

Theorem 2.6.1 and Corollary 3.3.4 give the following:

Theorem 3.3.5. The correspondence f + f+ is injective on the congru-
ence classes of full minimal immersions of degree p, and it gives rise to an
SO(m + 1)-equivariant imbedding ®* : MP — MP+L,

Degree-lowering also preserves homothety (and minimality) in the sense
that if f : S™ — Sy is a full minimal immersion of degree p then f~ :
S™ — Sygpt is also a minimal immersion of degree p — 1. This is an
immediate consequence of (3.3.3). Notice that the converse is false. Indeed,
the Hopf map Hopf : S® — S2 is not homothetic but Hopf ™, being linear,
must be standard, thereby homothetic.

Remark. Let f : S™ — Sy be a full quartic (degree 4) minimal immersion.
By (3.3.3), f~ : 8™ — Sygn is a cubic minimal immersion which, by
rigidity (Theorem 3.2.4), must be the standard minimal immersion fs :
S™ — Sys. Comparing the ranges, we have

dim(V ® H') = dim V dim H! > dim #3.
Equivalently,

, dim#3®  m(m+5)

dimV > i P (3.3.8)
where we used (2.1.5). We obtain that the lower bound (3.3.8) for the range
V is valid for any full quartic minimal immersion f : ™ — Sy. This is
a significant improvement to Moore’s linear lower bound dimV > 2m + 1
(Moore [1]) mentioned in Section 1.5. In Chapter 4 we will develop more
general lower bounds for the range of minimal immersions.
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We close this section by showing that the domain-dimension-raising
operator ©,, introduced in Section 2.8, also preserves homothety:

Theorem 3.3.6. Let f : S™ — Sy be a p-eigenmap and f : S™t1 -
SV@(an /HE) the p-eigenmap obtained from f by raising the domain

dimension. Then, for @, b€ R™*2, we have
U(£)(@b) = i, U(f)(aD),
where a (resp. b) is the projection of @ (resp. l~)) to R™*! ¢ R™*2 and

o __ 1 [mm+2).. (m+2p-2)
m’p’p—m-l-p—l m(m+1)(m+2p_2) '

In particular, f is homothetic (minimal) iff f 18.

PROOF. For the proof we need to recall from (2.8.9)-(2.8.10) that f is ob-
tained from a particular representation of the standard minimal immersion
fm+1,p = fm,p by replacing fr, , with f. By (3.2.6), we therefore have

\I!(f)(da 5) = <6af, a{,f) - <8ﬁfm,pa a{,fm,p)
= cgn,p,p (<aafa 8bf> - (8afm,p, 6bfm,p>)

= an,p,p\ll(f) (a’ b)

The projections a, b of d,l; appear because f and f,, do not depend on
the variable z,,, 1. The theorem follows.

Theorem 3.3.6 says that, using the domain-dimension-raising operator
repeatedly, each full minimal immersion f : S™ — S™ of degree p gives rise
to an infinite sequence of full minimal immersions

fd . gmtd _y Sn+N(m+d,p)—N(m,p), d>1.

In particular, if f is of boundary type, n < N(m,p), then so is f¢.
The analogue of Theorem 2.8.4 for the general domain-dimension-raising
operator for minimal immersions is the following;:

Theorem 3.3.7. Given full minimal immersions gq : S™ — S™ of degree
¢ q=1,...,p, the map § : R™? - RN*1, N =37F_ (n, +1), defined
by (2.8.11) is a full minimal immersion of degree p.

PRrROOF. We use the notations of Section 2.8, in particular, those in the
proof of Theorem 2.8.4. We need to show that § is homothetic. As before,
we compare § with fp,41,p,. Noticing that the last term in (3.2.3) does not
depend on the map itself, for a,b € R™*2, we compute

\Il(g)(a, b) - \Il(fm-l-l,zl)(aa b)
= —<a¢lg’ 8bg> + <8afm+1,pa ab.fm-i—l,p)
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= —chn,p,q(<6aH($€n_flgq( )) abH( +lgq( ))>
q=0
—(0a

H(zx m+1fm,q( ), OpH (z m+1fm,q(93))>)-

As in Section 2.8, we write H(zh %g,(2)) = Kmpq(p® Tms1)gq(z)
(and similarly for fm, 4(z)), where Ky, 4 is given in (2.8.3). Taking the
directional derivative, each term gives two terms, for example, we have

0, H(x m+19q( r)) = aa(Km,p,q(Pzal"mﬂ)gq(w))
= 0q (Km,p,q(P2a Tm+1))9q(T)
+Km,p,q(P2a Tm+1)0agq()-
Thus
(0 H(z m+19q( z), 0 H (z m+19q( z))
splits into four terms. The term involving
0aKim,p,q00Km,p,q

cancels with the analogous term for the standard minimal immersion. The
“mixed terms” are independent of gq since, for example,

1
(0agq) 9q) = 8 |gq|2 =35 aP

Thus they also cancel. Finally, the derlvatlve terms, such as, (9gq, Obgq)
cancel with the analogous terms for the standard minimal immersion since
gq is homothetic. The theorem follows.

3.4 Exact Dimension of the Moduli MP

The purpose of this section is to complete the final step of the proof of
Theorem 3.1.6. We begin with the following:

Lemma 3.4.1. Let £ € P, 2(p Y have the canonical decomposition:

p-1
= Z&l(x) -pz(p_l_l), €l e H’%’i’ l:O""’p_ ]"

where p? = |z|* = Y10 x2, © = (20,...,Tm) € R™. As an element in
an(i;n’ we write
p—1
§(x) = ~l(x,:’:m-i—l) : (Pz + x?n-}-l)p_l_.l, Tm+1 € R,
1=0

where&leHMH, =0,...,p—1. Then
E£0 and AE#O0
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imply
7140 and P72 4£0.

PROOF. If €7~ were zero, then £(z) would be divisible by p? + 22, ;. This

is a contradiction since £ # 0 and it does not depend on the variable ., ;.
Thus &P71 # 0. Let A, = Y i 87 and Ay = Ay + 02, 1. Since

£(@) = 8712, Tmg1) + (T, Tma1) (0° + z2,41)(mod (p* + $$n+1)2)

we have

Amg(z) = Am+1§('7") 5
=2(22p - 4) + m+ )& 2(2, Tmy1)(mod (p° + 22,4,)),

where we used (2.1.2). If £€2~2 were zero then A,,¢ would be a multiple of
p* + 22, +1- This is again a contradiction since A,,§ # 0 and it does not
depend on X, 4.

PROOF OF THEOREM 3.1.6. By rigidity (Theorem 3.2.4), V209 ¢
F2,m > 3, and by degree-raising (Corollary 3.3.2), V,(nﬁzl’o""’o) Z FP,
m > 3 and p > 2. Since FP = ker ¥, for any nonstandard p-eigenmap
f: 8™ — Sy with (f) € V75124,_21,0,...,0), we have ¥(f)(a,b) # 0, for some a,b €
1}'”“. Raising the domain dimension we obtain a nonstandard p-eigenmap
f:8mt SV&B(anH/an)- Applying Lemma 3.4.1 to the polynomial
& = U(f)(a,b), we see that £, viewed as a polynomial in m + 2 variables,
has a nonvanishing top canonical coeflicient in Hf,si_ll). The same holds for
£ = ¥( f)(a,b) since it is a constant multiple of ¢ (Theorem 3.3.6). Thus,

by Theorem 3.2.7, Vﬂ’;“l)*“*""o’ does not belong to F%, , ;. Finally, again

by raising the degree (Corollary 3.3.2), V,(n2£g_1)’2’0""’0) ¢ Fhia2p In

this argument m > 3 and p > 2 so that we proved Theorem 3.1.6 for m > 4
and p > 2.

It remains to consider the case m = 3. We claim that 1/;1(2(” 2 i
disjoint from F%. To do this, we show that \IIP|V4(2(p_1)’2) # 0. Let (f) €
V4(2(p D2 with f : 8% = Sy of boundary type. Assume, on the contrary,

that ({f)) = 0. Then ¥((f)) = 0 (Theorem 3.3.6) so that, by Theorem
3.1.6 (already proved for m > 4), f is a spherical minimal immersion, i.e.
(f) € F¥. Consider the domain-dimension-raising operator O3 : £§ — £J.

We have ©3((f)) = (f). On the other hand, ©3 must send (f) € ‘/:1(2(1’_1)’2)
to zero since it is a homomorphism of SO(4)-modules and the multiplicity
of V4(2(p D F%l|so(a) is zero by the branching rule (A.3.3) (as the first
coefficient of any highest weight in 77 is < 2(p —2), cf. (3.1.9)). We obtain
that (f) = 0; a contradiction. The claim follows. Finally, degree-raising
(Corollary 3.3.2) implies that V4(2l’2), l=1,...,p—1, are all disjoint from
F5.
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Remark. The final step in the proof of Theorem 3.1.6 is, for the most
part, new. The first proof in Toth [4] is based on explicit constructions of
eigenmaps as in Problems 3.5-3.8.

3.5 Isotropic Minimal Immersions

In Section 2.5 we introduced the SO(m + 1)-module homomorphism
0 S2(HP) — PP

with kernel £P, the linear span of the standard moduli space £LP parametriz-
ing the congruence classes of full p-eigenmaps f : S™ — Sy . Evaluated on a
harmonic p-homogeneous polynomial map f : R™+! — V' WO(f) tells how
far f is from being spherical. Using induction with respect to p along with
the degree-raising and -lowering operators, in Theorem 2.5.3 we showed
that U9 is onto. We reformulated this by saying that each irreducible
component V(2:0-:0) = 92 of P2 | = (,...,p, is also a component
in S%2(HP) on which ¥ is an isomorphism. This gave the isomorphism
EP = §2(HP)/P?P (Theorem 2.5.1).
In Section 3.2 we introduced the SO(m + 1)-module homomorphism

U £ — P g 32

with kernel FP, the linear span of the standard moduli space MP
parametrizing the set of congruence classes of full minimal immersions
f 8™ — Sy of degree p. Evaluated on a p-eigenmap f : S™ — Sy,
U(f) tells how far f is from being homothetic. Using induction with re-
spect to p along with the degree-raising and -lowering operators, in Sections
3.3-3.4, we then showed that the irreducible components common in £? and
PAe—1) @ H? are V(262.0.-0) | =1 . p—1, and that U, restricted to
each of these, is an isomorphism. This led to the exact determination of
the SO(m + 1)-module structure of FP (Theorem 3.1.6).

The analogy between ¥° and ¥ suggests that there may be higher order
versions of these constructions. The purpose of the present section is to
give a detailed account of this extension.

Let f : S™ — Sy be a minimal immersion of degree p. Let Sx(f),
k=1,...,p, denote the k-th fundamental form of f (Appendix 2). Bx(f)
are defined on a (maximal) open dense subset Dy C S™. For 0 < k < p,
we introduce the (2k)-tensor \Il’;(f) on Dy C S™ by

Uh(F) (X1, ..., Xax) (3.5.1)
= (Br(f)(X1,- -, Xk), B (f) (Xkt15- -+ Xok))
—(Be(fo)(X1,- -+, Xi), Br(fo) X1, - - -, Xow)),

where X1,...,Xo, € T(S™). Since B(f) = f«, for k = 1 this definition
of \Ilzl7 agrees with that of ¥, in (3.2.1) for p-eigenmaps f : S™ — Sy.
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Moreover, for a harmonic p-homogeneous polynomial map f : R™*! = V|
we have So(f) = f, so that (3.5.1), for k = 0, agrees with the definition of
U0 given in Section 2.5.

A minimal immersion f: S™ — Sy of degree p is said to be isotropic of
order k,2 <k <p,if

Vi(f)=...=Tk(f)=0. (3.5.2)

Using the extended meaning of the fundamental forms for £ = 0,1, we
see that a harmonic p-homogeneous polynomial map f : R™*! — V is
isotropic of order 0 iff it is spherical; and a p-eigenmap f : S™ — Sy is
isotropic of order 1 iff it is a minimal immersion of degree p. Thus, the
order of isotropy (in the appropriate category) is defined for all 0 < k < p.

We restrict ourselves to conformal vector fields X2, a € R™*! (Section
3.2). Let f : S™ — Sy be any minimal immersion of degree p. We claim
that

Bre(F) (X4, ..., X%) = 0q, ...04, f+ lower order terms,
ai,...,a € R™ k>1. (3.5.3)
As before, " means translating vectors to the origin. We prove (3.5.3) by

induction with respect to k. The basic step, £ = 1, follows from the
definitions:

Bu(F)(X7) = fo(X?) = X°(f) = Ouf — pZ—;f, o = |af?,

where we used the extension (3.2.2) of X*. For the general induction step
k — 1= k, we recall from the definition of higher fundamental forms that,
up to the orthogonal projection to the previous osculating subbundle that,
by the induction hypothesis, is obtained by subtracting an appropriate
multiple of lower order terms, Bk (f)(X%,..., X%)" is

(VxarBr—1(f))(X*,..., X5=1)
The principal term of this is the same as the principal term of
X% (Br—1(X™,..., X%1)).

The principal term of X is 0,, and, by the induction hypothesis, the
principal term of Bk—1(f)(X®,..., X%=1)"is0,, ... 04, _, f- (3.5.3) follows.

In \Il';(f)(X’“,...,X“%), ai,...,a2; € R™1 we retain only the prin-
cipal term in (3.5.3) for the k-th fundamental forms of f and f,. The
difference of the scalar products in (3.5.1) gives

(Oay 00y fr0apyy -+ Oagi f) = (Oay -+ - Oy fpy Oariy - - - Oanye fo)
= (Oa; - - - Oay () o) Oassy - - - Oage fp)- (3.5.4)

To generalize this, for C' € S%(HP) and 0 < k < p, we define
UE(C) (a1, ..., a0k) = (Oay - - 00, CfpOayyy - - - Bai f), (3.5.5)
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for ay,...,as € R™*. Clearly, this is a 2(p — k)-homogeneous polynomial
on R™*1, Our immediate purpose is to show that the deletion of the lower
order terms does not affect the difference of the scalar products in (3.5.1),
i.e. we have

T ()X, X%2) = Oy((f))(a, ..., az)

for any p-eigenmap f : S™ — Sy, isotropic of order k — 1.
In what follows we use standard multiindex notation; for I = {i1,...,%},
we set |I| =1 and 0,, = 0y, - .. 04,

Lemma 3.5.1. Given C € S*(HP) and 1 < k < p, assume that

vIC) =T, (C)=...= ¥ (C)=0.
Then
(00,C fp, 0a, fp) =0 (3.5.6)
for all I and J with 0 <|I|+|J|<2k—-1,1,JC{l,...,2k}; and
UH(C)(a1,. . -,a0) = (~1)1T=D/2(5, . C £, 84, f) (35.7)

for all I and J disjoint with I U J = {1,...,2k}.

Proor. We proceed by induction with respect to k. For k = 1, the
assumption reduces to

Tp(C) = (Cfyp, fo) = 0.
Differentiating, we obtain
<aacfpa fp> = <Cfpaaafp> =0, ac Rm+1a
and (3.5.6) follows. Differentiating this again:
U (C)(a,b) = (0.Cfp, Obfp) = —(0a06Cfp, fp), @,b€R™,

and we get (3.5.7).
For the general induction step k—1 = k, it will be convenient to introduce
the notation

F(I’ J) = F(ilw .. ;ir;ir+l7' .. 7i’r‘+s) = <8aICfpaanfp>a

where I = {iy,...,i,} and J = {ir41,...,0r45}. Symmetry of C implies
F(I;J) = F(J; ), in particular, we can write F(I;0) = F(I) and F(0; J) =
F(J). With this notation, the induction hypothesis writes as

F(ilw-wir;ir—i-l,u-,ir-{—s) =0, 0S7’+S_<_ 2k — 2.
In particular,

F(iz, ... i3 0pg1,. -0 ,02k-2) =0, 0< 7 <2k — 2.
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Differentiating this by 0,,, ,, we get

F(il, ey ’I:r; 1:7«_{_1, ceey i2k—2, 7:2k—1) (358)
= _F(ila () 7irai2k—1;ir+1a CE ai2k—2)a 0 <r< 2k - 2.

Using this repeatedly, we obtain

F(it, .. ik—13 k- - igko1) = (“1)*F (i1, ... dak-1),

Flig, ... iok—1;01,..rip_1) = (1) F(iy,. .. i2k_1).
By symmetry, these two terms are equal, and so F(iy,...,i5—1) = 0. Using
(3.5.8) repeatedly again, we obtain

F(i1,. . ir;irg1y.--rd2k—1) =0, 0 <r <2k —1. (3.5.9)

This is (3.5.6). Now (3.5.7) is obtained by differentiating (3.5.6).

Remark. In Lemma 3.5.1, it is enough to assume that \Il’;‘l(C) = 0. This
is because homogeneity in (3.5.5) allows the removal of the derivatives.

Theorem 3.5.2. Let f : S™ — Sy be a p-eigenmap and assume that f is
isotropic of order k — 1, k > 1. Then, for ay,...,a € R™*, we have

TE(A(X™, ..., X92%) = UE((f)(ax, .. ., az)- (3.5.10)
PROOF. We proceed by induction with respect to k. The basic step (k = 1)
is the statement of Lemma 3.2.2. Now let & > 2 and consider the general

induction step 0,...,k — 1 = k. Assume that f is isotropic of order k — 1,
i.e.

0(py .  — wk- _
W(f)=...=¥(f)=0. (3.5.11)
Since f is also isotropic of order < k — 2, the induction hypothesis implies
TL(HX,. L, X2 = WL ((H))(ar,...,au) =0, 0<I <k -1 (3.5.12)
(3.5.11) and (3.5.12) together give
YL((f)a,...,a2) =0, 0<I<k—1. (3.5.13)

This is precisely the assumption in Lemma 3.5.1. Using the expansion in
(3.5.3) for f and fp, (3.5.1) can be written as WX((f))(a1,...,a2x) plus a
sum of terms of type

<6a1f7 anf> - <aaIfP’8anP> = (aalofp’anfP>’

where I and J satisfy |I|+ |J| < 2k — 1. By Lemma 3.5.1, these all vanish.
Theorem 3.5.2 follows.

Corollary 3.5.3. Let f : S™ — Sy be a p-eigenmap. Then f is isotropic
of order k iff

T =...=TE(f) =0. (3.5.14)
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PROOF. We need only to prove that (3.5.14) implies isotropy of order k
(Theorem 3.5.2). Since the conformal fields span each tangent space, it is
enough to prove that

\II;)(f)(Xal’.“’XﬂQl) = 05 ai,...,02; € Rm+1a 0< l < k.

Notice now that, in the proof of Theorem 3.5.2, in deriving (3.5.10) we used
only (3.5.13) which is precisely (3.5.14) (with &k replaced by k + 1). The
corollary follows.

The extension of Theorem 3.2.4 (rigidity) is the following:

Theorem 3.5.4. Let f : S™ — Sy be a minimal immersion of degree p
and order of isotropy k. If p <2k + 1 then f is congruent to fp.

PRrROOF. Let C = (f). According to Corollary 3.5.3:
¥I(C) =...=T5(C) =0.
Let p < 2k + 1. By (3.5.6) (with k replaced by k + 1), we have
(Oay - 04,Cfp, fp) =0, a1,...,05 € R™HL
Oq, - --04,C fp is constant since f, is of degree p. Since f, is full we obtain
0y -+ 04,Cfp = 0.
By homogeneity, we can remove 0y, . ..0,, and arrive at
Cfp=0.

Again by fullness, this implies C' = (f) = 0. Hence f is standard.

Since (3.5.14) is a linear condition, Corollary 3.5.3 implies that the set
of congruence classes of full minimal immersions f : S™ — Sy of degree p
and order of isotropy k (> 1) is parametrized by a linear slice MP:* of MP.
The linear span FP¥ C FP of MP¥* is an SO(m + 1)-submodule. (This
follows since isotropy is preserved under precomposition by isometries on
the domain, or equivalently, because \Il’; is a homomorphism of SO(m +
1)-modules.)

The main result of this section describes the SO(m+1)-module structure
of Fpik,

Theorem 3.5.5. Let FPF C S?(HP) denote the SO(m + 1)-module, the
linear span of the space MP¥ parametrizing the set of congruence classes
of full minimal immersions f : S™ — Sy of degree p and order of isotropy
k. Then MP¥ is trivial for p < 2k +1. Form >3 and p > 2(k+ 1), MP¥
is a compact convex body in FP*, and we have

Frk = 3 Y00 (3.5.15)

u,w)EAP | s u,veven
k410

where AL, is the triangle with vertices (2(k + 1),2(k + 1)), (p,p) and
(2(p—k—1),2(k+1)).
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Remark. Weingart [1] recently gave a new algebraic proof of Theorem
3.5.5. In addition, he also proved the following: Let M be a compact analytic
Riemannian manifold, and f; : M — Sy, and fa : M — Sy, isometric
minimal immersions of (geometric) degree p. Assume that, for 1 <1 < [p/2],
we have

(ﬂl(fl)(Xla oo aXl))/Bl(fl)(XH-la oo aX2l)>
= </6l(f2)(X1a G 7Xl)a/6l(f2)(Xl+1a s 5X2l)>)
for X1,...,X9 € T(U), where U C M is an open set. Then f; and f, are
congruent.

The first statement of Theorem 3.5.5 is a reformulation of Theorem 3.5.4,
just proved. For the second statement we will proceed by induction with
respect to the order of isotropy. We let p > 2(k + 1) and assume that the
set of congruence classes of full minimal immersions f : S™ — Sy of degree
p and order of isotropy k — 1 are parametrized by

MPFE=L = (C € FP*1|C+ 1 >0}

with linear span FP*~1, This latter assumption amounts geometrically to

FrE-l = (C e S} (HP) | B(C) = ... = ¥E~1(C) = 0} (3.5.16)
and algebraically to
fp;k_l — Z V(uW’O’-"’O)‘ (3517)

(u,v)EAY s u,veven
Given C € FP*-1 (3.5.7), for J = 0, implies that
TE(C)(ay, .. ., a2k) = (Ba, - - - 0a, C fpr Fp)

is symmetric in all vectorial variables. Because of this symmetry, we will
consider

k . Q2 m+1 2(p—k
vE(C) : SR R™HL) - PR
as a linear map or as an element
vE(C) € PAPR) @ P2,

where P2k = §2k(H1), H! = (R™*1)*. Harmonicity of f, implies that con-
traction of \I";(C)(al, ...,a9;) With respect to any two vectorial variables
is zero. This means that the component of \Ilej(C’) in P2(p—k) g p2k-1). 2
is zero. By (2.1.1), the orthogonal complement of P2(k=1). p2 in P2k jg F2k,
We obtain that U¥(C) € P2P=%) @ H?*. Varying C € FP*~! we end up
with the linear map

gk Frk=l , p2e—h) @ 42, (3.5.18)
This is a homomorphism of SO(m + 1)-modules since

‘1’5(9 -C)g-a1,...,9"a%)= \IJ’;(C)(al, ...yagK)0g
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for g € SO(m +1) and a4, ...,as € R™L. (The proof is the same as for
Lemma 3.2.6.)

Let f : S™ — Sy be a minimal immersion of degree p and order of
isotropy k — 1. Then (f) € MP¥*~! (induction hypothesis) and by Corol-
lary 3.5.3, W’;((f))(al,...,azk) is zero for all a,...,ag, € R™TLiff f is
isotropic of order k. We obtain that the linear slice

FAPF = MPRL ) eor T
parametrizes the set of congruence classes of full minimal immersions f :
S™ — Sy of degree p and order of isotropy k. We set
FPF = ker UF. (3.5.19)

The general induction step and, hence, the proof of Theorem 3.5.5 will be
accomplished if we show that FPi¥ = FP* with P defined in (3.5.15). In
(3.5.18) we consider the canonical decomposition

p—k
p2Ar—k) — Zyﬂ .p2(z>—k—l).
1=0

As SO(m + 1)-modules, we have

p—k
:P2(P—k) ® H2k — ZHQI ® H2k. (3520)
1=0
Decomposing the tensor products of spherical harmonics according to

(3.1.7), we see that the only irreducible SO(m + 1)-modules that are
contained in both FP*~1 and P2(P—%) @ H?* are

V200 (3.5.21)

These are precisely the modules that correspond to the base of the triangle
AP, In particular, since they are disjoint from FP*, we obtain

Frik c Frik,
Equality holds iff
VLR 0) g ek 1=k, ... p—k.
By (3.5.19), this is guaranteed by

UF|yaiaeo..0 £0, l=k,...,p—k. (3.5.22)
As before (k = 1) our immediate purpose is to reduce this to
Uh [y ee-k2ro..0 #0, p>2(k+1), (3.5.23)

i.e. nonvanishing at the southeast vertex (2(p — k), 2k) of A?. The key
to this is to show that degree-raising and -lowering preserve isotropy. The
following result is a common generalization of Theorem 2.5.6 (k = 0) and
Theorem 3.3.1 (k =1).
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Theorem 3.5.6. Let C € S%(HP) and assume that

¥(C) =...=¥5"1(C) =0.

Then, for a,...,ax € R™!, we have

A
\IJIH'I( (C))(al’ v ,(1,2k) = ikﬂ\:[ﬂ;;(c’)(a'la s ;a'2k)p2
4k Ap
p?
+ A(TE(C)(ay, - .-, a2k))p%, (3.5.24)
ApAzp

and

ATE(C) (a1, - - a2k)) = AapE_ (B3 (C))(an, ... azk).  (3.5.25)

PROOF. As in the proof of Theorem 3.3.1, we compute

w,’:+1(¢+(0))(a1, .. %) (3.5.26)
)\21) Z oy - - - 8%6in,,,8%+1 - 8a2k6ifp>-

To work out the sum on the right-hand side, we use the product rule in
differentiating H(a*x), x € HP, a € R™! in (2.1.8). We obtain

. 2
Bay .. OarbaX = ay - - . Oy <a X — fpzaax)
D

k
Z ap,a BM +a%0,, .. Oa X (3.5.27)
1=1
k
Z aM - /\_ Z <(Ll, al’>aa/\,X
- 2P 1<i<l<k "
2
—X‘lpza Bay - - - Bar X
where
Bg=0ay ... O, ... 00,1 <1<k,
1
and

—~

o =y - Oy Oy - Bag, 1 LU <K,

and ~ means that the corresponding factor is absent. We need to substitute
x = Cfp and x = fp in (3.5.27), and take the scalar product as in (3.5.26).
Using (3.5.6) and its Laplacian, we have

m

> (004, Cfp, 0iBa, fp) = 0, 1| +]J| < 2k — 1. (3.5.28)

=0
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We see that the third and fourth terms in (3.5.27) do not contribute any
terms to (3.5.26). Writing out only the remaining terms, we have

> (Bay - - - 0 6iC fp, Bayys - - - D 6 fp)

=0

=% < (Z at, €:)02 + 20, - . Oay — A P 258, ...aak) (Cfo),
i= =1

2k

( Z (al,ei)aa\l + 200y y; - - - Oagy — o p23 Oapyr - a%) (fp)>
l=k+1

= —E Z (0a-Cfp: 00, 0ar s - - - Dagi fo)P°

Z aaf\fp’aazaal' -8akcfp>P2

2”1 —kt+1
+(0q; -+ 00, Cfp, Oayyy - - (9a2kfp>p2

ap(p — k
_i(i\)__)(aal ,..8akap,3ak+1 ) ..3a2kfp>92
2p
2p2 4
+)\TA(8EL1 - aakcfp’ aak+l s aazkfp>p
2p

Here a;; for k+1 <1 < 2k, has the obvious meaning. Putting these together,
and using Lemma, 3.5.1, we obtain (3.5.24). The proof of (3.5.25) is analo-
gous and technically much simpler since it does not require differentiation
of the harmonic projection formula.

Aside from the induction process in proving (3.5.15), think for a moment
of FPk~1 as being the joint kernel of 9, ..., ¥k~1 on §2(HP) as in (3.5.16),
and define ¥% in (3.5.18) as in the text. Then (3.5.24)-(3.5.25) can be
interpreted as commutativity of the diagrams

]:p;k—l Efi ]:p:tl;k—l
w) [#5s
’PZ(” k) ® HZk i P2(p k+1) ® H2k

where

_ 2 AptkA2(ptk m
$+ — p (P+ (p+)I AS>®I,
P ApA2p (p+ k)

and

&, = Xi; (hagpwI-25") 1



204 3. Moduli for Spherical Minimal Immersions

Since the eigenvalues Ay;, j = 0,...,p — k, of AS™ on PAP—R) gatisfy
A2j < AprkAa(prk)/ (P + k)2, we see that @; is injective. We now claim
that this implies that &} : S?(HP) — S%(HP*!) is injective. This crucial
fact, used in the proof of Theorem 2.6.1, is derived from Corollary A.3.3 in
Appendix 3 as a byproduct of the decomposition of $?(HP) into irreducible
components. Here is an independent proof:

Assume 0 # C € S%(HP). By Theorem 3.5.4, FP¥ is trivial for 2k+1 > p.
Hence, there exists 0 < k < [(p—1)/2] such that C' € FP*~! but C ¢ Frik,
Since the kernel of \Il’; is FPk injectivity of @; in the diagram above

implies that @;(\P’;(C )) # 0. Since the diagram is commutative, we obtain
&1 (C) # 0. Hence @} is injective.

Corollary 3.5.7. Let k < | < p — k. Then V¥|yauono...0 # 0 iff
\Iflglv(zt,%,o,m,o) 713 0 fOT (some OT‘) all q>Dp.

PrOOF. We may assume that ¢ = p + 1. Let \I'lpc+1lv(2l,2k,0,“.,0) = 0. By
(3.5.25), we have Wk o ®_ | |y 2k.0....00 = 0. By Corollary 3.1.5, ®,, ; is an
isomorphism on VY (2626,0,..0) for < | < p—k, so that \I";|V(2z,2k,o,.‘.,o) =0.
The converse is analogous in the use of (3.5.24).

Corollary 3.5.8. For m > 3 and p > 2k, ‘I’zlv(2k,2k,0,.“,0) #0.

ProOOF. By rigidity (Theorem 3.5.4), W§k|v(2k,2k,0,4.4,0) # 0. Now Corollary
3.5.7 applies.

To complete the stated reduction, we now assume (3.5.23), or what is
the same:

\I/’£+llv(21,2k,0,.”,0) #0,l>k+2.

By Corollary 3.5.7, k + [ can be replaced by p > k + [ and this is precisely
(3.5.22). We finally observe that (3.5.23) is equivalent to the existence of
C € S?(HP) such that

V(O =...=0"1(C)=0 (3.5.29)
and
H(\I/’;(C)(al, ...,agk)) # 0, for some ay,...,a0 € R™F.  (3.5.30)
In fact, taking the harmonic part of the polynomial
\I";(C)(al, eeyQ2k),

we land in H2(P—*)(@#}?*) of (3.5.20) and this contains the component
Y (2(p—k),2k,0,--.0) corresponding to the southeast vertex of AL

We now bring in the domain-dimension-raising operator ©,, : S%(H2,) —
S2(Hp, 1), C— C @04z, /nz, introduced in Section 2.8. The next lemma
follows from the definitions.
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Lemma 3.5.9. Let C € S%2(HE,). Then, for 0 < k < p, we have

U1 p(Om(O) @y, .. 82k) = 2, ¥5, (C)ay, ... a%), (3.5.31)

where a, € R™*! is the orthogonal projection of a, € R™+2 to R™*L.

PROOF OF THEOREM 3.5.5. Let f : S™ — Sy be a p-eigenmap and assume
that f is isotropic of order k£ — 1. By (3.5.31), f is also isotropic of order
k—1:

V() = = Uah () =0,

and we have

\P§n+1,p(<f>)(a'1’ v 76'2’0) = Czn,p,qufn,p“f))(al’ cee 7a'2k)'

It is a crucial point here that the left-hand side be considered as a poly-
nomial in the variables z = (zo, ..., %) and z,,11 that, by looking at the
right-hand side, actually does not depend on the variable z,,1,. Taking the
harmonic projection H : an(i;k) — Hf,gi_lk) of both sides (in all variables)
we obtain that

H(WE ()@, ... dok)) #£0

provided that \Ilfn’p(( fM¥aa, ..., a9) # 0. This latter relation is the con-
sequence of Lemma 3.4.1 (with p replaced by p — k + 1), in view of the
fact that, for a polynomial & € P2P=)  the harmonic part H(£) is the top
coefficient in the canonical decomposition of €.

Finally it remains for us to exhibit an example of a p-eigenmap f : S™ —
Sy, m > 3, that is isotropic of order k — 1, k > 1, and \Il,kn’p(<f>) # 0,
since we then raise the domain dimension to obtain f with the required
nonvanishing property (3.5.23) (and land in domain dimensions > 4). But
the existence of this map follows from rigidity (Theorem 3.5.4). In fact, let
f: 8™ — Sy be a nonstandard p-eigenmap such that (f) € ng’fk’o’“"o).
By the induction hypothesis, f is isotropic of order k — 1 and, by Corollary
3.5.8, Uk ((f)(a1,...,a2) # 0 for some ay, ..., az € R™+!. The second
statement of Theorem 3.5.5 follows for m > 4.

The case m = 3, remains to be considered. Proceeding inductively, we

assume that
Fok-1_ ) y),

(u,v)EAT; u,v even

We want to show that V4(2(p —R)2k) i disjoint from F§ ;k, or equivalently,
VPR 0 Let (f) € VP2 with f: 53 - Sy of boundary
type. Assume, on the contrary, that ¥5((f)) = 0. By (3.5.31), TX((f)) =0

so that, by what we proved above, f is a minimal immersion of degree
p and order of isotropy k: (f) € FP*. For the domain-dimension-raising
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operator O3, we have O35((f)) = (f). On the other hand, ©3 must send
(f) € ‘/:1(2(” ~F)2k) 44 zero since it is a homomorphism of S O(4)-modules and
the multiplicity of sz(p —k).2k) ip Fy * is zero, by branching (see Appendix
3). We obtain (f) = 0; a contradiction. Theorem 3.5.5 follows.

The lower bound (3.3.8) for the range of quartic minimal immersions
can be generalized to minimal immersions of highest possible isotropy as
follows:

Theorem 3.5.10. Let p > 4 even, and f : S™ — Sy a full minimal
immersion of degree p and order of isotropy p/2 — 1. Then we have
dimHP~!  (2p+m-3)(p+m—3)!

dimV" 2 dmH  (p-Di(m-1(m+1) (3:5.32)

ProOOF. Applying (3.5.25) for C = (f) and 0 < k < p/2 — 1, we see that
f7 8™ — Sygnt is a minimal immersion of degree p — 1 and order
of isotropy p/2 — 1. By rigidity (Theorem 3.5.4 for k = p/2 — 1), f~ is
standard. Comparing ranges, we have

dim(V ® H') = dim V dim H* > dim #P~ .
Dividing by dim H! = m + 1, we obtain (3.5.32).
Remark. Notice that, for p = 4, (3.5.32) reduces to (3.3.8).

3.6 Quartic Minimal Immersions in Domain
Dimension Three

Theorem 3.1.6 asserts that the moduli space ME, (parametrizing the con-
gruence classes of full homothetic minimal immersions f : S™ — Sy of
degree p) is nontrivial iff m > 3 and p > 4. The main purpose of this sec-
tion is to study the 18-dimensional moduli space M3, the lowest nonrigid
range m = 3 and p = 4. Note that by Theorem 3.3.5, M3 recurs in M} for
all p > 5.

Within M%, p > 4, a prominent role will be played by the SU(2)-
equivariant minimal immersions. The congruence classes of SU(2)-equi-
variant full minimal immersions f : S3 — Sy of degree p are parametrized
by the “equivariant moduli space” (ME)SU@ | the SU(2)-fixed points on
M (Section 2.3). Since the linear span of M} is %, the equivariant moduli
space is the linear slice

(MESU®) = ME N (7).

We can find ()Y@ from the decomposition formula (3.1.11) for F}
by restricting both sides to SU(2) and counting the trivial components.
To do this, we need some preparation. Recall from Section 1.4 that W,
p > 0, denotes the complex irreducible SU(2)-module with W, = p +
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1. Also, according to our conventions, for v > 0, V(%) stands for the
sum V4(u’v) ) V4u’—v) of SO(4)-modules. Our immediate aim is to describe
the components of this splitting in terms of representations of SU(2) and
SU(2). In what follows we use the notations introduced in Section 2.7.

Proposition 3.6.1. Let u > v > 0 and u + v even. We have
V) = (W @WE) © Wapo @ WE_,)
as SO(4)-modules. In particular
VO gp@) = (u+ v+ DWyeo ® (u— v + D)Wy

PROOF. The northern vertex (u,v) of the triangle Ay’ in (3.1.7) is missed
by the subtriangles A ™"~ and AT~ overlapping in Al"~2. Looking
at (3.1.7) again, we obtain
V(u,v) > (rHu—l ® Hv-—l) ) (»Hu+1 ® Hv—l) — (Hu ® HU) > (Hu ® H’U-—2).
Each tensor product can be worked out using the Clebsch-Gordan formula
(see Fulton-Harris [1], Vilenkin [1], or Section 2.7):

H QH = (W, @W))® (W; @ W)

= (Wr+s @ Wr+s—2 ©...0 W'r‘—s)
®(W7l'+s ® W7I‘+s—2 ©...0 W;‘—s)’ r2s.

Putting these together, the proposition follows.
Corollary 3.6.2. Let u > v > 1 and u + v be even. Then V(“’”)|SU(2)
contains the trivial SU(2)-module iff u = v. The multiplicity of the trivial

SU(2)-module in V%) is 2u + 1. More generally, as SO(4)-modules, we
have

VD = Wy, @ Wi,

By this corollary, the decomposition in (3.1.11) gives
(p/2]
(F2 @ C)SU@ = Z(V(m,m))SU(z)
1=2
[p/2]
= (Waowy)*'®
1=2

(p/2]
=Y Wy
1=2
as SU(2)'-modules. As real SU(2)-modules, we thus have

(p/2]

(F)SV@ =3 Ry
=2
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Counting dimensions, we obtain

[p/2]
dim(M5)5Y® = dim(F)SU® = > " Ry,
=2

P
Z4l+1

ez +9) ([2]-1).

Remark. This formula was first derived by DeTurck-Ziller [1] using a
“partially heuristic argument”. The exact computation above is due to
Toth-Ziller [1].

In a similar vein, we have

;e
(F2 @ C)SVA =3 " Wy,
1=2
and as real SU(2)-modules:
. /2]
(PO = Ra
1=2

Remark. It is also clear that, for SU(2)- (and SU(2)’-)equivariant
p-eigenmaps, we have

[p/2] ) [p/2]
(EPYSU) = Z R, and (£2)SU@" = ZR41.
1=1

As a byproduct, for p = 2, we obtain (2.7.9).

Summarizing, the SU(2)-equivariant spherical minimal immersions of
degree p are parametrized by the SU(2)'-invariant slice
(/2]
(ME)SV) = 3 Ry n M3
1=2
and the SU(2)’-equivariant ones by the SU(2)-invariant slice
, /2
(Mg)SU@) = Z RynMi.

1=2

The diagonal element v = diag(1,1,1,—-1) € O(4) (conjugatlng SU(2) to
SU(2)" (cf. Section 2.7)) interchanges (M2)SU(2 and (M5)SU(®)". The sum

Z[p/ TRy & R}, complexified is parametrized by the northwestern edge of
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AL in (3.1.11). In the following discussion we will restrict ourselves to the
“equivariant slice”

[p/2]
NP = Z(R‘“ & Ry)N Mg.
=2
Clearly, (NP)SU2) = (MB)SU®) and (MF)SUR = (MB)SUR)' | and N} =
M3 (since A3 reduces to a point). Taking boundaries in various spaces, we
obtain
[p/2]
OND)SY® =3 RiynoM;
1=2
and
. /2]
ONT)SVE =" Ry noME,.

=2

Proposition 3.6.3. ON} is the union of line segments with one end-
point on INT)SUR and the other on ANT)SUR' . Equivalently, every
full minimal immersion f : S — Sy of degree p such that (f) € N¥ is
congruent to (VA1f1,vVA2f2) 1 83 = Svixvy, M+ A2 =1, A, A2 >0,
where f1 : S3 — Sy, and fa : S3 — Sy, are full minimal immersions of
degree p, with f1 SU(2)-equivariant and fo SU(2) -equivariant.

PROOF. The equivalence of the two statements follows from Theorem 2.3.5.
For the first statement, observe that it is enough to prove that any line
segment connecting d(NF)SU@ and A(NF)SU®R)" is contained entirely in
the boundary of M%. Let the endpoints be (f1) and (f2) as in the second
statement, and let (f) be a point in the interior of the line segment. We
need to show that (f) € OMSE, or equivalently, that V; is a proper linear
subspace of H%. By Theorem 2.3.5 cited above, we have

Vf = Vfl +Vf2'

By assumption, Vy, C Hj| su(e) and Vi, C HE) su(2) are proper submod-
ules. Complexifying and using Lemma 2.7.9, we see that V; is a proper
linear subspace of H%. The proposition follows.

We obtain the following generalization of the first statement of Theorem
2.7.5:

Corollary 3.6.4. N? is the conver hull of (N?)SU®@) and (NF)SUD' . In
particular, M3 is the convez hull of (M3)SU® and (M3$)SUR)",

Remark 1. As in the case of quadratic eigenmaps, we see that, for a full
quartic SU(2)-equivariant minimal immersion f : §* — Sy, we have

(M§)SUE = My
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Remark 2. Let f: S3 — Sy be a full SU(2)-equivariant minimal immer-

sion of degree p even and order of isotropy p/2 — 1 (Theorem 3.5.5). In

contrast to Remark 1 above, we claim that, for p > 130, we have
dim(M)SY® 1 63,828 < dim M.

(This should also be compared to the result of Escher-Weingart [1] which
provides an example of a full SU(2)-equivariant minimal immersion f :
S3 — Sy of degree 36 such that (M;)SV® is trivial but dim M; > 9 (cf.
Remark 2 in Section 1.5).)

For the proof, we first note that, by (3.1.4), we have
dim $%(V}) < dim S*(HP)/FP + dim Fy.
Since dim $?(Vy) = dim S2V (f is full) and dim F; = dim M, we obtain
the lower estimate
dim S?V — dim S?(HP)/FP < dim M.
Using (3.1.8)-(3.1.9), Theorem 3.1.6, and the Weyl dimension formula
(Appendix 3), we compute

p—-1
dim $*(HP)/FP = dimP? + Y dimc V2
j=1
2p+3\ & ,
= (75 + - nei+y
j=1
2p+3 2p—1)(4p® +4p - 9)
= + .
3 3
On the other hand, substituting m = 3 in (3.5.32), we have
P
. S P
dimV > 1

Putting all these together, our lower estimate for the moduli space becomes
2 (2 _ 2 4p—9
P*+4) <2p+3) _2(p-1)(4p° +4p-9) < dim M;.

32 3 3
Finally, since p is even, our computation after Corollary 3.6.2 gives
-2
dim(Mf)SU(Q) < dim(Mp)SU(2) — (p+ 5)2(17 )
Combining the last two estimates, we obtain
PP’ +4) (2p+3
32 3
20-1)4PP+4p-9) (p+5)(p-2)
3 2

< dim(M;)5Y®@ — dim M;.
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The quartic polynomial on the left-hand side is strictly increasing for p >
97, has largest real root 129.077..., and its value at p = 130 is 63, 828.! The
claim now follows.

We now return to the main line. Since A(NF)SU®R) is a copy of
ONT)SUA) | to describe ONP we may restrict our study to SU(2)-
equivariant minimal immersions. From now on, unless stated otherwise,
all minimal immersions f : $® — Sy will be SU(2)-equivariant. Then
V is an SU(2)-submodule of HP|sy(2). On the other hand, HP|sy(z) =
W, ® Wylsuey = (p+ 1)W,, so that V' (complexified) must be a multi-
ple of W),. For p even, HP|sy@) = Rp ® Rlsue) = (p + 1)R, as real
SU(2)-modules, so that V' is a multiple of R,.

In Section 1.4, we introduced the equivariant construction in our study
of SU(2)-equivariant eigenmaps. Recall that given a polynomial ¢ of unit
length in %, the SU(2)-equivariant eigenmap f¢ is the orbit map of ¢
given by (1.4.2). The immersion f¢ is minimal iff it is conformal and, by
SU (2)-equivariance, this holds iff f; is homothetic at the identity.

The systems of equations (1.4.13) and (1.4.16) for the coefficients of the
polynomial ¢ in (1.4.1) give the necessary and sufficient conditions for fe
to be homothetic at the identity. In the following discussion, we study the
solvability of these systems in specific instances.

As a first application, we see that V = R4 cannot occur for a full quartic
minimal immersion f : S — Sy. Indeed, for p = 2d = 4, (1.4.16) reduces
to the following

48|co® + 12|c1 | + 4r? =1,
96¢o2 + 6|c1|? = 1,
3¢} 4 8cor =0
66051 —Cr = 0.
Simple inspection shows that these equations are inconsistent.

Remark. Nonexistence of SU(2)-equivariant quartic minimal immersions
f 8% — Sg, also follow from Moore’s result that states that a minimal
immersion f : S™ — §™ with n < 2m — 1 is totally geodesic (Section 1.5).
(For yet another proof, see Problem 3.16.)

In analogy with Corollary 2.7.10, we have the following

Proposition 3.6.5. The possible spherical range dimensions of a (not
necessarily equivariant) full quartic minimal immersion f : S3 — Sy are

dim Sy = 9,14,15,18 — 24.
f is SU(2)- or SU(2)' -equivariant iff dimV = dim Sy + 1 is divisible by 5.

1Here the use of a computer algebra system is recommended.
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PROOF. If f is SU(2)-equivariant, then V is a multiple of R4. Since V = Ry
is not realized, the possible dimensions of V are 10, 15, 20, 25. With-
out the SU(2)-equivariance, according to Proposition 3.6.3, the space of
components V¢ can be written as

Vf = Vfl + sza

where f; : §3 — Sy, and f, : S3 Sy, are full quartic minimal immer-
sions with f; SU(2)-equivariant, and f; SU(2)"-equivariant. Since Vy, is an
SU(2)-submodule of H* = Ry ® R}, we are in a position to apply Lemma
2.7.9 and obtain Vy = R, ® Wy, where Wy C R} is a linear subspace
of dimension > 2. Similarly, Vy, = Wy ® R5, where Wy C Ry is a linear
subspace of dimension > 2. We now compute

dimV =dimV;
=dim Ry ® W} + dim W, ® R},
—dim Wy @ W}
= 5(dim Wy + dim Wp) — dim Wp dim W{.

Since 2 < dim Wy, dim W < 5, the proposition follows.

SU(2)-equivariant quartic minimal immersions do exist for V = Wy =
2R4. In particular, a case-by-case check shows that all range dimensions in
Proposition 3.6.5 are realized. For p = 4, (1.4.13) reduces to

48|co|? + 3|c|? + 3|cs|? + 48|cy|? =1,
24|co|? + 6|ca | + 4|ca|? + 6lcs|? 4 24|cs|* = 1, (3.6.1)
4coCa + 3c1€3 + 4cacy =0,

6coC1 + €18 — caC3 — 6c3Cq = 0.
As a specific example, let

V6 V2 V6

Co=—22,01=0,C2=T,03=0,C4=——-

The corresponding polynomial is

\/—g(z‘l —wh) + == w

£= 5

To work out the orbit map f¢ : S3 — Sw,, we identify W, with C® by the
orthonormal basis

1 1 1 1 1
4 23 2,2 3 4

Vi e
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We obtain the full quartic minimal immersion? 7 : $3 — S° given by

I(z,w) = (%(z4 — %), V62202,

V222w + 2@?), V6(27*w — Zwd), (3.6.2)

3. 2.2 22y 1 4 2y, 12 4 )
—(z°w* — Z°w*), —=(|z|* — 4]z|*|w|* + |w .
& ) It = e hul? + fu)
The first four coordinates are complex, the fifth is purely imaginary, and
the sixth is real so that Z maps into C* x (iR) x R = R!°. The minimal
immersion T : S3 — S will play a prominent role (analogous to that of the

Hopf map for quadratic eigenmaps; ¢f. Example 1.4.2) in understanding
the structure of the boundary d(M3)SU(®2).

Remark. The invariance group of £, the subgroup of SU(2) that leaves £
invariant, is (conjugate to) the quaternionic group D} = {£1, &4, +j + k}.
Thus, factoring out, we obtain a minimal imbedding f¢ : $%/D% — Sw, of
the prism manifold S3/D% into S%. This is not the minimal codimension
example for 53 /D} (realized by a degree 8 minimal immersion into S8, cf.
the table at the end of Section 1.5).

The following analogue of Corollary 2.7.2 is due to DeTurck-Ziller [1]
(based on an idea of Mashimo [1]).

Theorem 3.6.6. Given a full SU(2)-equivariant quartic minimal immer-
sion f : 83 = 8% we have f = UoZog for some U € O(10) and
ge SU(2).

Proor. We prove that among the SU(2)-orbits of polynomials in Wy,
up to isometry, there is a unique orbit of constant curvature 3/A\; = 1/8
(Proposition 3.1.1). To do this we first observe that, given a polynomial
& € Wy, with normal space v of the orbit SU(2)(&) at &, every other
SU(2)-orbit must intersect v. This is because all orbits are at a constant
distance from each other so that the minimal geodesic in Wy connecting
two of these is orthogonal to the orbits. To be specific, let & = z*. To
determine the tangent space T¢,(SU(2)(&o)), we use the basis (1.4.12) of
su(2). Since the 1-parameter subgroup in $® = SU(2) corresponding to
Z € su(2) is t ~» e, t € R, we obtain
d

Z{:O . E(eitZ)‘llt:o = 4iZ4.

Similarly, we have

Xeo = %(cos(t)z + sin(t)w)?|s=o = 423w

2This should not be confused with the icosahedral form Z defined in Section 1.4.
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and
Ye, = 4iz3w.

We conclude that T¢, (SU(2)(£o)) is spanned by {iz*, 23w, iz3w}. We now
let £ € v. As usual, we set

£(z,w) = co2* + c12%w + cp2?w? + czzw® + cqut.

Since £ 1T, (SU(2)(&0)), we have
ci =0.
With this, the last two equations in (3.6.1) reduce to
CoCy = —C284, and cé3 = —6c3ly. (3.6.3)

We claim that cycs3 = 0. Indeed, if both ¢y and ¢3 were nonzero then
(3.6.3) would imply |co|?> = |c4|? and |ca|? = 36|c4|?. These are inconsistent
with the first two equations in (3.6.1). In a similar vein, ¢z and ¢z cannot
vanish simultaneously. Notice finally that acting on the polynomial £ by
diag (¢*,e~%) and by the isometry c, — e*®cy, ¢ = 0,...,4, we can leave
the condition ¢; = 0 invariant and provide two degrees of freedom to make
any two of the remaining variables cg,cz,cs,cq either (positive) real or
purely imaginary (with positive imaginary part). If co = 0 and ¢3 # 0 then
¢4 = 0 and, assuming that ¢y and c3 are real, inspection of (3.6.1) gives us
V2 4 1 4

&12"]32 +§Z’U)

If c3 = 0 and ¢ # 0 then we assume that ¢4 € R and ¢; € iR. Then
co = c4 and again inspection of (3.6.1) gives us

VB, 4 4,0 a0
62_ﬁ(z +w)+§zw.

Summarizing, we obtain that,'up to congruence, the only SU(2)-orbits of
polynomials in Wy of constant curvature 1/8 are SU(2)(&1) and SU(2)(&2)-

Finally, we claim that these two orbits are congruent. Indeed, we can
transform &; to a polynomial of the form coz* + cp2%w? +cqw* by a suitable
element in SU(2). The argument for the case ¢z = 0 now applies and gives
that SU(2)(&1) can be carried into SU(2)(§2) by a suitable isometry on
W4. The theorem follows.

Remark. In Theorem 3.6.6 SU(2)-equivariance can be dispensed with.
This is a simple consequence of the proof of Proposition 3.6.5 since
a quartic minimal immersion f : S3 — S° is necessarily SU(2)- or
SU(2)’-equivariant.

Since 9 is the least range dimension among the (SU(2)-equivariant) quar-
tic minimal immersions, those with range dimension 9 are linearly rigid.
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Since the moduli space is the convex hull of points corresponding to lin-
early rigid minimal immersions (Theorem 3.1.4), it is natural to ask whether
there exist full SU(2)-equivariant linearly rigid quartic minimal immersions
with range dimension > 9. We will see later that the answer is affirmative.
This is in contrast to the case of quadratic eigenmaps, where linear rigidity
is present only in the minimum range dimension.

The following proposition implies that, in the quartic case, linear rigidity
may only exist in range dimensions 9 and 14.

Proposition 3.6.7. Assume that p > 4 is even. Let f : S — Sy be a full
SU (2)-equivariant minimal immersion of degree p, and write V. = kR,,
k=1,...,p+1. We have

k 1
dim(Mf)SU(2) > _(’f;_) —6.

In particular, f is linearly nonrigid if k > 4.

PROOF. We consider the Lie algebra su(2) as the tangent space of S2 at
the identity. For U € su(2), we denote by Ug the right invariant extension
of U on S3. Given C € 52V, we define the linear map

T(0) : su(2) x su(2) — PP,
by
Y(O)U,U") = (Cf(Ur), £x(Ur)") = (CUR(f), Ur())-

Evaluating Ug(f) for U = Z,X,Y, the elements of the standard basis of
su(2) in (1.4.12), it follows easily that this is a homogeneous polynomial of
degree 2p, i.e. it belongs to P?P. For example:

ZR,z4jw = —T100 + 2001 + x302 — 203,

where z = o + iz1 and w = x2 + iz3. Thus, ¥(C) maps into P2, Since
¥(C) is symmetric in the arguments U and U’, it can be considered as a
linear map

T(C) : S%(su(2)) = PP,

or equivalently, an element ¥(C) € P?? @ S%(su(2)*). We now vary C in
S2V and obtain the linear map

U S?V - PP ® S2(su(2)").

Since the right invariant vector fields (pointwise) span each tangent space
in S3, we have

ker ¥ = Fj.

To estimate this kernel we first claim that ¥ is a homomorphism
of SU(2)-modules, where the module structure on V is given by the
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SU(2)-equivariance of f. Explicitly, for g € SU(2), we have
U(g - C)(Ad(g)(U), Ad(g)(U")) = ¥(CYU,U’) 0 Ly-1.

To show this we let R, denote right quaternionic multiplication with g € S3.
Using Ad(g) = (Lg)« © (Ry-1)«, we calculate, at z € 53

(Ad(9) U)ra(f o Lg-1) = ((Rz)«(Ad (g)U1))(f © Lg-1)
= ((Lg)« © (Rg-1)«)(U1)(f 0 Ly-1 0 Ry)
=Ui(foRz o Ry1)
= (Ryg-14)«(U1)(f)
= Urg-12(f)
= ((Ur(f)) o Lg-1)().
The claim follows.

By assumption, we have V = kR, as SU(2)-modules. Thus

S?V = S*(kR,) = kS?(R,) ® k(k — 1)

(Bp ® Rp).

We now count the trivial SU(2)-components. Since the trivial SU(2)-
module Ry is contained in both S%(R,) and R, ® R,, the multiplicity of
Ry in S?V is at least k + k(k — 1)/2 = k(k + 1)/2. On the other hand,

PP=HPOH* .. oH N

= (2]) + 1)R2p D (2p — 1)R2p_2 @D...03R: B Ry,
where the first equality is an isomorphism of SO(4)-modules, the second is
an isomorphism of SU(2)-modules. Finally, su(2)* = R» so that

5%(su(2)*) = Ry ® Ry.
Putting these together, we have
P? @ $%(su(2)*) = (P ® Ry) ® P?P.

By the Clebsch-Gordan formula, R, ® R, r > s > 0, contains Ry iff r = s.
Thus the multiplicity of Ry in P?P®S%(su(2)*) is (4+1)+1 = 6. Comparing
this with the domain of ¥, we see that ((k(k+1)/2) — 6) Ry must be in the

kernel.

Remark. Proposition 3.6.7 should be compared to Theorem 2.7.8, in fact,
we could have proved it using (3.1.4) (Problem 3.15). Note further that
the lower estimate in Proposition 3.6.7 is sharp. In fact, for the standard
minimal immersion, we have k = p + 1, and the lower bound works out to
be (p+5)(p/2 — 1). By the computations after Corollary 3.6.2, for p being
even, this is the dimension of (M5)SV(2).

Let f : §3 — Sy be a full SU(2)-equivariant quartic minimal immersion.
Assume that f is linearly rigid. By Proposition 3.6.7, we have V = kR,
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with k = 2,3. For k = 2, (f) is in the SU(2)-orbit of (Z) (Theorem 3.6.6).
As for k = 3, we now exhibit an example of a full linearly rigid SU(2)-
equivariant quartic minimal immersion f : $2 — Sy with V = 3R4. In
fact, we claim that the antipodal Z° of Z (Section 2.3) is linearly rigid and
has range dimension 14.

To prove this claim, first notice that Z has orthonormal components.
This follows by evaluating the scalar product of each pair of components
in (3.6.2) using (2.1.27). Theorem 2.3.19 then implies that Z° has range
dimension 14. We show that Z° is linearly rigid by contradiction. Assume
that Mzo = (Mz.)SU?) is nontrivial and consider a line segment through
(Z°) with endpoints (f1) and (fs) on OMz.. fi and f, must have range
dimension 9. Consequently, the antipodals ff and f$ have range dimension
14 (Theorem 3.6.6). Let (f) be the intersection of the segment connecting
(ff) and (f9) with the line R - (Z°). We claim that f has range dimension
19, and this gives a contradiction since it should be congruent to Z (the
antipodal of Z°) having range dimension 9. To prove the claim, we use
Theorem 2.3.19 again, and compute

Vi =V + Vg
=Vi +V
= (Vf1 n Vf2)l'
On the other hand
dim(Vy, NVy,) = dim Vy, + dim Vy,
—dim(Vy, +V3,)
=10+ 10 — dim V7.
=10+10— (25— 10) = 5.
The claim and linear rigidity of Z° follows.

We see that the convex hull of the SU(2)’-orbit of (Z) and its (orthogonal)
~y-image is properly contained in M3 since there are linearly rigid full quartic
minimal immersions with nonminimal range dimension (Theorem 3.1.4).

We say that a full SU(2)-equivariant quartic minimal immersion f :
S3 — Sy is of type I, II, or III if dim V =10, 15 or 20. We denote by I, IT
and III the subsets of (M3)SU(@ that correspond to all quartic minimal
immersions of type I, I, and III.

Theorem 3.6.6 can be reformulated by saying that I is a single SU(2)'-

orbit through (Z). As for the topological structure of I, we have the
following;:

Theorem 3.6.8. As a homogeneous space, 1 is an octahedral manifold
53/0*, where O* is the binary octahedral group. As an SU(2) -orbit in
(M3)SV®@ = RL T is imbedded minimally in an 8-sphere of Ry. The
imbedding is given by an SU(2)-equivariant minimal immersion of degree
8.
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To prove Theorem 3.6.8 we first have to show that O* is the isotropy
subgroup of the SU(2)" action at (Z). This will follow as a byproduct
of a more general computation to be carried out later in this section.
Once this is done, it will follow that the orbit $3/O* must be minimally
imbedded in a sphere. In fact, as was observed in Section 1.5 (Remark 1),
8§3/0* is isotropy irreducible and hence, for every invariant polynomial,
the equivariant construction must give an isometric imbedding.

The set II splits into the disjoint union
II=I1,UII; (3.6.4)

corresponding to linearly rigid and nonrigid quartic minimal immersions.
By the above, dim ITy > 3 since the SU(2)-orbit of (Z°) is contained in
11,.

Theorem 3.6.9. We have

dimIT < 6. (3.6.5)
Moreover, we have
dim ITy = 6. (3.6.6)
and
I, = SU(2)' - D, (3.6.7)

where D is a flat 2-dimensional disk with boundary circle on the octahedral
manifold 1.

PROOF. We show (3.6.5) by a careful dimension computation. For a type
II minimal immersion f : $® — Sy the range SU(2)-module is 3R4(= V).
Since R4 can be thought of as the SU(2)-module of quartic polynomials

3 3 2,02

£(z,w) = apz* + dow* + 123w — @y 20® — rz2w?, ag,a; € C, r €R,

(Section 1.4), we look upon a general element of 3R, as a triple:

3 3

a0z4 + &0w4 + a1z°w — a zw” — rz2w?

boz? + bow? + by 23w — by zw® — sz2w?

cozt + Gow? + c123w — & 2wd — t22w?
where ag, a1, bg, b1,cg,¢1 € C and r,s,t € R. The decomposition of V as
3R, is not unique, since SO(3) acts on 3R4 in a natural way. Rotating
(r,s,t) € R3, we may assume that r = s = 0 and ¢ > 0. We still have the
freedom to rotate about the third axis. This amounts to the change

ag — Cosa - ag — Sin « - by,
by + sina - ag + cos a - by, (3.6.8)

and similarly for a; and b;. The equations (1.4.16) for homothety are
96(|ao|” + [bo|® + lco[*) + 6(lax|* + (b1 + |ea]?) = 1,
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48(lao|* + [bof* + leol) + 12(Jas]* + |1 * + |es]?) + ¢ = 1,
3(a? 4 b2 + ¢2) + 8cot = 0, (3.6.9)
6(ao@1 + boby + co?1) — 1t = 0.
Note that these equations are invariant under the action (3.6.8) of SO(2).
For fixed ¢t € R we can solve the first two equations and obtain
|aol? + [bo]* + |col* = ro(t)?
Jas? + 161 + e [? = m(t)?,

where
2 - (1 2
ro(t)” = 17 (1 +4t%)
1
2 2
=—(1- .
r(tf = (1 -82)
The second equation reduces the range of ¢ to
1
0<t< —.
VA

Ift = 1/\/§ then a; = b; = ¢; = 0. The third equation in (3.6.9) gives
co = 0 (the fourth is automatically satisfied) so that we have

1
2 2

bol* = —.
laol” +1bo|” = o
We obtain that, for t = 1/4/8, the solution set is the 3-sphere (of radius
1/4/96). The action of SO(2) on (ag, by) (whose orbits are essentially given
by the fibres of the Hopf map) reduces this to a 2-dimensional solution set.

Now let 0 < ¢ < 1/+/8. Since both radii 7¢(¢) and r1(t) are positive, the
first two equations above say that

(ao,bo,CO) S ng(t) and (al,bl,cl) S Sfl(t)

in two copies of C3. If ¢t = 0 then the third and fourth equations in (3.6.9)
reduce to

a2+ +ci=0
and
apa; + bogl + cpc1 = 0.

The first of these is a complex quadric that intersected with Sf Vi gives a
smooth 3-dimensional manifold for (a;,b1,¢;1). (In fact, topologically, this
is the real projective space.) For fixed (aj,b1,c;1), the second equation
is a complex plane that when intersected with Si’ 129 gives a great 3-
sphere. Putting these together, the product is a 6-dimensional manifold on
which SO(2) acts without fixed points. The quotient gives a 5-dimensional
solution set.
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Finally, let 0 < t < 1/4/8. Given (ay,b1,¢1) € Sfl(t), we use the third
equation in (3.6.9) to get

The fourth equation in (3.6.9) is an affine complex plane
= 1
apay + boby + cot1 = 60175

that, when intersected with Sfo 2 and with the value of ¢y known, reduces
the solution set for (aqg, by, cp) to at most one dimension. This is because
a; and b; cannot vanish simultaneously. (Indeed, if a3 = b = 0 then
cof1 = —3cie1/(8t) = —3|c1]%c1/(8t). On the other hand, coé1 = c¢1t/6.
Combining these, we obtain ¢ = 0, a contradiction.) This, combined with
the 5-dimensional solution set for (a1, b1, ¢1) gives a 6-dimensional solution
set. As before, the action of SO(2) reduces this to 5-dimensions.

Summarizing, for fixed 0 < ¢ < 1/4/8, the solution set is always at most
5-dimensional. Varying ¢t now gives (3.6.5).

Next we consider II; in the splitting (3.6.4). Given a full minimal im-
mersion f: S — Sy of type I, if f is linearly nonrigid, i.e. dimM; > 1,
then the points on My correspond to type I minimal immersions. We
thus have M C I. Thus, to describe II; we consider line segments con-
necting pairs of points in I and use Theorem 2.3.5 to make sure that the
points in the interior of the segment correspond to type II quartic mini-
mal immersions. Since I is a single orbit through (Z), we may assume that
one endpoint of the segment is (Z). We now choose g = a + jb € SU(2)
with ¢’ = vgy € SU(2), and let the other endpoint be (Z o ¢’). Again by
Theorem 2.3.5, the space of components of any quartic minimal immersion
corresponding to an interior point of the segment connecting these two
points is the SU(2)-module

Vzogr + V1.

Assuming that the endpoints are distinct, the interior points correspond to
type II or type III according to whether this SU(2)-module is 3R, or 4Ry.
To simplify the computations, we consider the quotient

(Vzog + V1)/Vz = Vzog | (V1og: N V7).
This quotient is trivial iff
(ZTog')=(1),

a task we also have to carry out to prove Theorem 3.6.8 since g’ then
belongs to the isotropy group of SU(2)'.

The quotient is equal to R4 or 2R4 according to whether we have type
IT or type III in the aforementioned line segment. Technically speaking, we
need to make the substitution z + az —bw and w + bZ+aw corresponding
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to ¢’ = g7, g = a+ jb, in each of the polynomials in

Vz = span {z! — @, 220?, 22w + zw

S(22w?), l2|* — Alf*fwl® + [w]*}

3, 272w — 2w2u_),

(cf. (3.6.2)) and work out the components modulo Vz. Elementary com-
putations now give that V7., modulo V7 is spanned by the following
polynomials:

w2t — 4823w — 4B82w° (3.6.10)
vt + 2028w — 2a20° (3.6.11)
p2iw + 8237 — Pww® — 3622ww + 362zw? (3.6.12)
v2Pw — a2’z — aww® + 3aziww + 3azzw? (3.6.13)
S(p2w?) — 4S(B(zw?w — 22 Zw)) (3.6.14)
R(v22w?) — 2R(a (222w — 2wwD)), (3.6.15)

where
a = ab(la|” — |b)
B = a®b+ ab? (3.6.16)
p=a*—at-bt+ b

v =a’b® +a’h’.

Lemma 3.6.10. (3.6.10) — (3.6.15) are linearly dependent iff
R(aB) =0 and ap+26v=0. (3.6.17)

PRrOOF. We first observe that the three pairs of polynomials (3.6.10)-
(3.6.11), (3.6.12)-(3.6.13) and (3.6.14)-(3.6.15) are mutually orthogonal.
Thus, we need to study the linear dependence of each pair of polynomials.
The lemma follows by case-by-case verification, splitting the first two pairs
of polynomials into real and imaginary parts and evaluating each 4 x 4-
subdeterminant of the corresponding 4 x 6-matrices. The last pair gives
only 2 x 2-subdeterminants of a 2 x 4-matrix.

The remaining task is to work out (3.6.16) in terms of a and b. The first
equation in (3.6.16) gives

(|a]® = |b|2)R(a?b?) = 0. (3.6.18)
It is convenient to use “isoparametric” coordinates on S3, i.e. to set
a=cos(t)e’ and b=sin(t)e"? (3.6.19)

(cf. Section 1.2). ¢t = 0 and ¢ = m/2 correspond to the two great orthogonal
circles cut out from S® by the span of the first and last two coordinate
axes; t € (0,7/2) corresponds to the Clifford torus 7; parametrized by 8
and ¢.
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Case L. Let |a|? = [b|>. We are on the “middle” Clifford torus Ty /4. We
have o = 0 so that (3.6.17) reduces to Gv = 0.
If B = 0 then, substituting (6.3.19) into the expression of 5 we obtain

¢=0+(2k+1)%, keZ,
or equivalently,

1 1 .
a= e, and b=—26’962k+1, ke Z,

V2
where € = €%,
If v =0, we get

¢=—-0+2k+1)/4, ke Z,
so that

1 4 1
a=—e% and b= ——e Wt keZ.
V2 V2
Summarizing Case I, the solution set is the union of eight closed curves in
Ty/4 and they lift to [0,27]? to give line segments with slope 1 and 6-
and ¢-intercepts being any odd multiples of 7/4 (Figure 26).

Case II. We assume that t # 7/4. If t = 0 then
a=¢€? and b=0.
The solution set is the entire great circle Tp.
If t = w/2 then

a=0 and b=,

and the solution set is Ty /2.

Finally, let 0 < t < w/2 and ¢ # 7/4. Working out the coefficients «, £,
u, v, and substituting them into the second equation in (3.6.16), we finally
arrive at the solution set

a=costee® !l and b=sinté, k,l€Z. (3.6.20)

For fixed t as above, this is the union of 32 points and on [0, 27]? they cor-
respond to the intersection points of the straight segments obtained above.
As t moves, these points sweep 32 curves that, on 7T} /4, meet the existing
solution set in triple intersection points, and on 7y and T/, they also pro-
duce 8 triple intersection points distributed equidistantly. (Compare this
also with Figure 23 on page 35.) Summarizing, the solution set consists
of 26 closed curves meeting in 48 triple intersection points. Looking at
each case separately, we see that the triple intersection points are given (as
quaternions) by

V%(e’“—i—jel), k#1(mod?2); €, jé, k,l¢Z. (3.6.21)
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These form a group of order 48, and this group is conjugate in S® to the
binary octahedral group O* (Theorem 1.2.4). By abuse of notation, we
denote this conjugate by the same symbol. We obtain that the orbit I is
the octahedral manifold $3/0*. Theorem 3.6.8 follows.

KX
s

Figure 26.

Looking back now at the 26 curves above, we see that on the quotient
I = $3/0* they give exactly 3 closed curves intersecting at (Z). After
conjugation with ~, they become orbits of the (mutually orthogonal) 1-
parameter subgroups corresponding to Z, (1/v/2)(Y + X) and (1/v2)(Y —
X) in su(2), where Z, X, Y is the standard basis of su(2) given in (1.4.12).
We denote these orbits by o, ¢’ and ¢”. More explicitly, o is parametrized
by

01— ey . (T), 6 R
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(corresponding to t = 0 in Case II) and ¢’ (resp. ¢”) are parametrized by
(3.6.20) with k =1 = 0 (resp. k = 1 and [ = 0). Note that o, ¢’ and o”
intersect orthogonally at (Z).

We now take a closer look at 0. A quick check of Case II reveals that
VZo(yeit), modulo Vz, does not depend on 6. The same is true for

VIo('ye“"y) +Vz

so that Theorem 2.3.5 implies that ¢ is on the boundary of the relative mod-
uli space corresponding to any interior point of any segment connecting two
distinct points of o. We choose the midpoint of the line segment connecting
(T) and e'™/® . (T) that has the type II representative J : S° — S given
by

J(z,w) = (1/V2) (z4, w?, 2v32202, 223w, 223,
2V3(22%w — Zw?w), V6z2w?, |2|* — 4z|*|w|?* + lw[*).

(The explicit form of J is obtained by elementary computations in the use
of Theorem 2.3.5.) Thus, we have ¢ C M. The next step is to show
that equality holds. For this, we first observe that J is U(2)-equivariant.
In fact, we claim that the line segment

R-(J)n(M*H)5® (3.6.22)

parametrizes all full quartic U(2)-equivariant minimal immersions f :
S$3 — Sy. Indeed, the U(2)-equivariant quartic minimal immersions are
parametrized by the fixed point set (M*)U() = (RL)U() 5o that all we
need to show is that this is 1-dimensional. Since R is SU(2)-fixed, we
have (R})V(?) = (RL)T, where

T = {diag (e"?,e") |0 € R} Cc SU(2)’ (3.6.23)

is the center of U(2). As noted above, v € O(4) switches R and Rg and T
to

I" = {diag (¢,e~%%) |0 € R}; (3.6.24)

the standard (1-dimensional) maximal torus in SU(2). Thus, (R5)" corre-
sponds to (Rs)r . On the other hand, I"” acts on the standard basis in Rg
diagonally with a unique I''-fixed polynomial —z2w? and the claim follows.

Remark. For p = 2d even, Wyy = Hg (for reasons of dimension), where
the SU(2)-module structure on the space of spherical harmonics on S? is
given by the projection SU(2) — SO(3). Thus we also have Ryq = H$
as real modules. The SU(2)-orbit of (J) is RP? imbedded minimally in
its respective 8-sphere as the image of the standard minimal immersion
f2 : 8% — S8 Indeed, (F4)SU) = R, = H} and (R)Y® corresponds to
the zonals (H3)5°? whose SO(3)-orbit on the unit sphere gives the image
of f2.
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We now return to the proof that equality holds in ¢ C M 5. Clearly,
M7 is at least 2-dimensional. Since (J) is I'-fixed, I" leaves My and its
boundary invariant. T" acts on M 7 without fixed points since a fixed point
is automatically U(2)-fixed and there are only two of these on the entire
boundary. Thus, dim M 7 must be even, therefore either 2 or 4. Finally, if
M 7 were 4-dimensional, its boundary M 7 would be a topological S* (by
convexity) and it would have to coincide with I (for reasons of dimension).
The latter is S3/O* that is topologically distinct from S3. We obtain that
M 7 is 2-dimensional, and thus it is a flat circular 2-disk D with (J) being
the center.

The argument is entirely analogous for ¢’ and ¢” so that they are the
boundary circles of 2-disks D’ and D”. Note that D, D', and D" are or-
thogonal to each other at the common boundary point (Z). We now let
SU(2)" act on this configuration and realize that D’ and D" are on the
SU(2)-orbit of D. We thus arrive at (3.6.7).

At this point, without having studied the type III quartic minimal im-
mersions, we have to postpone the proof of (3.6.6). (For a direct proof, see
Problem 3.18.)

We now consider type III quartic minimal immersions. We first claim
that the antipodal J° of J is of type III. Recall that () is the midpoint
of the line segment connecting (Z) and (Z o (ye*™/85)) both of type I.
Thus, the antipodal of (J) must be on the segment connecting (Z°) and
(T o (y€*™/85)°) provided that this segment is on the boundary. Thus, by
Theorem 2.3.5 again, we need to work out

Vo + VIO(,Yein/S,Y)o.
By Theorem 2.3.19, this is equal to
VIJ_ + Vlt('ye""/s'y) =(Vzn VIO(’YGi"/S’Y))J_'
On the other hand
dim(Vz N VIO(,Yei‘rr/S,y)) = dim V7 +dim VIO(,Yei-n/S,Y) - dim(VI + VIO(,),eiw/S,y))

and this is 10 + 10 — 15 = 5-dimensional and the claim follows. Thus
dim V7. = 20 and J° is of type III. Summarizing, we see that J° is the
unique full U(2)-equivariant quartic boundary minimal immersion of type
II1.

Consider the real SU(2)’-module R). Since —I acts trivially on R}, it
can be identified with the SO(3)-module #2. Recall now from Section 2.7
(cf. the discussion after Corollary 2.7.2) that in the unit sphere Sg; = sS4,
the SO(3)-orbits form a homogeneous (isoparametric) family of hypersur-
faces with two antipodal singular orbits, that are imbedded as Veronese
surfaces in S%. The rest of the orbits are principal. The “middle” principal
orbit is minimal and self-antipodal, while the the rest of the principal or-
bits are paired in antipodal pairs. This last assertion follows from the fact
that the orbits are the level hypersurfaces of the (essentially unique) cubic
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isoparametric function on S*. SO(3) also acts on the projective quotient
Pp;, = Sg,/{*I} = RP* This action has a unique singular orbit, and a
unique exceptional orbit (whose twofold cover is the middle principal orbit
in S%). The rest of the orbits are principal. The orbit space is thus a line
segment with one endpoint corresponding to the unique singular orbit, and
the other corresponding to the unique exceptional orbit.

Theorem 3.6.11. ITII is everywhere dense, open, and connected in the 8-
dimensional boundary d(M*)SUR) . For any type III minimal immersion
f: 8% = Sy, the relative moduli space My is 4-dimensional. The quo-
tient III/ M by the open relative moduli (obtained by collapsing the relative
moduli in IIT to points) is SO(3)-equivariantly homeomorphic with the pro-
Jjective 4-space Pp; = RP*. The point Mo in the quotient III/M is on
the unique singular SO(3)-orbit.

Remark. We note here that Theorem 3.6.11 corrects part c) of Theorem
C in Toth-Ziller [1], where an error occured in the computation of the
dimension of the relative moduli M z..

The proof of Theorem 3.6.11 will be carried out in the rest of this section.
First of all, by (3.6.5), the complement of III in d(M*)SU®?) is at least of
codimension 2 so that III is everywhere dense, open, and connected in
A(M*)SU?)_ The first statement of the theorem follows.

The plan for the rest of the proof is as follows. We first construct a set
S of congruence classes of type III minimal immersions, and show that
the quotient S/M of S, obtained by identifying points in the same open
relative moduli, can be parametrized by the real projective plane RP2. It
will also be apparent that (J°) ¢ S.

Then we consider the map

Q: 111 Py, (3.6.25)

defined as follows: Given a type III minimal immersion f : S — Sy, the
orthogonal complement Vfl of the space of components V¢, is an irreducible

real SU(2)-submodule of H* = R4 ® R)j. By Lemma 2.7.9

Vi =Ri@ W}, (3.6.26)
where W} C Ry is a line. We define
Q(f)) = Wi (3.6.27)

Since Q((f)) depends only on V%, it is clear that () factors through the
canonical projection IIT — IIT/M (where III/ M is the quotient of ITI by
the open relative moduli), and imbeds ITI/M into Pg,. We will prove that
Q is onto, so that Q will induce the SO(3)-equivariant homeomorphism
between ITI/M and Pg; in Theorem 3.6.11.

To show surjectivity of §2, we will first prove that S C III is mapped
by § to a projective plane (i.e. a totally geodesic surface) in Pg; = RP
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Since (J°) ¢ S, connectedness of IIT along with a study of the SO(3) orbit
structure on Pg, will imply that (2 is onto.

We will conclude with an easy argument in comparing dimensions which
will show that the relative moduli of all type III minimal immersions are
4-dimensional.

Remark. The definition of  has been suggested by Weingart [1] (Kapi-
tel 8). Based on the observation that the SO(3)-orbits in Pg; can be
parametrized by a line segment, he considered an “angular invariant”
associated to each orbit. Here we follow a more geometric path.

The “projective model” Ppg;, of the quotient ITT/M is very useful in un-
derstanding various incidence relations among all relative moduli. Indeed,
we have the obvious extension

Q: 9(M3)*"® — U3, Gu(RY),

where G, (Rj) is the Grassmann manifold of the n-dimensional linear
subspaces of Rj. We interpret an element in G,(R}) as a projective
(n — 1)-space in Pg;. By Theorem 2.3.5, the image of {2 is closed under in-
tersections. Since, for minimal immersions f : $3 — Sy and f': S% = Sy,
Mg C OMy iff Vi C Vy with proper inclusion iff f' — f with f and f’
incongruent, we obtain the following:

Corollary 3.6.12. Let f; : S3 — Sy, and fo : S® — Sy, be incongruent
quartic minimal immersions.

(a) If f1 and fa are both of type I then there exists a unique relative mod-
uli corresponding to either a linearly nonrigid type II minimal immersion
or a type III minimal immersion f : S3 — Sy such that (f1), (f2) € OMj.
These two cases are mutually exclusive.

(b) If f1 and fo are both of type II then there is at most one relative
moduli of a type III minimal immersion whose boundary contains My, U
My, .

(c) If f1 and f2 are both of type 111 then either My, and My, are disjoint,
or My, N My, is the relative moduli of a type II minimal immersion.

(d) In general, the set of all relative moduli of type III minimal immer-
stons that contain the relative moduli of a type II minimal immersion can
be parametrized by RP?L.

ProOOF. All these statements follow from basic facts in projective geome-
try. (a) Two projective planes in RP* intersect in a single point or in a
projective line. (b) Two projective lines in RP* are either disjoint or meet
at a single point. (c) There is a unique projective line that passes through
two given projective points. The projective line may or may not correspond
to the relative moduli of a type I minimal immersion (see Problem 3.20).
(d) A projective line can be parametrized by RP!.
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‘We now return to the main line. Recall from the study of type II minimal
immersions that we considered the space of components

Vf =Vr+ Vzog/ (3.6.28)

of a quartic SU(2)-equivariant minimal immersion f : §® — Sy, where (f)
is in the interior of the line segment connecting (Z) and (Zo g'), ¢’ = vg7,
g =a+jbe S = SU(2). We showed that V; modulo V7 is spanned by
the polynomials (3.6.10)-(3.6.15), and that V7 is of type II iff (3.6.17) with
(3.6.16) are satisfied.

To reformulate this last statement, we set

£ = R(ap),
n = R(ap +2pv), (3.6.29)
¢ = S(ap+20v).

Then f is of type HI iff (¢,7,() # (0,0,0). We call (§,7,() the coordinates
of f. By (3.6.16) and (3.6.29), the coordinates of f are homogeneous degree
8 polynomials in a, b, @, b.

As a first step in proving Theorem 3.6.11, we consider the set S (of
congruence classes) of type III minimal immersions f : $3 — Sy satisfying
(3.6.28), and we will show that the quotient S/M of this set, obtained by
identifying points in the same relative moduli, can be parametrized by the
homogeneous coordinates [¢ : 1 : (] on RP2.

Let f : S — Sy be a type III minimal immersion with (f) € S and
coordinates (£, 7,¢). Simple computation in the use of the scalar product
(1.4.3) and (3.6.10)-(3.6.15) shows that V- is spanned by (the real and
imaginary parts of) the polynomials

€2 — g(z3u“1 —20°) — ig(z3ﬁ) + z@%),

23w + Z-(z?’z' — 322w + wiw® — 327w?)

+z§( 3z — 322ww — wd® + 32zw?), (3.6.30)

ER(22w?) — g?R(zwzu_) — 2%7w) + L—i‘”(zw%‘) — 2%7w).
A quick look at these polynomials shows that [¢ : 1 : ] € RP? uniquely
determines the relative moduli of (f) € S.

For the parametrization of S/ M by RP?, it remains to be shown that, for
each [¢ : 7 : ¢] € RP?, there is a type III minimal immersion f : $% - Sy
such that (f) € S has homogeneous coordinates [ : 1 : ¢]. This is the
consequence of the following:

Lemma 3.6.13. The map I1: C?> = R x C = R3 defined by
II(a,b) = (R(aB), o+ 26v) = (§,1,¢),
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1s surjective.

PROOF. By homogeneity of II, we can constrain (a,b) to S C C2, and
write II in spherical coordinates as a map IT : S3 x R, — R x C, where
R, corresponds to the radial component. Using (3.6.16) and (3.6.29), we
obtain

Ti(a,b,7) = r®((|af? — [b[?)R(a%5%), 2iabS(a* + b*) + 4abR(a%F?)),

where r € R is the radial variable. We rewrite this using the isoparametric
coordinates (3.6.19):

II(t, 0, ¢, 7) = 3 sin(2t)
X (——81né4t) cos(2(6 — ¢)), iei(9+¢)$(cos4t ce* 4 gintt- e4i¢)

.2
)
It is convenient to make the substitutions

u=2(0+¢) and v=2(0—9)

and obtain
TI(t,u,v,7) = 8 sin(2t)
sin(4t)
y (__8

cos v, ie™/%(cos* t - sin(u + v) + sin* ¢ - sin(u — v))

-2

+ Me—mm cos v) .
2

Again by homogeneity, it is enough to show that {0} x C and {1} x C are

contained in the image of II. For the first inclusion, we let v = 7/2 and

compute

in(4t) .
(¢, u,7/2,r) = 7*8—S—m—é—)iem/2 cosu - (0,1).
It is clear that these points cover {0} x C when ¢, u, r vary. For the second

inclusion, we let z = pe’®, p > 0 and ¥ € R, and claim that (1,2) is in the
image of II. For this, we set

1
t=gen (5),
u=—-29
4 4
v=—tan™! Sntr oSt b cos ttanu
cos(2t)

8 1/8
- (sin(2t) sin(4t) cos v ) '
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Substituting these into the expression of II, the claim follows. This
completes the proof of the lemma.

Summarizing, we obtained that the quotient S/ M can be parametrized
by the homogeneous coordinates [ : n : (], in particular, §/M is
topologically RP2.

We will now show that (J°) ¢ S. The space of components of J°
(complexified) is

Vzo ®r C=HYY @ H¥ @ H3 @ 1O (3.6.31)

Indeed, this follows from the way J° is defined; both Z and I,Yem/sw have
common components in H??2, say |z|* — 4|z|2|w|? + |w|? (cf. (3.6.2)), so, by
Theorem 2.3.19, their antipodals Z° and If;ei,, /oy have spaces of components
orthogonal to these components. Now, (J°) is the midpoint of the segment
connecting (Z°) and <I$ei"’ /87), and Theorem 2.3.5 applies. In particular,
we have

1 _ 422
Vze =H>".

Comparing this with (3.6.30), we see that (7°) is not contained in S.

Recall that Q|s factors through the canonical projection & — S/ M,
and imbeds S/ M into Pr,. We now must show that the image Q(S) is a
projective plane in Pg;. To do this, recall that, for each (£,7, () # (0,0,0),
the linear span of the polynomials in (3.6.30) is R4 ® W}, where W; C R}
is a line, and f has coordinates (&,7, ). Splitting the complex polynomials
in (3.6.30) into real and imaginary parts, the resulting five polynomials can
be written as

U’z(gvn)() ®P(§a77,<), 1= 1aa57 (3632)

where

Span{ui(é"naC)u = 1)75} =R4

(fOI‘ any (57777() '_ié 0)7 and lef =R p(&a”];() By (3632)7 u; and p are
unique only up to mutual scaling, and they can also be chosen to depend
on (£,7,() continuously, at least locally. By definition, the tensor products
in (3.6.32) depend on (&,7,¢) linearly, so that we have

w(X)@p(X) +u(X)@p(X) =uw(X+ X)@p(X + X'), i=1,...,5,
(3.6.33)

where X = (§,7,(), X’ = (¢,7',{’), and X+ X' = (§+&",n+n',(+ (') are
all nonzero. Since {ur(X + X’)}3_, C R4 is a basis, we have the equations

5

ui(X) =) ein(X, X ur(X + X'),
k=1
5
wi(X') =Y (X, X)ug(X + X'). (3.6.34)

k=1
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Substituting these into (3.6.33), we obtain

5
D u(X + X ® (X, X)p(X) + cin(X', X)p(X"))
k=1
=u(X+X")®p(X + X').

Thus, we have

ek (X, Xp(X) + e (X', X)p(X') = 0,0< i #k <5, (3.6.35)
ci( X, Xp(X) + coi( X, X)p(X') =p(X + X'), i=1,...,5.

To study the projective linear structure of the image (S), i.e. the set of all
lines W} =R -p(X), X = (§,1,¢), where (f) varies on S, we may assume
that p(X) and p(X’) are linearly independent. Then the first equation
implies that ¢;x(X, X') = ¢;x(X’, X) = 0 for ¢ # k The second equation
implies that ¢;;(X, X') and ¢;;(X’, X) are independent of 4, so that we can
suppress the indices. Using these in (3.6.33) and (3.6.34), we obtain

ui(X) = e(X, X u; (X + X',
wi(X') = (X', X)us(X + X'),
(X, X’)p(X) + c(X’,X)p(X’) =p(X + XI).

Projective linearity of the image of S under €2 follows. Hence Q(S) is a
projective plane in PR;.

To complete the proof of Theorem 3.6.11, we need to show that Q :
IIT — Pg, is onto. Since III is connected and (2 is SO(3)-equivariant, it is
enough to show that the unique singular orbit and the unique exceptional
orbit both contain points from the image of Q2. (Recall that these two orbits
correspond to the two extremal points of the segment Pr, /SO(3).) (J°) €
III is mapped by  to the singular orbit Ppg;, since (J°) has 1-dimensional
isotropy. It remains to show that €(S) intersects the exceptional orbit.
It is easier to see this in the twofold cover S R, = S84, where the middle
SO(3)-orbit (in the homogeneous isoparametric family) doubly covers the
exceptional orbit. Since €(S) is a projective plane in Pg, it is doubly
covered by a great 2-sphere in § r,- These two double covers intersect since
any great sphere in Sg; is self-antipodal, and the middle SO(3)-orbit is the
zero-set of the cubic isoparametric function that defines the SO(3)-orbits
in Pg;. With the exception of the dimensionality of the relative moduli,
Theorem 3.6.11 follows.

Finally, we prove that all relative moduli of type III minimal immersions
are 4-dimensional. By Proposition 3.6.7, they are at least 4-dimensional.
To show that this lower bound is sharp, we first consider the case f =
J°. Since M g0 is U(2) invariant, the center I' C SU(2)" of U(2) acts on
OM 70 without fixed points. It follows that dim M 7. is even. Assume that
dimMgo > 6. By Theorem 2.3.8, the SU(2)" orbit of int M7, is an 8-
dimensional smooth manifold. This is because I' leaves M 7, invariant, and
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SU(2)’ does not have 2-dimensional subgroups. The set SU(2)’(int M 7,)
must then be open in d(M*)SV(2), Since its boundary is contained in TUTI,
it follows that SU(2)’(int M 7,) must be a connected component of ITII. But
ITI is connected, so that SU(2)’(int M 7,) must be the whole of III. This
contradicts the existence of the subset S constructed in the first step.

Notice that this proof applies to any type III minimal immersion f :
S$3 — Sy with (f) € SU(2)'(int M 7).

We now assume that f : $% — Sy is a type III minimal immersion with
(f) ¢ SU(2)'(int Mg,). This means that the isotropies on My are finite
(since otherwise the centroid of My would have 4-dimensional isotropy,
thereby conjugate to U(2), in contradiction with the uniqueness of 7°).
Assuming that dim My > 5, Theorem 2.3.8 applies again, and we obtain
that dim SU(2)'(int M) > 8. As before, this must be a connected compo-
nent of ITI, therefore the whole of III. This contradicts to the existence of
J°. Theorem 3.6.11 follows.

Remark. It is instructive to compare the results of this section with

those of Section 2.7, particularly, to look for analogies in the structures
of (E%)SU(Z) and (Mg)SU(Z).

3.7 Additional Topic: The Inverse of ¥

A symmetric multilinear map h: H! x ... x H* — H* with 2k arguments,
k > 1 > 1, can be thought of as a linear map h : S?*(H!) — HZ by
restriction from the Weyl’s space ®2*H! to the space of symmetric tensors
S2%k(H'). On the other hand, S?*(#!) is isomorphic with P?*, the space
of (2k)-homogeneous polynomials on R™*1. Thus, h can be viewed as a
linear map h : P?¢ — H2,

We now assume that A is traceless, i.e. contraction of A viewed as a tensor
with respect to any two indices is zero. This is equivalent to the vanishing
of h on P2(5=1)p2, Restricting h to the orthogonal complement H2* C P2k
(cf. (2.1.1)), we obtain a linear map h : H2* — HZ, or equivalently, a
tensor h € H2 ® (H?*)* = {2 ® H2*.

By (3.1.7), H% ® H2* decomposes as

HZl ® H2k — Z V(u,v,o,...,o)‘

21,2k
(u,v)€AL"""; u+veven

The northern vertex (20, 2k) of Agl’% corresponds to the SO(m+1)-module
V(220,50 242 @ H2*. Since this is also a component of S%(HP) for
p > k+1, and a component of £ (k > 1) and FP (k > 2), it is important
to recognize when h does belong to V(2:2k.0.---0) In this section we give a
necessary and sufficient condition for h : H! x ... x H! — H? to belong
to V(26.26:0...0) The explicit formula for h as an element in S%(HP) also
provides an explicit expression for the inverse of \Il’;.
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To formulate our main result, in addition to the operator D : HP ®
H? — HP~! ® HI7! introduced in Section 2.6, we need the following
homomorphism

LiHP @ HI — HPT @ HOH!
of SO(m + 1)-modules defined by

L= iai ® b;,
i=0

where 8, = H(a*-), a € R™"1, and §; = §,, with {e;}, C R™*! the
standard basis (Section 2.1). Up to a constant multiple, ¢ is a generalization
of the homomorphism ¢, : HP — HP~! @ H!, ¢ = 0, introduced in Section
2.1.

Theorem 3.7.1. Given a traceless symmetric (2k)-multilinear map h :
H x ... x HY = H2, h defines an element in the component V (25:26:0,...,0)
of H* @ H?* iff

h(z,..)(®) =Y zihle;...) () =0, (3.7.1)
1=0

where {e;}T, C R™! is the standard basis. Given h satisfying this,
(DTYp—U+k) lI=kp is an element in V(21:26:0,--0) — G2(HP) whose \Il’; -image
is, up to a constant multiple, h.

For the proof we need some preparation. First recall that differentiating of
the harmonic projection formula (2.1.8) gives

4 2
=P 0t Byx — L 8,05x - 0%, x € HP.
A2p Azp

As in Section 2.1, we introduce the operator (acting on H?):
Eup = b*aa — a*é)b, a,b < Rm+1.

With this, the formula above is written as

O, H(b"x) = {a,b)x + b"Fax —

4
aaH(b*X) = <a’ b>X + Eapx + (1 B /\—p—)H(a*abX)a x € HP.
2p

Notice that the multiple of p? cancels as each term is harmonic. More
concisely, we have on HP:

0y 06y = (a,b)I+Eab + (1 — 2)6,1 o Op.
A2p

Lemma 3.7.2. Up to a constant multiple, D and v commute, i. e., on

HP @ HY, we have
Do (1_ﬂ’—>(bop).
A2p
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PrOOF. On H? ® HY, we have

Doy= z Or0; ® Oxb;
i k=0

= Z Op0; ® <5ki + By + (1 — 2)6,681-)
Az2p

i,k=0

(1— 4—p> > Ot © 640%

1,k=0

e

Lemma 3.7.3. On H? ® H?, we have

ﬂ(f ot) — M(1, o) =(p—q)I (3.7.2)
Hp—1 Up
2 2 2
NE T
Pp—1Hg—1 \A2p  Azg

where py, is given by (2.1.24).
PROOF. By Lemma 2.1.4, on ‘HP @ H9, we have
=t Z 6; ® 0;,

e 50

and

m
D' = MHp—1Hg—1 Z‘Sz ® 6;.
=0

Thus, we obtain

T (S s
= (Zaz@aaz) e Z ki © 610,

i=0 7-1 k=0

o~
o~

‘We continue as

a1 0Ty _ N (s 2B s (1222 |
q—(LOL )= Z (6kz+Ekz+ (1 )\2p>6k8) ® 61.0;

Hp i k=0

il
0-5
QJ
+
5
z
&
8K
>
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where, after the second equality, we replaced 8;0; by (1/2)(6x0; — 6;0k)
(using skew symmetry of Ej;), and introduced the second order differential
operator

m
E= Z Eyi ® E;-
4,k=0
Summarizing, we have on H? ® H%:

@(LOJ)=q1—1E+——1—(1—i"£)DToD. (3.7.3)
Hp 2 Hp~1Hq-1 A2p

¥

The computation of .7 o is simpler and we get

Be (T 1 1 ( 4q ) T
toyy=pl--E4+——1——1|D oD. 3.7.4)
Hp—1 ( ) 2 Pp—1fg—1 A2g (

Subtracting (3.7.4) from (3.7.3), we arrive at (3.7.2).
Theorem 3.7.4. For p > q, the homomorphism

LiHP @HT — HPT L @ HIT
is injective.

PROOF. We show injectivity by induction. Assume that ¢ is injective on
HP~! ® H971. Since D is onto (Corollary A.3.3 in Appendix 3) and, up to
a constant multiple, it commutes with + (Lemma 3.7.2), ¢ is injective on
(ker D)1 C HP ® H9. On the other hand, ¢ is injective on

g
kerD = Z ypra=rn00) c 4P @ 39,

=0

Indeed, assume that ¢ is zero on V (®+4-7m0,--:0) Gince ;T maps

V (P+a-170,.,0) into itself we obtain that ¢ o7 is zero on V(P+a-7r.0,...,0)
This contradicts Lemma 3.7.3.

PROOF OF THEOREM 3.7.1. h € H? ® H?* belongs to V(212:0,--0) iff
D(h) = 0 and h is orthogonal to H2+1 ®H2*~1. We write the orthogonality
condition as ¢ " (h) = 0, where H#+1 ® H2¢~! is realized in H* @ H?* as
the image of . In coordinates, we have

m

h = Z R€iyy -y €in) ® H(Yiy -+ Uiy, ) € H2 @ HF.

il,...,izk:O

Since h is traceless, the harmonic projection can be dispensed with

m
h = Z h(€iy, - €ine) ® Yiy ** Yiy-

11,...,825=0
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The condition D(h) = 0 translates into

m

D(h) = Z Z 8ih(ei1i""ei2k)®8i(yi1 "'yizk)

1=0 41,...,525=0

2kz Z aih(eiaeiza"'veizk)®yi2 <o Yigy =0.

i=0 4g,...,425=0

This holds iff

m

> " 8ih(es,...) =0. (3.7.5)

=0

The orthogonality condition ¢+ T (h) = 0 rewrites as

”T(h) = Z Z H(xih(eiu s ’eiZk)) ® ai(yh o yizk)

i=0 41,...,425=0

:2kz Z H(zih(ei, €y, 1€i5.)) ® Yip -+ Yiy =0.

i=0 4z,...,42%=0

This holds iff

m

> " H(zihles,...) =0. (3.7.6)

=0

Since h takes values in H2, we have

2
H(zsh(es,...) = zihlei,...) — 21#@h(ei, )

Thus the conditions (3.7.5) and (3.7.6) give

> wih(es,...) =0.
=0

The first statement follows. The second statement follows from Schur’s
lemma.

Problems

3.1. Show that, for p > 6 even, the system of equations (1.4.16) is solvable.
Conclude that there exist full minimal immersions f : §% — § r,, Of degree p > 6.

3.2. Use (3.2.6) and homogeneity to show that

> @@ ¥(C)(eien)(@) = p°T°(C) (),

i,k=0
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where {e;}72o C R™*! is the standard orthonormal basis. Give another proof of
Proposition 3.1.2 (first for f = f, and then in general).

3.3. Show, by direct computation, that
APTE(C)(a,b) =0, C € &P

Conclude that in the canonical decomposition of ¥(C)(a,b) € P*®~Y there is
no constant term (multiplied by P21,

3.4. Use the method in the proof of Theorem 2.5.3 to show that ¥, viewed as a
linear map ¥ : £ ® S3(R™!) — P2*~Y s onto.
Problems 3.5-3.8 outline a different final step in proving Theorem 3.1.6.

3.5. Let m = 2mg + 1 be odd. Derive the congruence

U(f)(eo,e1) = —22%(%’"—%) (mod p*)
=0

for complex spherical harmonic p-forms f : ™0t — C™*! where f is written
in terms of complex variables zo, Zo, . - ., Zmg, Zmg, and eg = (1,0,...,0),e; =
(4,0,...,0) € C™*! (Note that in the congruence the holomorphic and
antiholomorphic components cancel.)

3.6. Fill in the gaps in the following argument to show that, for m = 2mo 41 odd

m+
and p = 2q even, ¢ > 2, there exists a full p-eigenmap f : ™0t — Sz( P p)_S,
such that, in the decomposition

T((f))(eo, 1) = Zhlp2(p—t—1)
1=1

we have
RP72£0 and hP"'#0.
Here h! = h!(eo, €1) is the I-th canonical coefficient of f (Theorem 3.2.7).

m+p) _
Consider the complex Veronese map Verﬁo,p : §Zmotl _, Sz( ") ! given by

!
C _ p: i0 i
Verme »(@) = ( ———% z,,’{’)
20t ...-tm- X . .
0+-.-+im=D; ig

Let p = 2q be even. Replace the three components

(2(1)! q—1_g+1 (2‘1)! g+l _g-1 V (2(1)!

—_— . NES q .9
@-Dig+ DI AV g=Digrni® 2T A
of Verﬁoyl, by the two components
2)! 1o V(29!
G0 (o afyegat,  [2E VO ey

(g— D (g+ 1) "V og+1 ¢
Verify that the resulting map is spherical so that we obtain a full p-eigenmap
f:g%mott 52("%)=%_ Use Problem 3.5 to show that

U(f) (eo, 1) = 220!

@D S0t = (4= Dég-2)(mod 1),
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where
€k (2) = 25 |20|** |21 [, K1 > 0.

Use the harmonic projection formula (2.1.7) along with the complex form of the
Laplacian to derive

(g+1)!(g—1)!

3(2q) Y(f)(eo,e1) = qH(SEg~1,9-1) — (¢ — 1) H(SEg-2,q)

q(g—1) N
(q - 1) +mo+1 (H(‘fgq—Z,q—l)

+ (g — )H(S€g-1,4-2)

- (¢~ 2)H($£q—3,q)) (modp4).

t1

Finally, show that
qH(gftrl,q—l) ~(¢- 1)H(%£q—2,q) #0,
and

H(S¢g-2,g-1) + (¢ ~ 1)H(IEg-1,¢-2) — (¢ — 2)H(S¢4-3,4) # 0.

3.7. Let m = 2(mo + 1) be even. Use the domain-dimension-raising operator
to obtain examples from the ones in Problem 3.6. Let f : §2met! — 8" n =
2(2"‘0:”“) — 3, be a full p-eigenmap, p = 2q, ¢ > 2, as in Problem 3.6 and let

f: §2mo+2 _, gn+N(2mo+2.p)~N(2mo+1.p) he the p-eigenmap obtained from f by
raising the domain dimension. Apply Lemma 3.4.1 to prove that

RP"2£0 and AP #£0,

where h'(a,b) € H%,,,1=1,...,p— 1, denote the [-th canonical coefficient of f
(evaluated at (a,b) € Hap, X Hp,)-

3.8. Fill in the gaps in the following argument to give another elementary con-
struction for eigenmaps with even dimensional domain and with the required
nonvanishing properties (which does not use the domain-dimension-raising op-
erator). Consider eigenmaps whose components are complex valued spherical
harmonics (of real or complex variables) with the first four variables zo, 1, 22, z3
singled out. Rewrite these in terms of 2o = xo + iz1 and 21 = 22 + iz3 and their
conjugates.

(a) Show that, for each m = 2(mo + 1) and p = 2q even, there exists a full
p-eigenmap F : §2(™0+1) _, 6" which contains (a constant multiple of)

~1_g+1
10 and

q+1_g-—1
2y 0 21 -

(Hint: Use induction with respect to g. For ¢ = 1, define F : §2(mo+1) _, g™ by
F(Z, t) = (‘Zga e 7z3no, (ﬁzizk)0§i<k:§m07

V2+2/(m+1)tzo,...,\/242/(m+ 1) tzm,,

£~ (JzoP + .+ 2mg )/ (0 + 1)),
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where z = (20,...,2my) € C™*! and t € R. For the general induction step,
assume that, for fixed ¢, an eigenmap F' with two of its coordinates as above
exists. Raise the degree twice and show that, up to a constant multiple, (F*)*
contains

H(zr H (2,235 277Y) = H(z .23 27, 1,5=0,1,2,3.

. . . . . -1 1 1 _g-—1
Modify this new eigenmap to arrive at one that contains 23 29" and 2t

(In general, if ¢/’ and 9" are components of an eigenmap, then replacing them by
(L/V2)@ + ") and (1/v/3)(W' — "), or by (1/v3) (' +i") and (1/v/2)(/ -
1)) gives new eigenmaps.))

(b) Restart with F : §2(mo+1) _, §™ a5 above and replace the two components
above by

(J20]® = |21[*)28 ' 297" and 23z
with suitable constant multiples. Consider the difference
U(f)(eo, 1) — ¥(F)(eo, e1).

Conclude that (again up to a constant multiple) this difference has nonvanishing
harmonic coefficients A~ and hP 2.

3.9. Generalize T1° (Section 2.5) and II (Section 3.2) to obtain a homomorphism
I, : PP P! - PPH 2 g P?*  0<k<pq
Show that

0 0 _ p! q! 0

Hp+q—2k,2k °© Hp,q - (p — k)! (q _ k)lnp’q'
3.10. Give a short argument why the degree-raising and -lowering operators do
not commute.

3.11. Show the following analogue of the Braid lemma: Let P, R be finite dimen-
sional vector spaces and B: R X R X R X R X R — P a quintilinear map that is
skew symmetric when the first-third, and second-fourth variables are simultane-
ously interchanged, and symmetric in the last three variables. Then B vanishes
identically. (Hint: Consider the permutation [(13)(24)(345)]°.) Derive the follow-
ing rigidity: Let f : S™ — Sy be a full isotropic minimal immersion of degree p
and order of isotropy 2. If p < 5 then f is congruent to fp.

3.12. Let f: S™ — Sy be a minimal immersion of degree p and set f = Ao fp.
Show that

Ao Bi(fp)(X™, .., X®) = Bu(f)(X™,..., X*), 1<1<p.

Conclude that A maps the osculating space @;p;z of fp onto the osculating space
@gcw of f (Appendix 2). Assume that f is isotropic of order k and show that A
gives rise to an isomorphism between Oicp and (95«, 1 <1< k. Use the SO(m+1)-
equivariance of fp to verify that Oicp;o ~H,. 1, 1=1,...,p,0=(1,0,...,0), as
SO(m)-modules. Finally, for f : S™ — Sy isotropic of order k, derive the lower
estimate

k
dimV > Zdim’an_l =dim M _,.

=0
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3.13. Generalize Problem 3.4 to show that \Il’;, viewed as a linear map \II'; :
Frh—1 @ (H2)* — P2P=*) s onto.

3.14. Use Problem 2.19 (d) to show that (&5 o ®])(M*) C int M*. Generalize
this to isotropic minimal immersions.

3.15. Follow the argument in the proof of Theorem 2.7.8 to derive Proposition
3.6.7 using (3.1.4).

3.16. Prove nonexistence of an SU(2)-equivariant quartic minimal immersion
f: 8% = Sy with V = Ry using the following argument. Assume that f exists.
Notice that the orbits of SU(2) on Sg, = S* form a homogeneous family of
hypersurfaces (cf. the argument after Corollary 2.7.2). Show that the image of f
is in the middle minimal hypersurface of this family. Now use the classical fact
(Lawson [1]) that the metric induced on S® by f is not the constant curvature
metric (actually, not even naturally reductive with respect to SO(4)).

3.17. Explain the connection between the following two facts: (1) Z realizes a
minimal imbedding of the prism manifold S®/Dj into S°. (2) The SU(2)-orbit
of (Z) is the octahedral manifold S®/0O*.

3.18. Use the implicit function theorem for the system (3.6.9) to verify (3.6.6).

3.19. Use U(2)-equivariance of J along with the argument in the proof of
Theorem 3.6.11 to show that dim My > 2.

3.20. Explain why € : II — G2(R}) cannot be onto.

3.21. Let G C SO(m + 1) be a closed subgroup. Explain the difference between
(MP)C = MPNS%(HP)C and MPNS2((HP)Y), where S*((HP)®) is considered as
a linear subspace of S%(HP) via the inclusion (H?)¢ C HP. (Note: The examples in
Section 1.5 correspond to points in (M2)5Y® .1 §2((HE)C"), where G* C SU(2)
is a finite subgroup.)

3.22. Verify that y . z:¥(f)(es:,.) = 0 using (3.2.3). Confirm that condition
(8.7.1) is necessary in Theorem 3.7.1.
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Lower Bounds on the Range of
Spherical Minimal Immersions

4.1 Infinitesimal Rotations of Eigenmaps

In this section, we define a new operator acting on eigenmaps, the oper-
ator of infinitesimal rotations. The name comes from the fact that this
operator associates to a p-eigenmap f : S™ — Sy another p-eigenmap
f: 8™ = Sygso(m+1)+, Where the components of f are obtained by rotat-
ing infinitesimally the components of f in each coordinate plane of R™*1.
We will study the self-map on the moduli £P defined by the correspon-
dence (f) — (f). It turns out that this self-map is the restriction of a
symmetric SO(m + 1)-module endomorphism of £P that can be expressed
in terms of the Casimir operator in a simple manner. In view of later ap-
plications to SU(2)-equivariant eigenmaps and for greater generality, we
will define the operator of infinitesimal rotations for an arbitrary closed
subgroup G C SO(m + 1) acting transitively on S™.

Let G C SO(m+1) be a closed subgroup with Lie algebra G, and assume
that G acts transitively on S™. As usual, for each X € G, we let X also
denote the vector field induced on S™. For a p-eigenmap f : S™ — Sy, we
define f: S™ —» V ® G* by

X:(f), Xe€gG, zeS™

Once and for all, we endow the Lie algebra G with the biinvariant Rie-
mannian metric that induces the standard (curvature one) Riemannian
metric on S™. Given an orthonormal basis {X,}7_; C G with dual basis

G. Toth, Finite Mibius Groups, Minimal Immersions of Spheres, and Moduli
© Springer Science+Business Media New York 2002
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{¢s}7_, C G*, the definition of f can also be written as

R 1 &
f=—7=) Xf)® ¢s. 4.1.1
\/X—X; (f) (4.1.1)

P 5=

Note that f may not be full even if f is. As usual, we restrict a non full
map to the linear span of its image and denote the full restriction by the
same symbol.

Recall from Section 2.3 that the fixed point set (LP)® of G on LP
parametrizes the congruence classes of full G-equivariant p-eigenmaps

f:8™ 5 Sy

Theorem 4.1.1. (i) For a p-eigenmap f : S™ — Sy, f: 8™ = Sygg- is
spherical, and hence a p-eigenmap.

(ii) The correspondence (f) — (f) gives rise to a self-map of LP which
is the restriction of a symmetric linear map A, = Ap, p : EP — EP.

(iii) All eigenvalues of Ay, are real and contained in [—1,1].

(iv) Ay, is an endomorphism of the G-module EP|g. The eigenspace of
A, corresponding to the eigenvalue +1 is the fized point set (EP)C. The
eigenspace of A, corresponding to the eigenvalue —1 is contained in the
orthogonal complement of (E2) in (EP)GCl. In particular, —1 is not an
eigenvalue if G is semisimple.

We call A, : LP — LP, A, ((f)) = (f), the operator of infinitesi-
mal rotations. (For G = SO(m + 1), the standard orthonormal basis
{Eit}o<i<k<m C so(m + 1) has typical element E;;, = zx0; — z;0, and
this is the infinitesimal rotation in the z;zx-coordinate plane (cf. Problem
2.5).)

For the proof of Theorem 4.1.1. we need some preparation.

Let f : §™ — Sy be a p-eigenmap. Since each X € G acts as an in-
finitesimal isometry on S™, the components of f are spherical harmonics
of order p on S™, i.e. Vf C HP. To prove that f maps into the unit sphere

of V ® G*, we fix an orthonormal basis {X,}?_, C G, write f as in (4.1.1)
and use the well-known fact (Wallach [1]) that

n
25" =3 X2
s=1
We compute

ASTIFE = 2057 £, ) = 21X (f)P
s=1

=2) /77 =2 1X.(H)P,

s=1
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where we used AS™ f = Apf. This vanishes since f is spherical. Thus, we
have

fI* = ZIX =|fI*=1.

p s=1
(i) of Theorem 4.1.1 follows.
To obtain an explicit formula for the correspondence f — f on the
moduli space LP, we define the linear map
ap: HP - HP @ G*
by
1

ap(x)(X) = ﬁ

X(x), x€HP, Xeg.

In coordinates, we have

ZX ) ® ¢s.

psl

Lemma 4.1.2. a, : H? =+ HP ® G* is a linear isometric imbedding:

T _
a, ooy =1I.

PROOF. Being an infinitesimal isometry, the action of X € G on HP is
skew-symmetric. Hence the transpose a is given by

1
a;(X®¢s):_TXs(X), XEHP, s=1,...,n
P

We use this to compute

(o 0 ap)(x) =y <\/1)\— D X0 ® ¢s>

Lemma 4.1.2 follows.
Next we claim that f, (made full) is congruent to f.

Lemma 4.1.3. We have

fp(x) =ap(fp(z)), z€S™
ProOF. Using the explicit form (2.2.1) of the standard minimal immersion,
we compute

n N(p)

1
= Xs f] ®¢s
\% Ap s=1 Z p
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n N(p)
ZZf’ Xs(£3) ® ¢s

ps 1 j=0
N(p)

= Z f] z)op( fJ = ap(fp(x)).

The lemma follows.

Let f : S™ — Sy be a full p-eigenmap with (f) = AT A —I € LP, where
A : HP — V is the surjective linear map defined by f = Ao f,. By Lemma
4.1.3, we have

f=(A®Dofy=(A®I)o0y0 fp,
where I = Ig«. Using Lemma 4.1.2, we compute
(fy=c) (AT @I(A® oy — I
= a;((ATA—I) ® DNay
= o] () ® Day.

In view of this, replacing (f) by a symmetric endomorphism of H?, we
define

Ay, S2(HP) — S%(HP)
by
Ap(C) = a; o(C®INoa, CeS*HP).
This is then an extension of (f) — (f), i.e., we have
Ap((F) = (f).
Since LP is A,-invariant ((i) of Theorem 4.1.1 already have been proved),

we obtain that £? is Ap-invariant. To prove (ii) of Theorem 4.1.1 it remains
for us to show the following:

Lemma 4.1.4. The linear map A, : S*(HP) — S?(HP) is symmetric.

PROOF. This is a straightforward computation. Given C,C’ € S%(H?) and
an orthonormal basis { fg }?;(g) C 'HP, we compute

N(p)

(4p(C),C")y =Y (A(C)f2,C'£2)

=0
N(p)

= 2_{(C 8 Day(f]),p(C' )

==X >_(C(Xsf3), X5(C" )
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‘Ai,, 3 ST (Of, X (CX 1)

Here we used the fact that infinitesimal isometries are skew on HP, and
replaced X fg with — lei(g’ )( 7, X, f:,) le,. Lemma 4.1.4 and (ii) of Theorem
4.1.1. follow.

Being symmetric on H?, A, is diagonalizable and has real eigenvalues.
Since &P is Ap-invariant, the same holds on £P. In addition, since £P C EP
is compact (Corollary 2.3.3) and AP-invariant, all eigenvalues of A,|s» are
contained in [—1,1]. We obtain (iii) of Theorem 4.1.1.

We now claim that @, : H? - HP®G* is a homomorphism of G-modules,
where the G-module structure on H? is given by restriction (from SO(m+1)
to @), and on G by the adjoint representation. This is the first statement
in (iv) of Theorem 4.1.1. Indeed, for g € G, x € HP and X € G, we have

ap(g - x)(X) = X(xog™h)

1
Ve
1 -1 ~1
= (ad (g7 )X)(X) o g
VAp
= g-op(x) (ad (g71)X).
Here in the second equality we used
Xx(Xog_l) = (a'd (g_l)X)g—l(z)X7 z €S,

a straightforward consequence of the definition of the adjoint representa-
tion. In fact, if ¢ — ¢; denotes the 1-parameter group of transformations
induced by X, we have

Xa(xog™h) = %(X 097 0 ¢y )le=o(2)
= 20 (g7 06:09) Vemolg (@)

= (ad (g7 X)g-1(m)X-

The claim follows.
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Lemma 4.1.5. (EP)C is the +1 eigenspace of Ap.

PROOF. We first claim that A, is the identity map on (EP)%. Indeed, as a
homomorphism of G-modules, A, certainly leaves (£7)¢ invariant, so that,
by Lemma 4.1.4, we need to show that the only eigenvalue of A, on (£P)¢
is 1. To do this, we let C € (P)€ be an eigenvector of A, with eigenvalue
A € [—1,1]. We may assume that C = (f) € 9L, where f : S™ = Sy is a
full p-eigenmap of boundary type. Since (f) € (€P)¢, f is equivariant with
respect to a homomorphism ps : G = SO(V):

fog=ps(g)of, g€G. (4.1.2)

Substituting a one-parameter subgroup g = exp (tX), t € R, X € G, into
(4.1.2), and differentiating at t = 0, we get

X(f) = Rs(X)o f,

where Ry : G — so(V) is the differential of py. In terms of f, this is
rewritten as

1
vV

where Ry is viewed as a linear map Ry : V — V ® G*. This shows, in par-
ticular, that Vf~ C V; for the spaces of components. Since f is of boundary

type, so is f. On the other hand, by assumption, (f) = A,((f)) = A(f).
Since (f), (f) € OLP, this is possible only if A = 1 or A < 0. The latter
means that f and f are antipodal. This contradicts Theorem 2.3.5 since
Vi +V; = Vy, and this cannot be the whole of #”. Thus A = 1 and the
first claim therefore follows.

For the converse, we assume, on the contrary, that (7)€ is properly
contained in the +1 eigenspace of A,. Let f : S™ — Sy be a full p-
eigenmap of boundary type that represents an eigenvector (f) of A, with
eigenvalue +1 such that (f)L(EP)C. Since (f) = (f), there exists a linear
homothety R:V — V ® G* satisfying

X(f)=R(X)of, Xeg.

f:

Rgo f,

This shows that the space of components Vy = Vf is a G-submodule of HP.
Equivalently, Vy C HP is a G-submodule of HP.

We now imitate the definition of the standard minimal immersion for V;
instead of HP. We let {f}}*, C V4, n+1 = dim V}, an orthonormal basis,
and define fo : S™ — V; by

folz) =) fo(@)fo-

=0

Clearly, fo is G-equivariant, and, since G acts transitively on S™, up to
scaling, fo maps S™ to the unit sphere of V. After scaling, we arrive at a
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full p-eigenmap fy : S™ — Sy,. By the very definition of fo, Vs, = V5 but
(fo) # (f)- In addition, since fy is G-equivariant, (f) is fixed by G.

Consider the half-line with endpoint at (f) passing through (fy). Since £?
is compact and convex, this half-line intersects £? in a finite segment with
an endpoint beyond (fo). (This is because (fo) € int My as Vi = Vj,.) We
let this endpoint be represented by a full p-eigenmap f' : S™ — Sy-. Since
f and fy have the same range dimension, dim V/ < dim V; in particular,
fo and f’ are incongruent.

Let C denote the centroid of the G-orbit through (f). Clearly, C is a
fixed point of G. Also, since (f) is orthogonal to the G-module (EP)C, so
is C'. This is possible only for C' = 0.

Now let C’ be the centroid of the G-orbit through (f’). As before, C’ €
(EP)E. Moreover, by convexity, C' € LP. Since (fy) is G-fixed and is between
(f) and (f), the point (fo) is between C' = 0 and C’ in LP. Thus, fy cannot
be of boundary type. This is a contradiction, and the lemma follows.

Finally, the last statement in (iv) of Theorem 4.1.1 will follow from the
next result:

Lemma 4.1.6. The +1 eigenspace of (Ap)? is contained in (EP)IFC, where
[G, G] is the commutator subgroup of G.

PROOF. Let C € OLP be the fixed point of (A,)?, and f : S™ — Sy a
full p-eigenmap of boundary type that represents C. By construction, Vy
is invariant under the second-order differential operators XY, X,Y € G.
In particular, V; is a [G, G]-submodule of HP. As in the proof of Lemma
4.1.5, V} is a [G, G]-submodule. It is well-known that if G acts transitively
on 8™, so does [G,G] (cf. Borel [1]). The previous proof (of Lemma 4.1.5)
now applies.

4.2 Infinitesimal Rotations and the Casimir
Operator

One of our aims in this section is to show that homothety and, in general,
isotropy are preserved by the operator A,, i.e. if a p-eigenmap f : S™ — Sy
is isotropic of order k, k > 1, then so is f . In view of Theorems 3.1.6 and
3.5.5, for G = SO(m+1), this follows immediately since £P has multiplicity-
one decomposition into irreducible SO(m + 1)-modules. The general case
(G € SO(m+1) is a closed subgroup transitive on S™) is more difficult.

In addition, we will establish a simple relation between the restriction
Apler and the Casimir operator for £P as a G-module. This, for G =
SO(m + 1), will result an explicit form of the eigenvalues of A, on the
irreducible components of £P.
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Theorem 4.2.1. Let G C SO(m+1) be a closed subgroup with Lie algebra
G, and assume that G acts transitively on S™. If f : S™ — Sy is an
isotropic minimal immersion of degree p and order of isotropy k, then so
is f : S™ — Sygg+. Equivalently, A, maps the moduli FE* (in (3.5.15))
into itself, k=0,...,[p/2] — 1.
We have

Agler =1 — 2—i; Cas, (4.2.1)
where Cas = —trace {(X,Y) — [X,[Y,.]]} is the Casimir operator of G
acting on EP. For G = SO(m + 1) and m > 4, the eigenvalue Ay® of A,
on the irreducible component V(%00 C £P in (3.1.9) (i.e., (u,v) € AP
and u,v, even) is

e
AW =1~ 2_)\1), (4.2.2)

where
pY = + 0% +u(m — 1) + v(m — 3) (4.2.3)

is the eigenvalue of the Casimir operator on V(&v:0:-:0),

Remark 1. For m = 3, V(®?)_is the sum of two irreducible SO(4)-modules
(Proposition 3.6.1), and their restrictions to SU(2) are expressible in terms
of the irreducible representations W, ,. It is an elementary fact that the
Casimir operator on Wj, is the Laplacian, so that the Casimir eigenvalue
on Wy is p(p + 2). In Section 4.5 we will study this case in detail.

Remark 2. (4.2.2)-(4.2.3) follow from (4.2.1) by representation theory. In
fact, the eigenvalue of the Casimir operator on an irreducible representa-
tion in terms of the highest weight and the Cartan matrix is known. (For
a detailed account, see the article of Wang-Ziller [1]. Note that the termi-
nology in this work is different; Wang and Ziller write a representation in
terms of its dominant weight as an integral linear combination of dominant
fundamental weights.) In our proof of Theorem 4.2.1 below, (4.2.2)-(4.2.3)
will follow as a byproduct of the fairly involved proof of the preservance
of isotropy under A,, which is the first statement in Theorem 4.2.1. This
way, we obtain an independent proof for the Casimir eigenvalue formula
(4.2.3). Theorem 4.2.1, and most of the developments in this chapter are
taken from Toth [1,2].

Both proving that A, preserves isotropy and the computations leading
to the explicit form (4.2.2)-(4.2.3) of the eigenvalues require the same tech-
nique (to be expounded in this section). On the other hand, to derive the
expression (4.2.1) of A, in terms of the Casimir operator is much simpler.
In fact, for C € S?(HP) and x € HP, using the notations of the previous
section, we have

A (C)x = a;— (C®Iay(x)
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=) (C®I) (\/,pZszws)

s=1

(CXsx ® ¢s
/—pszla X ® @s)

ZX CX,x.

On the other hand, by the definition of the Casimir operator, we have

n

Cas (C) = - Z[Xsa [stc]]

s=1

n n n
==Y X2oC-Co)» X2+2) X,0CoX,.
s=1 s=1 s=1

Now 37 X2 = —AS™ = —\,I on HP so that the first two terms on the
right-hand side give 2A,I. By the explicit expansion for A, above, the last
term is rewritten as 2., X,;CX; = —2X,4,(C). With these (4.2.1) and,
hence, (4.2.2) follow.

To complete the proof of Theorem 4.2.1 we need to show the preservance
of isotropy under A, and (4.2.3). We need several preparatory lemmas.

Lemma 4.2.2. For a € R™"! and X € G, we have
[04, X] = Ox.a- (4.2.4)

On the left-hand side, X is the vector field induced by the action of G
on R™T1, and on the right-hand side X is the skew-symmetric matriz in
G C so(m+ 1) acting on vectors in R™*1 by matriz multiplication.

Proor. With the different meanings for X, we have

Xe=0xqe= inaX-eia

1=0

where, as usual, {e;}*, C R™*! is the standard basis. Using this, we
compute

[0a, X] = ) [0a, %i0x.e.] = Y _ 0a(:)0x.c,
=0 =0

aiax.ei = ax.a.

Il
.MS

-
It
o

The lemma follows.
Lemma 4.2.3. For a € R™*! and X,Y € G, we have
XO0ya +Y0xq=—-0xya+0,YX -YX0,. (425)
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PROOF. (4.2.4) with a replaced by Ya, reads as:
[X, aYa] = _aXYa-
Expanding the Lie bracket and using (4.2.4) repeatedly, we compute

XOyq+ 0xye = OyoX = [0a,Y]X
=0, YX —-Y0,X
= 0,YX — Y([0a, X] + X8.)
=0,YX - YO0x, —YX0,.

The lemma follows.

We now take the trace of both sides of (4.2.5). Since the trace of the bilin-
earmap (X,Y) = XY on HP is —A5" = —Ap-1, and the Casimir operator
Cas (a) of a € G on R™*! is the trace of the bilinear map (X,Y) - —XYa,
we obtain on HP:

2trace {(X, Y) — Xaya} = 8Cas (a) — ()‘p - )\p_l)c’)a. (426)

Taking transposes of the operators in (4.2.6) (using Lemma 2.1.4, and
moving up the value of p by one) we have

—2trace {(X, Y)— 5an} = 0Cas (a) — ()‘p-i-l - )\p)5a.

In terms of the orthonormal bases {X}"_; C G and {e;}™, C R™"!, this
is rewritten as

n m
2 Z Z(Xseia a)6; XsX = Ocas ()X — ()\p-f—l - )‘p)éaXa X € HP. (4'2'7)

s=1i=0

Recall from Section 3.5 that the homomorphism \Il’;, evaluated on a full

minimal immersion f : S™ — Sy of degree p and order of isotropy k—1, k >
2, measures how far f is from being isotropic of order k. The preservance
of isotropy under A, will follow from a formula below that shows how the
operator A, interacts with U,

To express this interaction in convenient terms, we introduce the
following notation. With f as above, we let

E’;(f)(al, ce,Q2k),  Q1,...,0Q2% € R™H,

be the trace of the bilinear form
2%k

(X,Y) = XY UE(f)(ar,...,a5-1,Ya;,a541, ..., a2) (4.2.8)
j=1

on G-(with values in P2(P—k)),

Theorem 4.2.4. Let f : S™ — Sy be a full isotropic minimal immersion of
degree p and order of isotropy k — 1, k > 2. Then, for ay,...,as € R™tL
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we have

2)\p\I/,; (f') (al, - ,agk)
= (2, — 272k 4 2km — 4k)TE(f)(an, . . ., azk)

2k
- Z UE(f)(a1,--.,aj-1, Cas(a;),aj41, . .-, a2k) (4.2.9)
Jj=1

+2E,;(f)(a1> e 7a2k) + )\Zp\I”;_l(f_)(a'h v aan))

where p2P=F)2k s given in (4.2.3).
For G = SO(m + 1), we have

BE(f)(ay, ..., a0) = 2kU5(f)(as, ..., a2), (4.2.10)
in particular
NQ(P—k),%

A2(p—k),2k =1-
P 2

(4.2.11)

If f: 8™ — Sy is a full isotropic minimal immersion of degree p and
order of isotropy k, k > 2, then X(f) = 0 and hence E’;(f) = 0, so
that (4.2.9) (along with (3.5.25)) imply that \Il’;(f) = 0. This is the first
statement of Theorem 4.2.1. Moreover, for G = SO(m + 1), substituting
(4.2.10) into (4.2.9), we see that \I!’;(f) is a linear combination of \Il’;(f)
and WE_,(f~). The Casimir operator on R™*! = %} is multiplication
by m = A1 so that the contribution from the second term on the right-
hand side of (4.2.9) is —ka\Il’;(f). By (4.2.10), the contribution from the
third term is 4k\Il’1§( f). Thus the overall contributions from the first terms
amount to (2A, — p2P=F)2EY Wk (£) If, in addition, (f) € V(2(P=F).2k0,...0),
then ¥%_,(f~) (and hence the fourth term) vanish (Corollary 3.1.5) and
\Il’;( f) becomes a constant multiple of \I!’;( f). The constant then must be
AZP=R:2E (4 9 11) follows.

The remainder of this section is devoted to the proof of Theorem 4.2.4.
This will also complete the proof of Theorem 4.2.1 with the exception of
extending (4.2.11) to all even coordinate points (u,v) in AY, i.e. (4.2.2)-
(4.2.3). This extension will be accomplished in the next section.

PROOF OF THEOREM 4.2.4. In view of (3.5.5) and (4.1.1), to obtain the
stated formula for U ((f)), we need to work out

= (Oay - Oay XafrOapyy - - Oug Xof), (4212
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where, as usual, {X,}7_; C G is an orthonormal basis. We can use Lemma
4.2.2 to switch X, with the directional derivatives. We obtain

By - 00, Xof =0ay .- Oay_,10ar, Xs)f + Oay - - Oay_, XsOay
= 0x,0.0; - - Oar_f + Oy - - - Oar_, XsOay f

k
= 0%,0,00,---0a, ... 0, f
j=1

+X,0a, - Oarf (4.2.13)

Here and in what follows, ~ means that the corresponding factor is absent.
We write the right-hand side of (4.2.13) as A; + Ay, where

—~

k
A1 =) 0x,0;00, - 0Oa; .. Oa, f
j=1

and
Ay = X;0,, ...0,,f,
and as By + By when a,...,a; are replaced by agy1,..., a2, where
2k
Bi= Y %0004 -0, .. Oag f
j=k+1
and

By = X500y, - - - Oay f-
With this notation, in order to compute (4.2.12), we need to work out
n 2
D 2 (4a,B).
s=1q,f=1
To further simplify the computations we introduce the notation
F(ai,...,a;) = Oy ... 0, f € HP~L.
By definition
04, F(a1,...,a) = F(ag,a,...,a;), ag€ R™L
Note first that, by (2.4.2) and harmonicity of f, we have
A(F(al,...,al),F(alH,...,agl)) (4214)

m
= 2Z<F(ei7a17 .. '7al))F(ei7al+17 e 7a2l)>7
=0

where, as usual, A is the Euclidean Laplacian and {e;}7>, C R™*! is the
standard basis. To obtain (4.2.9), we now work out each scalar product
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(Aq, Bg). By (4.2.13) and the definition of F', we have

n n 2k
> (ALBY =" > (4.2.15)
s=1 s=1j=1Il=k+1

(F(Xsajaalv' .- 7@7 cee 7ak)7F(Xsal7ak+l7 .- '70717 o 7a'2k)>-

Recall from our study of higher order isotropy (Section 3.5) that in the
difference of the right-hand side of (4.2.15) and the analogous terms when
f is replaced by fp, the partial derivatives can be permuted (cf. (3.5.7) in
Lemma 3.5.1). Hence, up to sign, we need to consider

8
(F(Xsaj, Xsa1,a1,...,05,...,05), F(agqr,. .., a1, ..., a2))
k2

<Z(6Xsaj8XSaL)F(a1,...,d}, vy 0k), Faggr, ... a, ... ,a%)>.

s=1

The differential operator > »_, 0x,40x,b, a,b € R™, acting on HP~*+1
(since F(aq,...,aj,...,ax) is of degree p—k+1), can be worked out using
Lemma 4.2.2 and (4.2.6), as follows

Y 0x,a0x,6 = > _|0a, X:0x,b
s=1 s=1

=0, iXSaXsb - iXsBngaa

s=1 s=1
1
= §6a (Bcas ) = (Ap—k+1 — Ap—k)Ds)
1

_E(aCas by — ()\p—k - )\p—k—l)ab)aa

1
= —§(>\p—k+1 + Ap—k—1 = 2Ap—)0a0b
= —0,0%.

In the next-to-last equality, we used the fact that

Ap—kt1+ Ap_k—1—2Xp &
=p-k+D)((p-k+D)+m-1)+@P-k-D)({(p—-k—-1)+m-1)
—2(p—k)p—k+m-1)
=p-k+1)24+(p-k-1)%2-20pp—-k)? =2
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Permuting the partial derivatives back, we obtain

; wBy =Y 3

j=11=k+1
(F(aj,a1,...,a;5,...,0k), F(ar, Gkq1,...,01,...,02k))
= —k%(F(ay,...,ax), F(ars1,. . -,a2)).
Summarizing, and suppressing the arguments (ai,...,as), the terms

coming from (A, B;) contribute to QAP\P’;(f) the term —2k2\Il’;(f).
We can now work out the terms coming from (A;, By). We have

n n k
> (AuB) =) %
s=1 s=1j=1
<6XsajF(a1,...,cfj,...,ak),XsF(ak+1,...,a2k)>
n k
=YY Xo(0x,0,F (a1, .., 8, ., ak),
s=1 j=1

F(ak+1a ey a2k)>
k n
> <Z X0x,0,F(a1,..., @, .., a),
j=1 \s=1

F(ak+1a---,a2k)>'

By (4.2.8), the first sum on the right-hand side along with the analogous
sum from Y 7_,(As, B;) contribute 2Z5(f) to 2A,¥5(f). By (4.2.6), the
second sum on the right-hand side is rewritten as

—_

= Z (a1,...,aj-1, Cas(aj),a41,-..,0k), Fary1,...,a2))

l\D

k
+§()‘P—k+1 - )‘p—k)<F(a1’ ey a’k)a F(ak+1) R a2k)>‘
This contributes to 2, WE( f) the term

k
- Z‘I/I;(f)(al, feey aj_l, Cas (aj),aj+1, ey Oky Qkt1, - - .,azk)

Jj=1
+k(Ap—kt+1 — Ap—k) ¥a(f)(ar, .. ., az).

The unaccounted terms in Y ;_; (A1, Bo) can be treated analogously.
Finally, for the terms coming from (A2, By), we compute

Z(A2,Bz Z XsF(a1,...,ax), XsF(ak41, - - -, 02k))
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=-A5" (F(a1,...,ak), F(ag+1, .., 028))
(A" Fay, ..., ax), Fags, . .., ag))
+(F(a1,.--,a1), A" Flagyy, . .., azk))

= A(F(ay,...,ak), F(aks1,---,a2))
+(2)\p—k - )\Q(p_k))<F(a1, ceey ak), F(ak+1, R agk)>

(where we doubled for convenience). In this computation we used the fact
that the components of f are spherical harmonics on S™ of order p, we also
used the connecting formula between the Euclidean and spherical Lapla-
cians (Section 2.1), and, finally, that AS™ = — "7 | X2. Summarizing, we
see that the terms under consideration contribute to 2)\p\11';( f) the terms
Aop ¥y 1(£7) (by (3.5.25)) and (2Ap—k — Aagp—k)) Y5 (f).

Putting all the contributions together, we arrive at (4.2.9).

We now turn to the proof of (4.2.10) assuming G = SO(m + 1).
fix the usual orthonormal basis {Es }o<r<s<m C so(m + 1), where E,s =
230 — 2705, 7,8 =0,...,m. We need to work out the trace of the bilinear
form (4.2.8). To do this, we compute

k
> Y Ers(OB.0;,F(ar,.. .G, a), Flakia,- .., a2k))

0<r<s<m j=1

m k
% Z Z(xsar - xras)

r,8=0 j=1
x((ajs('?r—ajr('?s)F(al,...,d},...,ak),F(akH,...,agk))
=ZZ a;, )0 (0, F(as,...,a;,...,ar), F(akt1,- .., a2))
r=0 j=1
m k
_Zz.zraaj@rF(al,...,d},...,ak),F(ak_l_l,...,agk))
r=0 j=1
1 k
=§Z aj, ) AN(F(a1,...,a;,...,a), F(ak41,--.,a2))
m
ZZGJT e’r‘aala . aa/'\ja"'aak)aF(ak—i-la"',an))
r=0 j
k m
Z o, <Zwr6Fa1, ..,A',...,ak),F(ak+1,...,a2k)>
1 k
:52 a;,T (11,...,G/,},...,ak),F(ak+1,...,a2k)>

kz F(ai,...,ak), F(ak+1, - - -, a2))
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k
~(p—k+1))_ 84, (F(ar,--, @, ,ak), F(akt1,. .-, k).
j=1

The first and last sums in the resulting expression contribute zero by (3.5.6)
since ¥£~1(f) = 0, and the middle term contributes k¥%(f)(a1,...,azx).
Moving up the value of the vectorial index by &, (4.2.10) follows. Theorem
4.2.4 is proved.

4.3 Infinitesimal Rotations and Degree-Raising

The degree-raising operator (Section 2.4) and the operator of infinitesimal
rotations interact in a particularly beautiful way. In this section, we derive
a formula relating these two operators. As a byproduct, this will enable us
to extend the eigenvalue formula (4.2.11) to (4.2.2)-(4.2.3), and thereby to
finish the proof of Theorem 4.2.1.

Recall the triangle A} in (3.1.9) with vertices (2,2), (p,p), (2(p — 1),2),
whose even coordinate points give the nonzero components of the highest
weights of the irreducible representations that occur in £P. For p < ¢, we
have A} C A, so that £? is an SO(m + 1)-submodule of £9. Recall from
Theorem 2.6.1 that a specific linear imbedding is given by (®1)977 : P —
&9, where ®* is the degree-raising operator introduced in Section 2.4. The
following result (formulated for ¢ = p + 1) shows that the eigenvalues of
A, on £P determine the eigenvalues of A, on £P C £9.

Theorem 4.3.1. Let G C SO(m + 1) be a closed subgroup acting transi-

tively on S™, and A, the operator of infinitesimal rotations associated to
G. Then, for C € S?(HP), we have

Ap(@5 (C) = @5 (Ap(C))) = Ap41 (85 (C) — Ap11(25 (C))).  (4.3.1)

Recall from Theorem 4.2.1 that A} denotes the eigenvalue of A, on the

irreducible component V (%?:0:----0) of EP ((u,v) € AY, u,v even). Restricting
C to V{#v:0.--0) i Theorem 4.3.1 and using induction with respect to p,
we immediately obtain the following:

Corollary 4.3.2. We have
Ap(1=ApY) = Ag(1 = AY"). (4.3.2)

Before doing the proof of Theorem 4.3.1, we note that (4.3.2) combined
with (4.2.11) now give all eigenvalues of A, on &P.
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Indeed, for (u,v) € A}, with u,v even, (4.2.11) is rewritten as

U,V
Au,v — 1 _ /"I’
%—U 2>\qu
(4.3.2) with ¢ = %o
A hY uu,v 'uu,v
AW — _a _ q
pt =1 A,,(l N2 LT 2

This is (4.2.2). To finish the proof of Theorem 4.2.1 it now remains for us
to work out (4.3.1).

PROOF OF THEOREM 4.3.1. Let C € S?(HP). We work out
)‘p+1~Ap+1((I)+ (C)) - )‘p(I)+ (Ap(c))- (4-3-3)

As usual, we fix an orthonormal basis {X}7_; C
of the degree-raising-operator @ (Section 2.4), (2.
x € HPHL, we have

Apr1Apr1 (8 (C)(x) = Ap+1a;+1(<1>+(0) ® Iap+1(x)

= —ZX C)XsX)

G. Using the definition
1.20) and (2.1.22), for

ZXS L (C®I)0:(Xsx) ® i)

=0
Z Y H(X (Xx))))-

s=11i=0

ﬁ
— wn
||M:
I,

]

In the last equality, we used the fact that infinitesimal isometries commute
with H. On the other hand, we have

A3 (Ap(C))(X) = Aptt (Ap(C) ® et (x)

= D11 (Ap(C) @ I)(Bix ® i)

)\ m
= \/m Z H(.’I,'Z.Ap(C)a%X)
xleCXSBzx)
s=1 i=0

The difference (4.3.3) of these two terms is

pl+ 1 Z C(3:;X,x))) — (.’I,'iXsC(XsaiX)))'

s=1 =0
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Performing differentiation in the first term, the entire sum (suppressing the
coefficient —1/4/p + 1) can be rewritten as

Z ZH C(0:Xsx)) + Z ZH (2: X,C[0:, Xo]x).  (4.3.4)

s=1 i=0 s=1 =0

We write this as I + I and work out each term separately. Using the
standard basis {e;}™, C R™*!, we have

~
[

i1

\gERANgE

H((Xsz,e;)C(0: XsX))

[
E

H(z,(X;er, e;)C(0: Xsx))

@
1]
fat

-
S
Il
o

I
M:
NE

6,C0x, e, XsX.

@
Il
A
S
li
o

By Lemmas 4.2.2-4.2.3, the second-order operator
aXse,me = [aXseraXs] + XsaXser
1
= 5xger + 5(—8ster + ar(XS)2 - (XS)gar)

1
= E(aXfer + 8T(XS)2 - (Xs)zar)

We now sum up with respect to s = 1,...,n. Using the fact that
Y X2 =-A5" = -\, on HP, we obtain

1 m
I==53 8-COcas(enX — 5(Aps1 - Zé Co,x, (4.3.5)

r=0

where Cas (a) = — > »_, X2a, is the Casimir operator of a on R™+1,
By Lemma 4.2.2, the second sum in (4.3.4) is rewritten as

n

IT= iiéixsc[aiaxs]x = Zi(Xsei,er)&XsC&X,

s=1i=0 s=1i=0
This is (4.2.7) with a = e, and C0,x substituted for x. We obtain

2 Z‘SCas (er)CarX -5 p+1 Zé Carx
=0

Combining this with (4.3.5), we arrive at
T+1IT=—(\py1 — 26 Cé,x.

(Notice that the first terms in I and II cancel by the symmetry of the
Casimir operator.) We finally obtain that the difference in (4.3.3) is equal
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to
P+1 Z& COx = (Ap+1 — Ap) 2 (C) (),

where we used the definition of the degree-raising operator. Theorem 4.3.1
follows.

4.4 Lower Bounds for the Range Dimension, Part I

We have now come to the main point of this chapter, the use of the operator
of infinitesimal rotations to give lower bounds for the range of eigenmaps
and spherical minimal immersions.

For the simplest example, let G C SO(m + 1) be a (closed) semisimple
subgroup acting transitively on S™, and f : S™ — Sy a full p-eigenmap.
Assume that (f) is contained in an Ap-invariant irreducible G-submodule
V C EP orthogonal to (EP)€. The operator A, acts on V by a single eigen-
value A. Theorem 4.1.1 asserts that A is contained in (—1, 1). First, assume
that A is nonnegative. In this case A,((f)) = A(f) must be contained in
the interior of LP. The p-eigenmap representing A,((f)) is f defined by
(4.1.1), and its range is contained in V' ® G*. On the other hand, we just
noted that (f) = A,,(( f)) is in the interior of £LP, in particular, the space
of components of f is maximal: V; = HP. Comparing dimensions, we thus
have

dimH? <dim(V®G*) =dimV -dimG.

We obtain the lower estimate
dim HP
dimG -’

dimV >

Second, if A is negative then either (f } is in the interior of £P, in which case
the estimate above applies, or { f ) is the opposite of {f) on the boundary of
LP. In the latter case, the segment joining (f) and (f) contains the origin,
an interior point of £P. By Theorem 2.3.5, we have V; 4+ V; = H?. We thus
have

dimH? < dim Vy + dim Vi
<dimV +dimV -dimG*
=dimV(1 4+ dimG).

We obtain the slightly weaker lower estimate

dim HP

dimV > dimG+1°
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(Note also that in this case (A,)2({f)) is in the interior of £?.) We proved
the following:

Theorem 4.4.1. Let G be semisimple and transitive on S™, and assume
that the congruence class of a full p-eigenmap f : S™ — Sy is contained
in an Ap-invariant irreducible G-submodule V of EP orthogonal to (EP,)C.
Let A € (—1,1) denote the eigenvalue of A, on V. If A > 0 then

dim HP

i > . 4.
dimV > e (4.4.1)
If A <0 then
dim HP
i > —. 4.
dimV > dmC L1 (4.4.2)

The simplest case where we can apply Theorem 4.4.1 is when G = SO(m +
1), m > 4, since there are no nonzero SO(m + 1) fixed points in £?, and
the eigenvalue A} of A, on the irreducible component Y (wv0,..0)  gp
is known from Theorem 4.2.1. We will first study this particular case, and
then allow (f) to be contained in a reducible SO(m + 1)-submodule in EP.

The case of SU(2)-equivariant p-eigenmaps will be treated in detail in
the next section.

Regarding u and v as continuous variables, the equation A" = 0 defines
the circle

(u+—m7_l)2+<v+m—;§)2=2,\p+(m2_1)2+<m;3)2. (4.4.3)

The eigenvalue A% is positive iff the lattice point (u,v) € A} (with even
coordinates) is inside this circle. Figures 27-28 depict the situations for
m = 4, p = 40, and m = 1000, p = 40.

Theorem 4.4.1 immediately gives us the following:

Corollary 4.4.2. Let f : S™ — Sy, m > 4, be a full minimal immersion
of degree p. Assume that (f) is contained in V(%00 c FP_[f ApY >0,
i.e.

w?+ v tum—1)+ov(m-3) <2p(p+m-—1),

then we have

_ dim HP 2(2p+m—1)(p+m —2)!
> = . 444
dmV 2 dim so(m + 1) pl(m+1)! ( )
IfAp® <0, e
u? 4+ 0% +u(m—1) +v(m—3) > 2p(p+m—1),
then, we have
im HP _ —9)
dimV > dimH _ 22p+m—1)(p+m 2).‘ (4.4.5)

T dimso(m+1)+1  pl(m—1)(m(m+1) +2)



4.4. Lower Bounds for the Range Dimension, Part 1 261

sof

e

601

e —,

40t

v++++++++++«»./
4

O T S S S S

.

T T

Y2
A

P

T+ o+

20+

++++++++++++++++\

+++++++++++++»»»+>

T T e

ot o+ o+ o+ o+
R P

oo+

Figure 27.

Remark 1. It is interesting to compare the lower estimate for the range
in the remark after Corollary 3.1.5 with (4.4.1)-(4.4.2). For example, for
m >3 and p>4:
dim H? < dim HP~!
dim so(m + 1) dim #H!

(see Problem 4.7).

Remark 2. Some eigenvalues of A, may be zero on F? = F%,. In fact, a
simple computation in the use of (4.4.3) shows that A%* = 0 ((u,v) € Af,
u,v even) for allm > 4, iff

u=11+2), v=1I% and p=1I(l+1) (4.4.6)

for some even (. Since, by the DoCarmo-Wallach parametrization, the origin
corresponds to the standard minimal immersion, we see that for a full
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minimal immersion f : S™ — Sy, m > 4, of degree (I + 1), [ even, with
(f) € Y +2),1%,0,-0)  the minimal immersion f : S™ — Sy @so(m+1)*
(made full) is standard, i.e. congruent to fi41).

All the points in (4.4.6) correspond to the northeast edge of the triangle
Absinceu+v=1(1+2)+12=2(1+1)=2p.

Ay¥ may vanish for some m > 4 for (u,v) inside AP, for example, for
m = 23, we have Aj3* =0

The circle (4.4.3) intersects the line u+v = 2p (containing the northeast

side of the triangle A¥) at two points

Sy [p+r ot sty pt g
p 2?\/? 4ap 2 pra)
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where the lower sign gives the intersection point on the northeast side of
AY. Thus, the northern vertex (p, p) of A is inside the circle. Equivalently,
when p is even, AD? is positive, for all p.

Remark 1. If we impose isotropy of order k = p/2 — 1, p even, on our full
minimal immersion f : S™ — Sy of degree p, then (f) lies in the irreducible
component FPP/2-1 &= y(®p0,...,0) corresponding to the northern vertex
(p,p) of A} (Theorem 3.5.5). Thus, Corollary 4.4.2 immediately implies
that, for m > 4 and p even, (4.4.4) holds for an isotropic minimal immersion
f 8™ — Sy of degree p and order of isotropy p/2 — 1.

The condition of isotropy is redundant for p = 4. Thus, for a quartic
minimal immersion f: S™ — Sy, m > 4, we have

iy > (MAD(m+T)
- 12 '

Although quadratic in m, this lower estimate is weaker than (3.3.8).

Theorem 4.4.1 automatically extends to the case when (f) lies in the
convex hull of slices of MP by irreducible components, since the contraction
argument applies. The problem of finding suitable lower bounds on the
range of spherical minimal immersions thus amounts to a study of how far
the moduli MP? is from this convex hull. As we will see, MP is, in general,
very far from the convex hull of its irreducible slices, i.e. MP “bulges out”
from this convex hull. Notice that we already met this phenomenon in
Section 3.1. In fact, according to the remark after Corollary 3.1.5, for m > 3
and p large, the slice £P N Zg.pz/g] V (2p=25,2j,0,-.0) does not contain any
extremal points of £P, so that £P bulges out from the convex hull of this
slice and the orthogonal complement £P NEP~L. We will study this bulging
out phenomenon for m = 3 in detail in the next section.

For, the remainder of this section, we will study the situation when V
in Theorem 4.4.1 is reducible, and so A, may well have many distinct
eigenvalues on V. The estimates in Theorem 4.4.1 were derived from the
fact that either A, (A > 0) or (A,)? (A < 0) carried (f) into the interior
of £P. The following example, due to Gauchman, shows that an arbitrary
large power of a linear contraction A may map boundary points of an
A-invariant compact convex body £ to boundary points.

Example 4.4.3. For n € N, let £ C R? be the convex polygon defined by
its vertices: (1,%£1), (1/3!,£1/2!),1 = 1,...,d, and (~1/3%,0). Let A be
the linear contraction whose matrix is diagonal with diagonal entries 1/3
and 1/2. (Figure 29 depicts the polygon for d = 3.) Clearly, A, A2,..., A%
map the vertex (1, 1) to boundary points (actually vertices) of £. Note that
A% maps the entire polygon into its interior.

For simplicity, we will assume from now on that G is semisimple. By The-
orem 4.1.1, A, is the identity map on (EP)¢ and a contraction on the
orthogonal complement of (EP)¢ in £P.
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Figure 29.

Given a full p-eigenmap f : S™ — Sy, we define the critical exponent dy
of f as follows. If C = (f) is in the interior of £P then dy = 0. If C is on
the boundary of £P then we consider the sequence C,.A,(C), (A,)*(C), ...
If all these points are on the boundary of LP then df = oo. Otherwise, dy
is the least integer d > 0 such that (A,)¢(C) is in the interior of LP.

By definition, if C is orthogonal to (€P)¢ then the critical exponent dy
is finite.

Remark. If (f) is contained in an A,-invariant irreducible component
V C &P, then by the argument before Theorem 4.4.1, we have df < 2.

Let f : S™ — Sy be a full p-eigenmap, and assume that 2 < df < oo.
The range of f% ("applied to f d; times) is V ® U% (G)*, where U(G)
is the universal enveloping algebra of G, and U%(G) is the linear subspace
of elements of degree < d. This follows because the components of fd are
obtained by applying monomials of degree < d in infinitesimal isometries
as variables to the components of f.

On the other hand, by definition, ( far ) is an interior point of £P, so that
the components of fdf span HP. We obtain

dimHP < dim V - dim(U% (G)*).
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Rewriting this, we arrive at the lower estimate

dim HP dim HP
imV > - . 4.4.7
dim V' 2 (% (6 (dimG n df) (4.47)
dg

Theorem 4.4.4. Let G be semisimple and f : S™ — Sy a full p-eigenmap.
Assume that (f) is contained in an Ap-invariant G-submodule V of EP, and
that V is orthogonal to (EP)C. Let d be the number of distinct eigenvalues
of Ap on 'V, and assume that d > 2. Then dy < d, and we have

dim H? dim HP
imV > - . 4.4,
dim V> G d(g) (dimG-{-d) (4.48)
d

PROOF. Let Ay, ..., Aq denote the distinct eigenvalues of A,|y. Since V is
orthogonal to (€P)¢, by Theorem 4.1.1, \; € (=1,1), j = 1,...,d. We may
assume that f is of boundary type: C = (f) € VNOLP. Let C! = (A,)!(C),
1=0,...,d; C° = C. We may also assume that C% € 9LP since otherwise
ds < d and (4.4.8) applies.

We claim that the simplex with vertices C, ..., C? is contained in 8LP.

By the definition of f , the space of components Vf is spanned by the
components of X (f), X € G. Similarly, V2 is spanned by the components of
XY (f), X,Y € G. Since G is semisimple, G = [G, G}, and hence Vi C V.
Thus, by Theorem 2.3.5, the segment joining C* and C? is on the boundary
of LP provided that C? € GLP. Iterating ", we have

ViCVpC...C Vi (4.4.9)

Since fl corresponds to C!, I = 1,...,d, by Theorem 2.3.5, Vfd contains
the spaces of components of all eigenmaps that correspond to points in the
simplex with vertices C1,...,C¢%. The claim follows.

Next we claim that the simplex with vertices C = C?,C1, ..., C? is not
contained in the boundary of L?, i.e., it intersects the interior of £P. This
will clearly imply that ds < d. To prove this, we first notice that C?,...,C¢?
are linearly dependent. More precisely, we have

d
D (=Disi(Ag, .., A0 =0, (4.4.10)
1=0

where s; is the I-th elementary symmetric polynomial in d variables. To
show this, we write C = E’;:l X;, where X; is an eigenvector of A, with
eigenvalue A;. Applying (Ap)d‘l to both sides of this expansion, we obtain
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Ccot = Z] 1 )\;i 'X;. Now (4.4.10) follows from the identity

d

D D (A M)A T = (2= M) - (@ = Ad)le=a; = 0.
1=0

Now we rearrange (4.4.10) into convex linear combinations. To simplify the
notations, we set

ap = (—l)lsl(/\l, .. .,)\d),
and denote
={lla; >0}, I" ={l|a; <0}

and

By Theorem 4.4.1, we have
Zal (1=X1)...(1=Xg) >0. (4.4.11)

Clearly, 0 € I™. We may assume that I~ is nonempty, since otherwise our
claim follows. (Indeed, if I~ is empty then, by (4.4.10), we have

Yy %cd—l —0.

lelt+

This equality shows that a convex linear combination of the vertices C4~¢,
l € I't, gives the origin, an interior point of £P.)
Since It # (), we have ST > 0. We rewrite (4.4.10) as

S* d-1 _ (—a1) a- L
S- S+ GO =2 5 ¢
lel+ lel-

The right-hand side of this equality is a point in the simplex with vertices
C4! 1 € I". By (4.4.11), St/S~ > 1, so that the sum on the left-hand
side must be in the interior of £P. But this sum is a point in the simplex

with vertices C¢~!, | € It. The claim follows.
As in our theorem, we will assume from now on that d > 2. With respect

to a given orthonormal basis {X}7_; C G, we have
1 m 1
f=y 0 f=—1 Zx;f’f.
P 4 s=1

Taking components, we obtain Vy C V. Thus, by Theorem 2.3.5 and

(4.4.9), the simplex with vertices C?, ..., C? is contained in the boundary
of £P. This, however, contradicts the previous claim. We conclude that C¢
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must be in the interior of £P. Thus df < d and therefore Theorem 4.4.4
follows.

4.5 Lower Bounds for the Range Dimension,
Part 11

As noted in the previous section, for G = SU(2), the Casimir eigenvalue
on the SU(2)-module W), is p(p+ 2) (see also Problem 4.4). By (4.2.1), the
eigenvalue of A3 , on R);, 1 =1,...,[p/2], within (££)5V(®) = ZE’;/f] R}, is
1- 4;81"'21)). If, for a full SU(2)-equivariant p-eigenmap f : S3 — Sy, (f) is
in one of the irreducible components of (£3)5V®) say R}, 1 =1,...,[p/2],
then, by Theorem 4.4.1: :

dmH?  (p+1)?

i > = if 2) > 4121+ 1 4.5.1
dlmV_dimSU(2) 3 , if p(p+2) > 4l(21+ 1), (4.5.1)
and
_ dim HP (p+1)2 .
dimV > TmSU@) 11 R plp+2) <42l +1). (4.5.2)

In addition, being an SU(2)-submodule of (p + 1)R,, dim V is divisible by
p+1.

Example 4.5.1. The eigenvalue of Az, on Ry, ) C (EDYSYD s oz — 1
if p is even, and % — 1 if p is odd. The eigenvalue is positive for p = 3,
and negative in all the other cases. We obtain the following: (a) For a (full)
cubic SU(2)-equivariant eigenmap f : S3 — Sy, we have dimV > 8. (b)
For a (full) SU(2)-equivariant minimal immersion f : §* — Sy of degree p
and order of isotropy [p/2]—1, (4.5.2) holds with p+1 | dim V. In particular,
for quadratic eigenmaps the lower estimate dim V' > 3 is sharp, and the
equality is realized by the Hopf map. For quartic minimal immersions,
dimV > 10 and the equality is attained by the minimal immersion 7
introduced in Section 3.6. Similarly, for quintics, dim V' > 12 holds.

Example 4.5.2. The first interesting case for multiple eigenvalues arises for
degree 6 SU(2)-equivariant minimal immersions. (For quartic eigenmaps,
see Problem 4.6.)

The operator Aj3 ¢ acting on (F$)SU() = RL @ R}, has two eigenvalues;
the eigenvalue on Ry is positive (1/6), and on R}, it is negative (—3/4). Let
f 5% — Sy be a full SU(2)-equivariant minimal immersion of degree 6.
If (f) € Rg then, by (4.5.1), dimV > 21, and if (f) € R}, then, by (4.5.2),
dimV > 14, where we also took into account divisibility of dim V' by 7. In
any case, if (f) is in the convex hull of the linear slices of M$§ by Rj and R},
then dimV > 14. On the other hand, the tetrahedral minimal immersion
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Tet : S3 — S8 introduced in Section 1.5 has (linear) range dimension 7. We
obtain that (Tet) is not in the convex hull of the linear slices of M$ by its
SU(2)-irreducible components. We discuss this “bulging out phenomenon”
below. Note the sharp contrast with Corollary 3.6.4.

Let p be even, and f : $3 — Sy a full SU(2)-equivariant minimal im-
mersion of degree p. Let A; C (F5)5Y® denote the smallest Aj ,-invariant
linear subspace containing (f). Since the eigenvalues of Aj3 ,, on the (p/2—1)
irreducible SU(2)-components of (F5)SU(?) are distinct, we have

dim Ay < (g - 1) .

The intersection of A; with (M%)SV® admits a simpler geometric de-
scription than the whole moduli. In our next result we will describe these
A3 p-invariant slices of (M§)SU(®) for the tetrahedral Tet : S® — Sg, and
the octahedral Oct : S3 — Sp, minimal immersions introduced in Section
1.5.

Theorem 4.5.3. (a) The linear slice of (M$)SV® with Arge is 2-
dimensional, and it is an isosceles triangle with vertex at (Tet) and an

endpoint of the base at (Tet) (as shown in Figure 30). The triangle has the
property that base/side = V2. The other endpoint corresponds to a mini-
mal immersion with range 3Rg. The interior points of the sides correspond
to minimal immersions with range 4Rg, while the points in the interior of
the base to range 6Rg.

(b) The linear slice of (M§)SUP by Ao is three-dimensional and it
is a tetrahedron with one vertez at (Oct) and another at (5&) with range
3Rg (as shown in Figure 31). The other two vertices correspond to ranges
2Rg and 3Rg. As in (a), points in the interior of the edges correspond to
ranges with trivial intersection of the space of components in the sense of
Theorem 2.8.5. (See also the additive property of the range dimensions in
the tables at the end of this section.) Finally, Ry, R}, and Rlg intersect
three faces of the tetrahedron in points that correspond to ranges TRg, 6Fg
and 6R8

Inspection of how the triangle and the tetrahedron are situated with
respect to the SU(2)-irreducible components of F§ and F§ gives the
following:

Corollary 4.5.4. There ezists a full SU(2)-equivariant isotropic minimal
immersion S® — S8%7 of degree 6 and order of isotropy 2. Also there exist
full SU(2)-equivariant isotropic minimal immersions S® — S®3 of degree 8
and order of isotropy 2 and 3.

Remark 1. Based on analogy, in Theorem 4.5.3 it may seem reasonable
to expect that Ay, is a four-dimensional space whose intersection with
(M32)SU®@) is a pentatope. Recently, Weingart [1] showed, however, that
Arso N M3? is a (three-dimensional) tetrahedron.
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R’12

<Tet>

<Tet”">
Figure 30.

Remark 2. Another recent result of Escher-Weingart [1] asserts that any
SU (2)-equivariant minimal immersion f : $3 — Sy of degree p with binary
icosahedral invariance group (such as the icosahedral minimal immersion
Ico : S® — 512) is isotropic of order 2. Their argument is as follows: We
consider the scalar product

(B()( X1, X2), B(f) (X3, X4)),

where G(f) is the second fundamental form of f, and Xi, X2, X5,X4 €
T(S?). Since f is SU(2)-equivariant, we can restrict this scalar product
to T1(S3) = su(2). Varying the vectorial arguments, this scalar product
defines an element of S?(S2(su(2))), where the subscript is because B(f)
is traceless. We now make use of the additional fact that the icosahedral
group, acting on su(2) by the adjoint action, fixes this element. (This is
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R
<0ct> RS
R'i2
R’s
<oct*> 3Rs
Figure 31.

because f, and hence its second fundamental form, are well-defined on the
icosahedral manifold $3/I*.) We obtain

S%(S5(su(2))) ® C = S*(S3(R2)) ® C
= S%(Ry) ® C = Wy & Wy & Wp.

Our element must lie in the trivial component Wy since I* has no nontrivial
fixed points in Wg and Wy. (According to Section 1.3, the smallest absolute
icosahedral invariant is of degree 12.) The same argument applies when f
is replaced by the standard minimal immersion f,. Thus, the elements in
S2(S2(su(2))) corresponding to f and f, are constant multiples of each
other. Finally, the constant must be one, since the Gauss equations must
be satisfied. We obtain that the scalar product above is the same for f and
fp. Isotropy of order 2 follows.

We recall again the equivariant construction introduced in Sections 1.4-
1.5. We will use the notations introduced there. In particular, we have the
standard basis X, Y, Z € su(2) given in (1.4.12). Recall that for U € su(2),
we denote by Ur and Ug the left- and right-invariant extensions of U to
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S3. We have, as differential operators:
X = w0, — wd; + 20y + 20y,
Y1 = i(—w0, + wiz + 20y — 20g),
Zr, = (20, — 207 + w0y, — wWoyg),
and
Xr = wo, + WO; — 20y, — 20y
Yr = (w0, — Wz + 20y — 20g),
Zr = i(20, — 207 — w0y, + Wiy).

Lemma 4.5.5. For any U € su(2), we have
UL fe = —fuge
Proor. This is a consequence of the identity
feoRg = feor, ., g€ SU(Q2).
Using standard notation, for h € SU(2), we compute

(Urfe)(h) = %lhof&(Rexp @) (h))

d
= d_t |t=0f£0LexP (—tU) (h)

= —fURE(h)'

Remark 1. Since yoLgoy = R, (), g € SU(2), the left- and right-invariant
vector fields can be obtained from one another by applying «. In fact, we
have

Y(Xr) = X1, %(Yr)=-Y1, "%(Zr)=2Zr.

Remark 2. At 1 € S3, we have f¢(1) = £ so that, by Lemma 4.5.5,
(Up)ife = —Ur - & U € su(2). We used this in Section 1.4 to derive
(1.4.13) for the condition of homothety of fe.

Remark 3. Escher and Weingart [1] gave a necessary and sufficient condi-
tion for an SU(2)-equivariant minimal immersion f; : $* — Sg, (obtained
from the equivariant construction) to be isotropic (of any order) in terms
of &.

Lemma 4.5.5 provides a particularly simple way to express fg in terms
of &:
Corollary 4.5.6. With respect to the standard basis X,Y,Z € su(2), we
have

~ 1
fe= —\/—)\—p (fXRg, fYRg,sz§>, (4.5.3)
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where, as operators acting on Wy:
Xgr = wl, — 20,
Yr = i(wd, + 20y)
Zr = i(20, — wdy,).

From now on, we write f¢ = f~, where

E’

\/E

We will also use this notation if £ has several components, i.e. if £ is an
element in some multiples of W), or Ryq4.

Let p = 2d be even. We will use the orthonormal basis {Q}?i"{l in
Ry C Woq given in (146)

€ = ———(Xg¢, Yré, ZRe).

Lemma 4.5.7. The 2d-eigenmap foq : S* = S(2a+1)r,, defined by

foa = ) (4.5.4)

\/2—d+_(f51,f52 "’f§2d+1

is congruent to the standard minimal immersion f3 4.

PRrOOF. The statement is a consequence of Schur’s orthogonality relations,
since the components of foq4, with respect to the orthonormal basis (1.4.6)
in Raq4, are precisely the matrix elements of the SU(2)-module Ryq (cf.
also Problem 2.3). Here we give another proof based on the fact that a
full SO(m + 1)-equivariant p-eigenmap f : S™ — Sy is standard. (EP has
no trivial component, cf. Corollary 2.3.4.) foq defined in (4.5.4) is clearly
SU (2)-equivariant since its components are. Since SO(4) = SU(2)-SU(2)’,
it remains to be shown that foq is also SU(2)’-equivariant. Recall that
SU(2)' is obtained from SU(2) by conjugation with the diagonal matrix -y
with diagonal elements 1,1,1, —1. The stated SU(2)’-equivariance follows
from the (easily verifiable) formula

feo(yoLg-109) = feor,,,, 9€SU(2).
(Indeed, by a remark above, yo Ly oy = R4, g € SU(2).) We have

2d+1
oLy = Z P&l
=1

where the matrix (le)ﬁii is orthogonal. The lemma follows.

With respect to the orthonormal basis in Ry above, any £ € Ry4 can
be written as £ = Z2i+1 a;€;j, a; € R, j =1,...,2d + 1. Applying the

equivariant constructlon to all the polynomials 1nv01ved, we obtain
2d+1 2d+1

a.;
=N aife, =vV2d+1Y —Z—Ff,
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Comparing this with (4.5.4), we see that f¢ = Afoq, where A : (2d +
1)Ryq — Ryq is a linear map. Once again, in terms of the orthonormal
basis in Ra4, A can be written in the block form

=v2d+1 [0,1,0,2, e ,a2d+1],

where the j-th block is a diagonal (2d+ 1) x (2d + 1)-matrix with diagonal
element aj, j =1,...,2d + 1. We obtain (f¢) =C =ATA -1 € S*((2d +
1)Rz4) where the jl-th block of C is a diagonal (2d + 1) x (2d + 1)-matrix
with diagonal element c;; = (2d 4 1)a;ja; — 5jl, j,l=1,...,2d + 1. In what
follows, we always represent our points in £2¢ in this form. This notation
also naturally extends to the case when ¢ is vector-valued. In particular,
it also applies to fg = fA Letting fA =A fad, the matrix A and therefore

(fi=C=ATA—~1T can be computed in terms of A.

We now turn to explicit examples. We first consider quadratic eigenmaps:
d = 1. The equivariant construction applied to the polynomial £3 = izw
gives the quadratic eigenmap f¢, : S* — Sg,, and this must be congruent
to the Hopf map (Corollary 2.7.2). Simple computation in the use of (4.5.3)
gives j?& = %( fear fer) © S® = Sag, (with a component vanishing), and
this is congruent to the complex Veronese map (Example 1.4.1). On the
moduli, we have C = —%C. This is in agreement with the fact that Az
has eigenvalue —1 on (£2)SV(2) = R},

We skip the quartic minimal immersions as they have been treated thor-
oughly in Section 3.6. We now put d = 3 and study the action of A3 ¢ on
(F$)SU@) = R @ R},. The eigenvalues of A3 ¢ on R and on R}, are 1/6
and —3/4. In terms of the chosen orthonormal basis in Rg, the tetrahedral
minimal immersion 7Tet corresponds, by the equivariant construction, to
ETet = &3. Using (4.5.3), we obtain

~ 1 V30 1
ETet = (2\/551— 5 55,2\/5§2+ 13 §67ﬁ€4)-

The corresponding matrices are

A =+/7)0,0,1,0,0,0,0]

and
1 30
R 2z 00 0-m 00
. 1
A=T7 05250 0 0%00
0 001 0 00

V3

C and C are linearly independent and they span the A3 ¢-invariant plane
A7es. Using C and C as a basis, the intersection of A with Mg consists
of those linear combinations uC + vC for which uC + vC + I is positive
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semidefinite. This relation is easily resolved® in terms of u and v, and we
obtain that the intersection is the isosceles triangle with vertices C, C
and C' = 1C' C. (The three SldeS of the triangle are determined by

det (uC + vC+1 ) = 0.) The matrix C is in the interior of the triangle. The
assertion about the range of the corresponding minimal immersions follows
by working out the rank of uC + vC + I for the vertices and (open) edges
of the triangle. (a) of Theorem 4.5.3 follows. As for Corollary 4.5.4, we see
that the point %C — %6 is on the side of the triangle with vertices C' and C”,
and it is an eigenvector of A3 ¢ with eigenvalue —3/4, it therefore belongs
to R},. The corresponding minimal immersion f : §3 — S,p, is therefore
isotropic of order 2. The explicit form of f can be obtained by working out

A/ —é—C’ — %6’ + I and precomposing it with the standard minimal immersion
fe (cf. the proof of Theorem 2.3.1).
We finally now turn to (b) of Theorem 4.5.3. Letting d = 4, we have
(F§)SU® = Ry @ R}, @ Rl

and the eigenvalues of Az g on the terms of the right-hand side are 1/2,
—1/20, and —4/5. In terms of the chosen orthonormal basis in Rg, the
octahedral minimal immersion Oct corresponds to

VB, VA
§oct = 2\/351 + 2—\/359
Using (4.5.3), we have
S (B, VA, V3 VA 1
€OCt —‘( 4\/—53 4\/—€7a 4\/—54 4\/—587_%£2>
Applying (4.5.3) to this once more, we obtain

= 1
§Oct - 960\/§I

X (—336\/555 — 48v/35¢; + 1680&,, 48v/35¢, — 336v/5¢6,

72V/70€4 — 168v/10&3, 48v/35¢5 + 336v/5¢6,
48v/35¢; + 672v/5¢5 + 168080, 72v/ 705 + 168107,

—961/70&4, 96V/70¢3, 384\@51) .

The matrices corresponding to £p.; and £p.; are

V5 0,0,0,0,0,0,0, \ﬁ}

A?’f 73

1The use of a computer algebra system is recommended.
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and
V2 V14
~ 0 0_4—¢§ \/—0004\5 \/_OO
_ 2 14
A=10 10 O—MOO 0—:17—50
0—% 0 000 O 00

The matrices C, C and C are linearly independent, and they span the A3 g-
invariant 3-space A o.;. The intersection of Ao.; with M3 is a tetrahedron?
with vertices C, C, and

21 7 21

11 3~ 2037
"o__ - _ =~
C" = 14C’+7C’+ 7C

In addition, C is in the interior of the tetrahedron. The metric properties of
the tetrahedron can be easily derived using the orthogonal decomposition
C=C1+Cy+Cs,C € Ry 4, 1 =1,2,3, and solving the system

C=C,+Cy+C3
~ 1 1 4
0—501—2—002—503

1 1 16
C = 101 + mc& + 2—503
The range (in multiples of Rg) of the minimal immersions corresponding to

the vertices, (open) edges, and (open) faces are summarized in the following
tables:

Vertex | C | C | C" | C”
Range | 1 | 3 | 2 3

Edge | [CC] | [CC] | [Ccc"}|[cC) | ce”] | [cre
Range 4 3 4 5) 6 5

Face | [CCC'] | [CcCC™ | [cCc'e”) | [CcC'e™
Range 6 7 6 8

4.6 Additional Topic: Operators

We generalize here the degree-raising and -lowering operators as well as the
operator of infinitesimal rotations. The former associate to a p-eigenmap
f:8™ — Sy the (p £ 1)-eigenmaps f* : S™ — Sygr (Section 2.4); and

2The computations are tedious but elementary; once again the use of a computer
algebra system is recommended.
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the latter, the p-eigenmap f : S™ — Sygg~, where G C SO(m+1) is
a closed subgroup with Lie algebra G transitive on 8™ (Section 4.1). The
basic observation here is that (the components of) f* and f are essentially
given by SO(m + 1)-module homomorphisms D* : H! — (HP)* ® HPEL,
and a G-module homomorphism D : G — (HP)* @ HP (see Examples 4.6.3-
4.6.4 below). (In the tensor product (HP)* ® H9, it is convenient to keep
‘HP and its dual (HP)* separate.)

To generalize this observation, we let W be an orthogonal G-module,
where G C SO(m + 1) is a closed subgroup acting transitively on S™, and
consider a homomorphism D : W — (HP)* ® H? of G-modules. We call
D an operator. For a € W, D, : H? — H? is a linear map, and, being a
homomorphism of G-modules, D satisfies

Dyoa=9-D,= Pp(g) 0Dg 0 pp(g)_la gEG,

where p, : SO(m + 1) — SO(HP) is the SO(m + 1)-module structure on
HP.

The transpose of D viewed as a linear map HP @ W — H? is a G-module
homomorphism ¢ = (P : H1 = HP ® W given by

n
P) =) Dy X ®ws, X €HY,
s=1
where {ws}7_; C W an orthonormal basis.
We also have

((P)T(x®a) =Dox, x€H.

An operator D is called metric if «P is an isometric imbedding, or equiva-
lently, if (:7) T 0.P is the identity on H9. In any case, (:P) T 0.P is constant
on each irreducible component of H?|g. In particular, if G = SO(m + 1)
then, up to a constant multiple, any operator is metric; this is because H?
is irreducible as an SO(m + 1)-module.

Let D : W — (HP)* ® H? be a metric operator. Given a p-eigenmap
f:8™ = Sy, we define f: 8™ - V@ W* by

fD(a)ZDafa aeW.

Here, for a € W, D, acts on the vector-valued spherical harmonic f in a
natural way: @ o Dof = Dg(ao f), @ € V*. In terms of an orthonormal
basis {ws}7_; C W and its dual basis {w?}2_; C W*, we have

fD = tisf(X)w:.

s=1

Our present problem is to study under what conditions will f? map into the
unit sphere Sy gw+, and when will fP be a spherical minimal immersion
assuming that f is. Our first lemma asserts that, for metric D, ( fp)D :
S™ — HP @ W* (made full) is congruent to f, : S™ — Spa.
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Lemma 4.6.1. Let D : W — (HP)* @ H? be a metric operator. Then we
have

(fo)P (@) = P (fo(2)), z€S™ (4.6.1)

PROOF. Let { fg };-Vz(p ) C HP be an orthonormal basis. With the previous
notations, we compute

n N(p)

(f:o)D(x) = Z Z(Dwsfg)(x) : fé ® wy

s=1 j=0
n N(p)

=33 fH@)Du, £, F ] @ w

s=1 j,l1=0
n N(p)

=Y > f@)Dg,(f) @ vl

s=1 1=0

= ZD;ES fo(@)) ®
s=1
LD(fq( ))-

3

The lemma, follows.

Let f: 8™ — Sy be a full p-eigenmap with (f) = ATA —T € S%(HP),
where f = Ao f,. Applying a metric operator D : W — (HP)* ® H? to
both sides of this equation, for x € S™, we have

fP@) = (A 1)(£,)" (2) = (A® 1) P (fy(2)),

where, in the last equality, we used (4.6.1). Since D is metric, we thus
obtain

(P) = (P)T o (ATA= D)o P +1=(P)T o ((f) ® 1) 0P
This motivates us to define ®P : S?(HP) — S?(H9) by

dP(C)=(P) o (C®I)0'P, Ce S2(HP). (4.6.2)
By the previous computation, we have
P((f)) = (fP). (4.6.3)

D . S%(HP) — S?(H9) is a homomorphism of G-modules. By (4.6.3),
given a p-eigenmap f : S™ — Sy, fP will map into the unit sphere Sy gy =
and thereby fP will become a g-eigenmap, provided that ®P(€P) c £9.
In a similar vein, if f is a spherical minimal immersion, then so is f? if
®P(FP) C F9. We arrive at the following:

Theorem 4.6.2. Let G C SO(m + 1) be a closed subgroup acting tran-
sitively on S™. Assume that S?(H")|q, r = max (p,q), has multiplicity
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one decomposition into irreducible G-modules. Then, given a metric oper-
ator D : W — (HP)* @ HY, for any minimal immersion f : S™ — Sy
of degree p, fP : S™ — Sygw~ is also a minimal immersion of degree
q. The statement is also true for isotropic minimal immersions, including
eigenmaps.

Remark. In view of (3.1.8), for G = SO(m+1), the conditions of Theorem
4.6.2 are satisfied.

Example 4.6.3. We let G = SO(m+1) and W = R™*! with its standard
SO(m + 1)-module structure given by matrix multiplication. We define
DE . R™ 5 (HP)* @ HPEL by

'D;: 2p+m—16a;
\/ p+m-—1

1
Dy=-e—— 9, acR™

Vp(2p+m—1)

where 9, : HE, — HE! is partial differentiation in the direction a € R™*!,
and 8, = H(a*-) (cf. Section 2.1). D¥ are the degree raising and lowering

and

operators introduced in Section 2.4. In particular, ¢y = /P* and @;}t =
P* By (2.1.18), D* are both metric.

Example 4.6.4. In degree-raising and -lowering, we set G = SO(m + 1).
In our next example, we let G C SO(m + 1) be a closed subgroup with Lie
algebra G, and we assume that G acts on S™ transitively. We let W = G be
the G-module with the adjoint representation, and D : G — (H?)* @ H? the
induced action of G on HP. Inserting the factor of 1/, in the definition of 25,
it becomes the operator of infinitesimal rotations introduced in Section 4.1.
We have ap = Y. By Lemma 4.1.2, D is metric. ®? in (4.6.2) specializes
to Ap, where A,(C) = o o (C®T) oy, C € S(HP). As noted in Section
4.4, A, is a symmetric endomorphism of S?(H?) that may well vanish on
some irreducible components. By Theorem 4.2.1, we have A,(E2,) C £P,
and A,(FP*) C FP* in particular, A, restricts to self-maps on the moduli
L? and MP.

For the rest of this section we assume that G = SO(m + 1). For
(u,v) € AP?, u+v = p+ ¢(mod2), we consider the irreducible com-
ponent V(%?:0::0) © 3P @ H9 in the decomposition (3.1.7). Up to scaling,
this inclusion defines a metric operator D% : V(®:0:0,::0) _ (HP)* @ H4
since (HP)* & HP. In what follows, we describe D" in terms of polynomi-
als in the two sets of commuting variables 9; and 6;, ¢ = 0,...,m. (Since
the representations that occur here are absolutely irreducible, we work over
C and adjust the notation accordingly.)



4.6. Additional Topic: Operators 279

Let
PIP =Pllyg,...,Ym] @ PPlzo,. .., Tm]
and define
E:PIP - (HP)* @ HT
as follows: If £ € PP then Z(&) : HP — H? is given by
E(&) =&(boy- -5 6m; 00, .., 0m),

where £ = &(Yo,-- -, Ym; Lo, - - - (Note that [9;,0k] = [6i,0k] = 0, so
that this definition makes sense is a homomorphism of SO(m + 1)-
modules.

» Tm)-
e.) 2

Proposition 4.6.5. = is surjective.

PRrROOF. Let L : HP — H? be linear and assume that L is orthogonal to
the image of =. Fix 0 < dy,...,4p;k1,..., kg < m. For § = yg, ... yx, ®
Ti, - - Ti,, we have
N(p) N(q)
(€. L) =Y D (EE&)f, f)(LF, o) =0.
j=0 I1=0

By Lemma 2.1.4, the transpose of §; is, up to a constant multiple, d;. Thus,
we obtain

]%)1§)<LJU o) 6pfg 3qu —0
=0 1=0 e 5:1:@1 . 3:1:1 aykl .8y kq -

Using Lemma 2.1.4 again, 9P fg [0z, ...0z;, is a constant multiple of
(f}, H(zi, ... xi,)). We arrive at

(L(H(zi, ... 33,)), H(zg, ... 28,)) = 0.

Finally, the polynomials H(x;, ...x;,) span H? and L = 0 follows.

Consider the canonical decomposition

PUyo,. -, Ym) = HI® 0PI 2[yo, .. ., Ym), 0P =y 4. 2.
For { = p?¢' € POP, ¢ € P93P, we have E(§) = E(p?¢') = H(p*E(¢)) =
0, so that p?P92[yg,...,ym] ® PP[zo,...,Tm] is in the kernel of Z. In
the z variables, p? corresponds to the Laplacian so that P[yy,...,ym] ®
p*PP~2[xg, ..., Zm] is also in the kernel of Z. Factoring out, we obtain that
E:HIQHP - (HP) @ HY

is an isomorphism of SO(m + 1)-modules.

We now define

DY = E‘V(u,'u,O,...,O) : V(u,v,O,...,O) — ('HP)* ® HI,
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where V (#:0:--:0) i5 considered as a component of H¢ ® H?. It follows that,
for each & € V(®v:0::0) Dg’” is a polynomial in the operators §; and &;,
i = 0,...,m, homogeneous of degree g in the é;’s and degree p in 9;’s.
Clearly, D" defines an operator.

Remark. The operators D%V can be described in terms of the Young
tableau of V(.00 ¢ 4P @ H4 (cf. Appendix 3).

Problems

4.1. Work out the eigenvalues of the composition ®* o ®~. Relate this to A,
through the decomposition

H @H =H @ A*(H') ® S§(H'),
where H° corresponds to the trace, A%(H') & so(m+1)*, and S3(H') C S%(H')
is the traceless part isomorphic with H2. Define the operator corresponding to
the third summand. (Hint: Consider the operator B, : S*(H') — (HP)* ® HP
given by
1

iw

4.2. Let f : S — Sk, be an SU(2)-equivariant minimal immersion of degree
p > 6. (f exists since the system of equations (1.4.16) is solvable for p > 6, cf.
Problem 3.1.) Show that the critical exponent df of f satisfies

df+3
( 3 )2p+1.

4.3. Let f : 83 — Sy be an SU(2)-equivariant minimal immersion of degree p
and order of isotropy k < [p/2] — 2. Use Theorem 4.4.4 to show that the critical
exponent of f satisfies

By(a® ©b") = (64005 + 6, 08,), a,beR™™)

3

ds < [g} — k.

4.4. Show that the Casimir eigenvalue on the SU(2)-module Wy, is p(p + 2).
4.5. Derive (1.4.13) using Lemmas 4.5.5 and 4.5.7 and SU(2)-equivariance.

4.6. Study the bulging out phenomenon for (£3)5Y® (SU(2)-equivariant quartic
eigenmaps) along the lines of Example 4.5.2. (Hint: Consider Verso Hopf : §° —
S*; cf. Section 1.4.)

4.7. Show that, for m > 3 and p > 4, we have

dim H? dim HP~!
dim so(m + 1) dimH!

4.8. Define the composition of operators in a natural way. Work out the g-th
power of Dt (Example 4.6.3) using the following steps: The operator in question
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should be of the form
(D+)q Pl (Hp)* ®Hp+q7
where P? = P[yo, ..., ym) = H' ® ... ® H'(q times). Explicitly, for x € H*:

A2p . Ag(ptg—1)
pha o A Aaere-y
( )yzl"'y’qu 29%p ... Aptq—1

x H(ziyH(xiy ... H(zigx) .. .))- (4.6.4)
The last term (without the constant multiple) can be written as
H(zy H(xiy ... H(zigx) .. .)) = HH(zsiy ... 2ig)X)-

The decomposition of the tensor product (HP)* ® HP? into irreducible compo-
nents (3.1.5) shows that it has only one component, namely H?, common with
that of P?. (Geometrically, the triangle APt intersects the segment [0, g] only at
the point ¢.) Thus, (D1)? factors through the harmonic projection H : P9 — H?
giving the operator

(D)9 : H! = (HP)* @ HPT?
(denoted by the same symbol) by

)\2 )\2( -+ _1)
g _ P pt+a
Pt 010X =\ Z0ny - Ao
X H(H(xi, ... %ig)X)- (4.6.5)

This can still be rewritten in terms of the standard minimal immersion f, : S™ —
S1a taken in the form

R A
fQ(m) - \ 291 1 Aa ... >\q_1

m

XY H(miywi)H(ys, - ys,)- (4.6.6)

Combining these, arrive at the operator
(D+)q THY S (HP)* ®Hp+q
given by

Azp. o A -
O =\ s H (a0
where x € HP.

4.9. Define ‘Ehe transpose of operators in a natural way. Work out the transposes
of D* and D.

4.10. Determine the operator P™° acting on V%9 and the operator D!
acting on (1,1,0,...,0).

4.11. Generalize the operator of infinitesimal rotations to act on eigenmaps f :
M — Sy, where M is a compact isotropy irreducible Riemannian homogeneous
space.
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4.12. (a) Use Problem 2.19 to show that, for a p-eigenmap f : §™ — Sy, we
have

Vf C 60V;.

(b) Let V C HP be a linear subspace. Prove that V' # HP implies V # §0V.
(Hint: If V = 68V then V is an so(m + 1)-submodule of H?.)



Appendix

A.1. Convex Sets

In this section we summarize some basic facts about convex sets. The
principal references are Berger [1], Chapter 11, and Valentine [1].

Let £ be a finite dimensional vector space. A set £ C & is convex if
C1,C; € L implies that tCy + (1 —t)Cs € L for all ¢ € [0, 1]. Geometrically,
L contains the line segment connecting any of its two points.

The intersection of convex sets is convex. Given a subset A € &, the
smallest convex set that contains A is called the conver hull of A. The
convex hull is denoted by Hull (A). Clearly, Hull (A4) is the intersection of
all convex subsets of £ that contain A.

Let £ C € be convex. A point C € L is called extremal if C is not in
the interior of a segment contained in £. The set of extremal points of £ is
denoted by Ext (£). Clearly, the extremal points of £ are on the boundary
of L.

The following result is due to Krein-Milman:

Theorem A.1.1. A compact convezx set L in a finite dimensional vector
space £ is the convex hull of its extremal points:

Hull (Ext (£)) = L.
For the proof we need some preparation. Given a subset A C &, and a

hyperplane (a codimension-one affine subspace) & C £, we say that & is a
supporting hyperplane for A if AN&y is nonempty and one of the open half-
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spaces determined by & is disjoint from 4. We say that & is a supporting
hyperplane for A at the points of AN&y. A straightforward consequence of
the Hahn-Banach theorem is that any boundary point C of a closed convex
set £ C & has a supporting hyperplane & at C. (Indeed, being a boundary
point, C' is disjoint from the interior of £ and the Hahn-Banach theorem
guarantees the existence of a hyperplane & that contains C but one of its
open half-spaces is disjoint from the interior of L.)

PrOOF OF THEOREM A.1.1. We proceed by induction with respect to the
dimension 7 of €. For n = 1, a compact convex subset of £ is nothing
but a closed interval £ that is clearly the convex hull of its endpoints, the
extremal points of £. For the general induction step, let dim& = n > 2 and
assume that the statement is true for all compact convex subsets in vector
spaces of dimension < n — 1. Let C be a boundary point of £, and & a
supporting hyperplane of £ at C. By the definition of extremal points, we
have

Ext (LN &) = Ext (L) N &. (A.1.1)
By the induction hypothesis and (A.1.1), we have

Celn&= Hull(Ext(EﬂEo)
= Hull (Ext (£) N &) C Hull (Ext (£)).

We obtain that the boundary points of £ are in the convex hull of the
extremal points of £. On the other hand, the interior points of a convex
set are obviously in the convex hull of the boundary points. We thus have
L C Hull (Ext (£)). The converse is obvious since £ is convex. Theorem
A.1.1 follows.

A convex set £ in a Euclidean vector space £ is called a convex body
if £ has nonempty interior. Let £ be a compact convex body in £, and
O € £ an interior point. A directed line £ through O meets the boundary
OL at exactly two points—C and C° (Berger [1]), where we choose the
notation such that C > C°. We call C° the antipodal of C' with respect
to O. Reversing the direction on ¢, we obtain (C°)° = C. We define the
distortion of L at £ by

d(0,C)

Ao(l) = 2{0.C°)’ (A.1.2)

where d is the Euclidean distance in £. We have
1

Ao(£°) = @)’

where £° is £ with reverse direction. We also write Ao (¢) = A\o(C). With
this, Ao becomes a function on 9L, and Ao (C?°) = 1/Ao(C). The distortion
Ao is continuous on 9L since both the numerator and the denominator in
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(A.1.2) are continuous (cf. Berger [1], p. 342). The following result is a
conseequence of Helly’s theorem (Berger [1], p. 366):

Theorem A.1.2. For a compact convex body L in o Euclidean vector space
&, we have

1
—— < )Mo < di 1.
TmE <)o £dimé, (A.1.3)

provided that O € L is chosen appropriately.

Notice that the bounds are the best possible. For an example, consider
a regular simplex £ in £ with O its centroid.
A function £ : £ — R on a convex set £ C £ is said to be convez if

E(tCl + (1 - t)CQ) < t{(Cl) + (1 - t)E(Cz), C1,Ce £,0<t< 1.

A convex function £ : £ — R is continuous in the interior of £. If, in
addition, £ is continuous on the boundary of £ then £ attains its maximum
at (at least) one extremal point.

A.2. Harmonic Maps and Minimal Immersions

The purpose of this section is to give a very brief account of some general
concepts and facts on harmonic maps and minimal immersions. For proofs,
see Eells-Sampson [1], Eells-Lemaire [1], or Toth [5], Chapter 1.

Let M and N be Riemannian manifolds and f : M — N a map. (All
objects considered are of class C*.) The differential f. of f at x € M
is a linear map f,, : To(M) — Tj(4)(N). The energy density of f is the
function e(f) on M which, at z € M, is the Hilbert-Schmidt norm square
of fi :

e(f) = trace {(X,Y) — (fu(X), fu(Y))}.

For each vector field X on M, f.(X) is a vector field along f, i.e. a section
of the pull-back vector bundle f*T'(N). Thus we can view f. as a 1-form
on M with values in f*T'(N). In other words, f, is a section of the tensor
product bundle T* (M) ® f*T(N). This vector bundle carries a fibre metric
(induced from the Riemannian metrics of M and N) and again e(f) is just
the norm square of f, in this metric.

Given any precompact domain D in M we define

Ep(f) = /D e(f) - var,

the energy of f over D. Here v)s is the Riemmanian volume element. For
M = D compact E(f) = Em(f) is the energy of f.

A map f: M — N is said to be harmonic if the energy is stable to first
order with respect to (compactly supported) variations of f.
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Taking a (compactly supported) vector field v along f, the first variation
formula says

S0E(v) = —2/ (trace B(f),v) - va,
M
where
B(f) =V f.: S*T(M) — f*T(N)
is the second fundamental form of f defined by

BNX,Y) = Vx(fu(Y)) - £(VxY),

for X,Y vector fields on M. The covariant differentiation V of the (Rieman-
nian connected) vector bundle AT*(M) ® f*T(N) is VM ® f*VV, where
VM and V¥ are the Levi-Civita covariant differentiations of M and N. By
definition, B(f) is a symmetric 2-tensor on M with values in f*T(N), or
equivalently, 3(f) is a section of S2T*(M) ® f*T(N).

f+ M — N is said to be totally geodesic if 3(f) vanishes identically.
It follows immediately from the definitions that f is totally geodesic iff it
maps geodesics on M to geodesics on N, linearly.

By the first variation formula, f : M — N is a harmonic map iff

trace 3(f) =0,

where the trace is taken pointwise on each of the tangent spaces of M.

As a specific example, let V be a Euclidean vector space with Riemannian
metric imported from the scalar product on V via the natural shift ~ :
T(V) = V.Let f: M — V be a map. For a vector field X on M, we have

fu(X) = df(X) = X(f), (A.2.1)

where X acts on f componentwise: a(X(f)) = X(ao f), @ € V*. The
Levi-Civita covariant differentiation on V gives (Vxv) = X (), where v
is a vector field along f. The second fundamental form of f : M — V
therefore reduces to

BHX,Y) = XY (f) - (VxY)f.

Recall that the (geometric) Laplacian AM acting on functions £ on M is
the trace of the bilinear form

(X,Y) = —X(Y(§) + (VxY)E.
Thus we have
trace B(f)(X,Y) = —AMf,

where AM acts on f componentwise: a(AMf) = AM(a o f), a € V*.
We obtain that f: M — V is a harmonic map iff AM f = 0. Equivalently,
f : M — V is harmonic iff the components ao f, @ € V*, of f are harmonic
functions on M.
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In Section 2.1 we stated the following comparison formula between the
Euclidean Laplacian A and the spherical Laplacian A™5™:

875" Esm) = (-6 + e+ ")

r2

rSm
valid for any function £ on R™ "1, were 8, = Y i, z;0; is radial differentia-
tion. (For computational simplicity, for R™*! we use the analytic Laplacian

A=YT 0= —AR™T .) As an application of the concepts above we now
derive this formula:
By definition, (A)|,sm is the trace of the bilinear form

(X,Y) = X(Y(£)) — (VxY)E.

Here the trace is taken on the tangent spaces of R™*! at each point of
rS™. To evaluate this trace we choose a local orthonormal frame whose first
m vector fields are tangent to rS™, and whose last element is the radial
unit vector field v on R™*! — {0} given by ¥, = z/|z|, 0 # z € R™*1.
Evaluating the bilinear form above on the first m vector fields, we obtain
—A"5"¢ plus the trace of the correction term

(X,Y) (V’"XSmY - VXY) ¢

on rS™. This correction is due to the fact that in order to evaluate the
spherical Laplacian A™S™ we need to take the Levi-Civita covariant dif-
ferentiation V™5™ on 7S™ instead of V on R™*1. By definition, for X,Y
tangent to rS™, V¥ Y is the projection of VxY to T(rS™). Hence the
correction term reduces to

(X,Y) = — (VxY,0)v &
Since X,Y are tangent to rS™, we have
. 1,5 - 1
—(VxY, ) =(Vxu,Y)=(X({©),Y) = ;(X,Y) = ;(X, Y).

We obtain that the trace of the correction term is m/r. Summarizing and
adding v to the orthonormal frame, we arrive at the formula

(88)lrsm = =27 (Elrsm) + (Tv-€+v(v-€) = (Vur)€)

For x € rS™, we have

d z

With this, we have

rSm '

1 & 1
= m ;%3@'5 = mazﬁ-

t=0

1 1 1 1

|| z
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Finally, we have

Vo =vD)= 1 d (____:c+tm>
t=0

CEACEZ)

Restricting all the terms to 7S™ amounts to setting |z| = 7. The comparison
formula follows.

Returning to the main line, assume now that N is the unit sphere Sy
of a Euclidean vector space V. We can view f : M — Sy as a vector-
valued function f : M — V (denoted by the same symbol) satisfying
|fI2 = (f, f) = 1. In a similar vein, a vector field v along f gives rise to a
map ¥ : M — V obtained from v by applying the natural shift™: (V) — V.
Since v is tangent to Sy, we have (9, f) = 0.

If X is a vector field on M, we have

(Vxv)'= X(0) = (X(0), f) - f. (A.2.2)

This is because Vxv on the left-hand side is the covariant derivative of v
along f : M — V projected down to T(Sy). (For z € M, T(Sv)" is the
orthogonal complement of f(z), and (f,?) =0.)

Proposition A.2.1. A map f : M — Sy is harmonic iff the vector-valued
function AM f is a scalar multiple of f. In this case, the scalar is e(f) so
that we have

AMf =e(f)- f. (A.2.3)

ProOF. We work out the second fundamental form 3(f). Let X and Y be
vector fields on M. Then, using (A.2.1) and (A.2.2), we compute
BUNXY) = (Vxf)(Y)
= VX(f*(Y))V— f(VxY)

XY () = (XN, N f = (VxY)(S)
XY () = (VxV)() + (X)), YOS
The last equality is because
(X(Y(), f) ==X, Y() (A.2.4)

since X(Y (f), f) = XY (|f|?) = 0. Taking traces, we obtain

trace B(f)" = —AMf+e(f) - f

Thus, if f is harmonic, then (A.2.3) holds. Conversely, if AM f is a scalar
multiple of f then, by sphericality of f, the scalar is (AMf, f). On the
other hand, taking traces in (A.2.4) we obtain

(AMF, ) = e(f).

The proposition follows.
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Let A be a nonzero eigenvalue of AM acting on functions on M. A map
f: M = Sy is said to be a M-eigenmap if AM f = \f, i.e. if the components
aof,a € V*, of f are eigenfunctions of AM corresponding to the eigenvalue
X (If A = ), is the p-th eigenvalue of AM (e.g. A\, = p(p +m — 1) for
M = S™) then we also say that f is a p-eigenmap.) Proposition A.2.1
says that a A-eigenmap is nothing but a harmonic map of constant energy
density A.

We now turn to minimal immersions. Let M be a manifold of dimension
m and N a Riemannian manifold. Given an immersion f : M — N, we
define A™f, to be the m-form on M with values in A™f*T(N) which,
at £ € M, associates to the m-tuple (X1,..., X™) of tangent vectors at
x € M the m-vector

(A" )Xz, XT) = fo(Xa) Ao A fu(XT) € ATy (N).

The volume density v(f) of f is the m-form on M defined as the norm
of A™ f. with respect to the fibre metric of A™ f*T'(N) (induced from the
Riemannian metric on N):

o(f) =A™ ful.

For a precompact domain D in M, we define

volp(f) = /D o(f)

as the volume of f over D. Since the volume of f is invariant under precom-
position by a diffeomorphism of M (that is the identity outside a compact
set), for the first variation of vol, we use (compactly supported) normal vari-
ations v of f, i.e. sections of the normal bundle v; of f in the orthogonal
splitting

F*T(N) = T(M) & vy.

The first variation formula for the volume is:
§vol (v) = ——/ (trace B(f),v) - upm.
M

Here B(f) is the second fundamental form of f when M is endowed with
the Riemannian metric induced from the Riemannian metric of N by the
immersion f. With respect to this metric, f : M — N is an isometric
immersion. The second fundamental form §(f) takes its values in the sub-
bundle vy C f*T(N). This allows us to define the second fundamental
form B(f) of the immersion f : M — N as a symmetric 2-tensor on M
with values in vy.

An immersion f : M — N is said to be minimal if its volume is stable
up to first order with respect to (compactly supported) normal variations
of f. The previous argument shows that an immersion is minimal iff it
is harmonic as an isometric immersion. For an isometric immersion [ :
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M — N, the energy density is clearly m so that Proposition A.2.1 gives
the following:

Proposition A.2.2. Let V be a Fuclidean vector space. An immersion
f: M — Sy is minimal iff
AMf=m.f (A.2.5)
where AM | the Laplacian on M, is taken with respect to the metric induced
from Sy by f.
A converse of this is due to Takahashi [1]:
Proposition A.2.3. Let V be a Fuclidean vector space and f : M — V an

isometric immersion satisfying (A.2.5). Then the image of f is contained
in Sy and the restriction f : M = Sy is a minimal immersion.

ProOF. By Proposition A.2.2, we need only prove the first statement. Let
B(f) be the second fundamental form of f. Since f maps into V, for X and
Y vector fields on M, we have

BUNXY) = (Vxf)(Y)
= Vx(fu(Y)) = fu(VxY)
= X(Y(f) = (VxY)(f).
Taking traces, we obtain
trace 8(f) = —AMf = —mf.
On the other hand, trace 3(f) is a section of the normal bundle v¢ so that

(trace B(f), f.) = {trace 5(/) df)
= (M, df) = ~m(f, df)

must vanish. We obtain that d|f|? = 2(f,df) = 0 so that |f|? is constant.
Hence the image of f is contained in a sphere of V. Again using the fact
that f : M — V is isometric and (A.2.5), we have

0=AM|f> =2(AMF, f) — 2 trace (df, df)
=2m| f|* — 2e(f) = 2m(| f|* - 1),

since e(f) = m. We obtain |f|2 = 1, and the proposition follows.

Let f : M — Sy be an isometric minimal immersion. We define in-
ductively the higher fundamental forms Bi(f), and osculating bundles 0’},
k=1,...,py, of f on a (maximal) nonempty open set Dy as follows. For
z € Dy, Bi(f) : S¥(To(M)) — (’)’;w is a linear map of the k-th symmetric
power of the tangent space T,(M) onto the fibre O’Jﬁ;z of O’} at z. The
latter is called the k-th osculating space of f at z. For k = 1, 51(f) = f«
is defined on D} = M and, for z € D}, the first osculating space O atz

is the image of f1(f)z. The general induction step is given by
Br(£)z(X1, -, Xi) = (Vxe Breo1 () (X1 o, Xi—1) 71,
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X1,...,Xp € T,(M), z € D},

where L;_1 is the orthogonal projection with kernel (’)0;9c ... (9';;;1,
Oo;m =R f(z), and D’]E is the set of points = € D'fc‘l at which the image
Ok;gc of B(f)z has maximal dimension. B,,(f) is the highest nonvanishing
fundamental form and py is said to be the geometric degree of ps. Finally,

by
k
k=0
Note that if M is analytic then so is f (by minimality) and Dy is dense in
M.

A.3. Some Facts from the Representation Theory of
the Special Orthogonal Group

The underlying representation theory for eigenmaps and minimal immer-
sions of spheres is the representation theory of the special orthogonal group.
Here, without completeness, we summarize some basic facts and assemble
some specific formulas which are needed for the main text. For more details,
see Borner [1], Fulton-Harris [1], and Knapp [1].

First recall that there is a specific choice of the maximal torus T' C
SO(m + 1). Namely, if

Ry = [cosﬁ —smﬁ]

sinf cos#f

is counterclockwise rotation by angle § € R on the plane, then we define
the tori

T={Ry,®.. ®Ry,®[1]|0; R, j=1,...,d}if m+1=2d+1
and
T={Rp,®.. ®Ry,|0; €R,j=1,...,d}if m+1=2d.

Then, by Problem 1.2 (b), any S € SO(m + 1) is conjugate to an element
in T, so that T is a maximal torus in SO(m + 1). Note that, dimT =d =
[[(m + 1)/2]]. The angular parameters allow us to view T as R%/(2rZ)<.
In particular, we will denote the typical element in T as (61, ...,604).

Let V be a finite dimensional complex SO(m + 1)-module, a complex
representation space for SO(m + 1). Being commutative, T' acts diagonally
on V. Then V decomposes into the sum of weight spaces:

V=>"V,

D
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On each weight space V4, T acts by the weight ¢ = (¢1,...,¢4) € Z? as

— (01,...,04)-v=exp Z@ , (01,...,00) €T, veVy.

The set ® of (nonzero) weights is finite.
The Weyl group Wso(m+1) of SO(m+1) is the (finite) group of all inner
automorphisms of SO(m + 1) that leave T' invariant. We have

Wsoms1) 2 Sa> 24, if m+1=2d+1
and
Wso(ms1) = Sab 2871, if m +1 = 2d,

where Sy is the symmetric group on d letters, Zos = {%1}, and b is the
semidirect product. For m+1 = 2d+1, o € §; acts on T as a permutation

(91,...,(9,1) g (90(1),...,90(d))
and (e, ..., €eq) € Z4 acts by
(01,...,9d) — (61(91,...,6,1(9,1).

For m 4+ 1 = 2d, the situation is similar, except that

d
257 ={(er,...,ea) € Z§| [[ & =1}
=1

Wso(m+1) also acts on the set of weights ® in a similar manner. Hence, if
® € ® then there exists a weight v = (vy,...,v4) € Z% in the Wso(m+1)-
orbit of ¢ satisfying

V12> ...2 031 >vg>0ifm+1=2d+1 (A.3.1)
and
V1 2...204-1 2> |Ud| ifm+1=2d. (A32)

According to Cartan’s theory, if V' is irreducible then v is unique. In addi-
tion, with respect to the lexicographic order in Z¢, v is maximal and has
one-dimensional weight space V,,. We call v the highest weight of the com-
plex irreducible SO(m + 1)-module V. The highest weight v characterizes
V up to equivalence, i.e., given two complex irreducible SO(m+1)-modules
V1 and V, with highest weights v; and vg, then v; = vy implies that V; is
equivalent to V2 (in the sense that there exists an SO(m + 1)-equivariant
linear isomorphism between them). Moreover, for each d-tuple v € Z? satis-
fying (A.3.1) or (A.3.2), there is an irreducible complex SO(m+ 1)-module
V such that v is the highest weight of V. It is therefore convenient to denote
by V2., the irreducible complex SO(m + 1)-module with highest weight
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v. (We suppress the lower index when no danger of confusion arises.) As
an example, computation shows that

V(pyov'“yo) — Hp’

where HP is the complex irreducible SO(m + 1)-module of spherical
harmonics of order p on S™.
The dimension of V¥ is given by the Weyl dimension formula:

[Licr(vi — vk — i+ B)(vg + 05 +2d + 1~ i~ k)
[Lici(i+k)2d+1—i—k)
L ei+d+1/2-1)

T, (d+1/2-1)

v
dimV, ;=

, ifm+1=2d+1,

and
[Ticr(vi —vp =i+ k) (vi + v +2d —i — k)
[Lick(=i+k)(2d—i—k)
The branching rule gives the decomposition of the restriction V7, || 50(m)
into irreducible components:

V2 alsomy = Ve, (A.3.3)

dimV?Y,, = L ifm+1=2d.

as SO(m)-modules, where the summation runs over all o € ZI™/2| for which
MN>01>...2vg>|oglifm+1=2d+1

and
v 2012>2...204-1 > |vg|if m+1=2d.

The main purpose of this section is to describe how to decompose the tensor
product

HP®HI, p>q,

into irreducible components.
First of all, for m = 2, the decomposition is known as the Clebsch-Gordan
formula:

HEQH, =HE o HET T o (HE T @ HETY).

For m = 3 the decomposition is still classical:

q
HEQHE =HE @ (VP oV e (HE o). (A3.4)
r=1
The main result of this section, then, is the following:
Theorem A.3.1. Let p > q > 1. For m > 4, we have
q

HP Q HI = Z V(P+q—r,r,0,...,0) D (sz——l ® Hq_l). (A35)

r=0
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Iterating (A.3.5), we obtain that

HP QN = > V(w00 (A.3.6)

(u,v)e AP Yutv=p+q (mod 2)

where AD'? C R? is the closed convex triangle with vertices (p—g,0), (p, )
and (p +¢,0).

Remark. For m odd, V(¥1,+-%4) is self-conjugate iff uq = 0, and for ug > 0,
it decomposes into the sum

V(ul,...,ud_l,ud) @ V(ul,...,ud_l,—ud)

of conjugate representations. In the decomposition of HP ® H?, non-self-
conjugacy occurs for m = 3. We agree that, for m = 3, the symbol V(%)
v > 0, means V4("’U) ® V;(u’_”). A conjugacy between V4(u’v) and V;("’_U)
is established by the isometry v = diag(1,1,1,—1) € SO(4). With this,
(A.3.5) is also valid for m = 3.

In the rest of this section we give a sketch proof of Theorem A.3.1. Let
P = C|zog,...,Tm] be the ring of complex polynomials in the variables
Z0,...,Zm, and PP C P the complex linear subspace of homogeneous
polynomials of degree p. P is a module over the general linear group
GL(m +1,C). In fact, for g € GL(m + 1,C) and ¢ € P, we define

g-&=€og".

P? is a GL(m+1, C)-submodule. Since we study representations of SO(m+
1), we view P as an SO(m + 1)-module by restriction. Consider now the
Weyl’s space @ C™+! of tensors of rank p over C™*! of which PP is an
SO(m + 1)-submodule. We now briefly recall Young’s theory giving the
decomposition of the traceless part P} C PP into irreducible components.
(P¥ is comprised by those tensors whose contraction by any two indices is
zero.) The symmetric group S, on p letters acts on ® C™*! by permuting
the factors. This action commutes with the action of SO(m + 1) so that
Sp also acts on P5. By extension, the group algebra Zs, also acts on P.
Let r1 > ... > r, > 0 be integers with 7 + ... + r, = p and consider the
Young diagram ¥,, r = (r1,...,7,) consisting of n rows with row lengths
T1,...,Tn. Let R(X,) (resp. C(X,)) denote the set of all permutations in
Sp that preserve the rows (resp. columns) of ¥,. The Young symmetrizer
is

e(X,) = Z sgn (b)ba € Zs,.
a€R(3,); beC(T,)

A result of Young’s asserts that, for each Young diagram 3., the SO(m +
1)-submodule (X, )P} of P! is a multiple of an irreducible SO(m + 1)-
submodule of P§ and all irreducible SO(m + 1)-submodules of P} arise in
this way. Moreover, &(2,)P5 # {0} iff the sum of the lengths of the first
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two columns of £, is < m+1. Finally, if 3, # X, (satisfying the condition
on the columns) then the corresponding irreducible SO(m+ 1)-submodules
of P} are inequivalent.

We now set P = Clzo, ..., Zm; Yo, - - -, Ym) With GL(m+1,C) (and hence
SO(m + 1))-module structure given by

(9-&)(z,y)=¢E(g ', 97 y), E€P, g€ GL(m+1,0),

where z = (2o, ...,Zn) and ¥y = (yo, . . .,Ym). The differential operators
m 62 m 82 m 52
Lo T Log T L

are SO(m + 1)-module homomorphisms of P with D commuting with
both Laplacians. Let PP¢ C P denote the SO(m + 1)-submodule con-
sisting of polynomials which are homogeneous of degree p in zg,...,ZTm
and homogeneous of degree ¢ in yo, . .., Y. We have

A (PPY) € PP=24, A, (PP) C PP9~2 and D(PP9) c PP 1a-L,
Consider the SO(m + 1)-module:
HPY = (€ € PP9| Agf = 0, A€ = 0},
Clearly HP? = HP and H*? = H? as SO(m + 1)-modules and
D(HP?) c HP~ 1L, (A.3.7)
We claim that
HP? =HP @ HY (A.3.8)

as SO(m + 1)-modules. This can be seen as follows: Using (2.1.1) we write
(with obvious notations):

'pPyO =HP o pp—?,Opi and Po’q =HI® PO,q—2p§.
Substituting these into the tensor product
PP — 'PP,O ® PO,q,

the only component on which both Laplacians are zero is HP ® H9. The
claim follows.

From here on, without loss of generality, we assume that p > ¢. By
(A.3.7), the differential operator D splits HP? as

HPY = TP9 g P, (A.3.9)
where

TP9 = ker (D | HP?)
and

vPa c gpmha-l, (A.3.10)
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To decompose TP+4 into irreducible components we view
PPl C 'Pp-i-q C C[CL'(), sy Tmy Yo,y - aym]

as an SO(m + 1)-submodule of the Weyl’s space ®+t9C™*!, To each el-

ement { € PP? there corresponds a tensor £ = (&;,..i,,,) of rank p + ¢
which is symmetric in {i1,...,%p} and {ip41,...,%p+q} € € TP? means
that A& =0, Ay = 0 and D¢ = 0 and so contraction of £ with respect

to any two indices is zero. In particular, 7?4 C P59 so that we can apply

Young’s theory to T79.

Lemma A.3.2. Let ¥, be a Young diagram with row-lengths 1 > ... >
rn >0, where ry + ...+ 1, =p+q. Then

e(E)TP91#0
ffn<2 and 0<ry <q.

PROOF. Assume, on the contrary, that n > 2. Since the first column of a
Young tableau of ¥,., the Young diagram ¥, filled with 1,...,p+ ¢, has at
least three entries, applying a suitable permutation in R(X,), it will contain
a pair (1,j) with 1 <4, <por p+1 <14,j < p+q. The elements of T?9 are
symmetric in the indices ¢ and j. On the other hand, the transposition (i) €
C(Z,) has sign —1 so that the Young symmetrizer €(X,) annihilates T4,
Thus, n < 2. Assume next that r = (ry,73), with 72 > ¢. A Young tableau of

L., after applying a suitable element of R(X,), has entries i1, ...,%, <71
in the first row, and 1 +1 < j1,...,Jr, < 72 in the second row. Since
r+ 12 =p+gq, r2 > q implies 71 < p so that, for some s = 1,...,7ry, we

must have j; < p. Since (is,js) € C(Z,), it again follows that the Young
symmetrizer annihilates TP:?. The converse is clear.

According to Young's theory, the highest weight of the irreducible

component in e(X,)PE* is (rq,79,0,...,0). We obtain that
q
TP — Zm[v(pﬂ—r,r,o,...,o) . TP"I]V(P-FQ—T,T’O,--wO) (A.3.11)
=0

where each multiplicity is positive.

ProOOF OF THEOREM A.3.1. We use induction with respect to m, noting
that m = 3 is covered by (A.3.4). To perform the general step m = m +1
we first claim that the multiplicity

m{VErr 0 g @l ] =1, r=0,...,q.

m

This follows from the induction hypothesis and the branching rule. In
(p+q—r,1,0,...,0)

fact, pick the SO(m + 1)-component V.7 in the restriction
V,fﬁ:’zq_r’r’o""’o)|SO(m+1) (of multiplicity 1). By the induction hypothesis

and branching, the SO(m + 1)-module VTSL’:LI‘I_T’T’O""’O) is contained in
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HE 1 @ HE ., exactly once. Thus

—r,r,0,...,0
(1 m[Vr oD @ )
S m[V#lpJ,-q—’r‘,T‘,O,...,O) . an+1 ® 'Hgn+1|SO(m+1)] = 1’

and we are done. Thus (A.3.11) is rewritten as

q
TPY — Z y(p+a—rr.0,..,0)

r=0

Putting this together with (A.3.8)-(A.3.10), we obtain

q
HP @ HY = Z V(p-l-q—r,r,O,...,O) ® Vp,q’
r=0
where
VP 1Pl g HIL, (A.3.12)

It remains for us to prove that equality holds in (A.3.12). This can be
shown by induction with respect to m. The general step m = m + 1 is
accomplished by restricting (A.3.12) to SO(m + 1) and working out the
number of irreducible components of each side.

As a byproduct we obtain the following:

Corollary A.3.3. For p > q > 1, the differential operator
D:HPQHI»H  @HIT!
1s onto.

Remark. For a direct proof of Corollary A.3.3, see the discussion after the
proof of Theorem 3.5.6, or Weingart [1] (pp. 45-46).

Corollary A.3.4. We have
SZ(’HP) — Z V(a,b,O,...,O)’
(a,b)€AT; a,beven

where Al = APP C R? is the closed conver triangle with vertices (0,0),
(p:p) and (0, 2p).

PROOF. S%2(HE,)) C HE, @ HP, = HPP C PPP corresponds to the SO(m +
1)-module SH?? of tensors £ whose coefficients satisfy

&ir.oipipyr.ing = Sipi1. dapis...ip-
Also, by Corollary A.3.3, we have
D(SHPP) = SHP~P~1

since D commutes with the symmetrization switching {i1,...,4,} and
{ip+1,...1%p4q}. It remains for us to decompose the SO(m 4 1)-module

STPP? = ker (D|SHPP) C PP C @PC™+L.
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We claim that given a Young tableau X,, r = (r1, r2), satisfying r; > ro >
0, 71 + 79 = 2p and ry < p, then

e(Xr)STPP #0

iff 75 is even. Indeed, let £ € STPP with ¢(2,)¢ = ¢'. Using the symmetry
properties, we compute

&g 1)"2¢! o
21...17-1_71..._]7-2 J1-- ]7-22,-2+1 1'1'17/1"/‘7'2

(=1)
( 1)r2€1p+1 7,7-121 1,-2_71 J,-27,7-2+1 ’Lp
(=1

1

7fp+1 7/1'17/1 1'r21r2+1 Zp.]l .71-2
_( ) 21 Apy J1eedrg

Thus, for r9 odd, £ = 0. The converse also follows.
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